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ABSTRACT 

THESIS: Electrical Properties of Carbon Structures: Carbon Nanotubes and Graphene 

Nanoribbons 

Graphene is a one-atom thick sheet of graphite which made of carbon atoms arranged in a 

hexagonal lattice. Carbon nanotubes and graphene nanoribbons can be viewed as single 

molecules in a nanometer scale. Carbon nanotubes are usually labeled in terms of the chiral 

vectors which are also the directions that graphene sheets are rolled. Due to their small scale and 

special structures, carbon nanotubes present interesting electrical, optical, mechanical, thermal, 

and toxic properties. Graphene nanoribbons can be viewed as strips cut from infinite graphene. 

Graphene nanoribbons can be either metallic or semiconducting depending on their edge 

structures. These are robust materials with excellent electrical conduction properties and have the 

potential for device applications. In this research project, a theoretical study of electrical 

properties of the carbon structures is presented. Electronic band structures, density of states, and 

conductance are calculated. The theoretical models include a tight-binding model, a Green’s 

function methodology, and the Landauer formalism. We have investigated the effects of vacancy 

and weak disorder on the conductance of zigzag carbon nanoribbons. The resulting local density 

of states (LDOS) and conductance bands show that electron transport has interesting behavior in 

the presence of any disorder. In general, the presence of any disorder in the GNRs causes a 

decrease in conductance. In the presence of a vacancy at the edge site, a maximum decrease in 

conductance has been observed which is due to the presence of quasi-localized states. 



1 
 

CHAPTER 1:  INTRODUCTION 

The electronic properties of carbon nanostructures have attracted researchers’ interests in recent 

years [1] [2]. These kinds of researches are classified in the field of Nanoscience. Nanoscience is 

the study or application of structures, materials, or devices on an atomic or molecular scale [3] 

[4]. This scale is usually on the order of 0.1 to 100 nanometers (1 nm = 10
-9

 m). The theoretical 

study of Nanoscience includes classical mechanics, thermodynamics, quantum mechanics, 

molecular dynamics, etc. In order to study the electronic properties of nano-scale materials and 

devices, a good understanding of Solid State physics is necessary. Solid State physics is the 

study of rigid matter, or solids [4] [5]. It is also a branch of condensed matter. The study of Solid 

State physics presents methodology and theory for understanding the nano-scale properties of 

solids. By studying the electronic properties of carbon nanostructures, researchers have found 

many interesting engineering applications on these carbon nanostructures [1] [2]. 

Carbon is the 6
th

 element in the chemical element table. In one carbon atom there could be 4 

electrons to form bonds with other carbon atoms. There are many allotropes formed by carbon 

atoms, like diamond, buckyball, and graphite [5] [6] [7]. In addition, new carbon allotropes have 

been discovered in recent years.  

Graphite has layered structure. A single layer of graphite is recognized as graphene. Graphene is 

a one layer infinite 2-D system. The structure of graphene consists of carbon atoms arranged in a 

2-D hexagonal crystal lattice. Because of this special arrangement, graphene shows metallic 

properties along some directions and semiconducting properties along other directions [7]. There 

are two graphene based structures: carbon nanotubes (CNTs) and graphene nanoribbons (GNRs), 

which also show interesting properties. 
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Carbon nanotubes (CNTs) are also allotropes of carbon with cylindrical structure. Their 

diameters are usually on the order of nanometer (nm), and their length can be treated as infinite 

when compared with their width. A single-walled CNT can be viewed as rolling up a graphene 

sheet along a certain direction [6]. A multi-walled CNT can be viewed as rolling up several 

layers of graphene sheets along a certain direction [6]. They also show different electronic. Many 

of their properties, such as their mechanical properties, thermal properties, and electrical 

properties, have been well studied in the past few years. These properties allowed them to be 

applied in building thermo emitters, transistors, and capacitors [1] [8] [9]. 

Graphene nanoribbons (GNRs) are another allotrope of carbon. Their structures are very similar 

with infinite graphene. GNRs can be viewed as strips cut from infinite graphene with infinite 

lengths and finite widths. Based on the directions of the cut of the strips, GNRs show special 

electronic properties. Recently, GNRs with very smooth edges have been obtained from 

chemistry experiments [10] [11]. Their electronic properties are strongly related to the edge 

shape and have been attracting researchers’ interests. 

This thesis will present a theoretical study of the electronic properties of CNTs and GNRs. The 

band structures and density of states (DOS) of CNTs will be verified with existing results. The 

band structures and DOS of GRNs will be studied as well as the quantum transport properties of 

GNRs. 

The theoretical models include a tight-binding (TB) model and a Green’s function methodology 

[5] [12]. Conductance and local density of states (LDOS) are also calculated from these 

techniques. The analysis of these results shows some interesting electronic properties of GNRs. 

The effects of vacancy and weak scatter on zigzag GNRs are also investigated. These results help 
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with an understanding of the properties of GNRs more practically and show some clues of 

building up nano-scale electronics. 
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CHAPTER 2:  THEORY 

2.1 Introduction 

In this chapter the theory and formalism for calculating the band structure, density of state (DOS), 

conductance, and local density of state will be explained in detail. The basic theoretical model is 

a tight-binding (TB) model. The TB model is a good technique to obtain the electronic properties 

of carbon based systems [6]. Also the TB model allows one to approximate the structure by only 

considering the nearest neighbors’ interactions. Graphene, carbon nanotubes (CNTs), and 

graphene nanoribbons (GNRs) are carbon based systems with 2-D hexogen arrangement as 

mentioned in Chapter 1. Employing the TB model, the Hamiltonian matrices are obtained for the 

systems. Matrix elements are the on-site energies of the orbitals and the overlap energies 

between the nearest neighbors’ orbitals. Electronic properties of these carbon structures are 

calculated from the results obtained from the initial Hamiltonian matrices. 

The energy band structure of a system is calculated from the Schrodinger equation. The energy 

bands present all of the possible energies as a Linear Combination of Atomic Orbitals (LCAO) 

[13]. Electrons fill the energy bands from the lowest band to the highest band. Each energy band 

can be filled by two electrons. The filled bands are called valence bands and the unfilled bands 

are called conduction bands. The middle energy level between the highest valence band and the 

lowest conduction bands is the Fermi energy level. Conventionally the Fermi level is set at zero 

but it does not require to it to be zero. In general, the band structures show band gaps and 

degeneracies of multiple bands. Also, the DOS are calculated from the band structures. 



5 
 

The DOS shows the number of states of the system at a certain energy value. The DOS is 

calculated as function of the total energy of the electron. This is a common method for 

investigation and analysis of band structures of solid systems. 

The Conductance of the GNRs is calculated using the Green’s function formalism [14] [15]. The 

TB Hamiltonian matrices are still the basic condition for the calculation in Green’s function. 

Conductance values are calculated as a function of the total energy of the electron. Conductance 

values are quantized and reveal the quantum nature of the GNRs and provide the information of 

electron transport.  

The LDOS shows the number of states at a certain energy of an atom. The LDOS are calculated 

using the Green’s function formalism. The DOS values can be calculated by adding the LDOS 

values of the whole system. So, we find that the Green’s function technique presents another way 

of calculating the DOS. One can easily compare the convergence between two methods of 

calculating the DOS.  The study of LDOS is important and valuable. It provides the details about 

the electron structures and hence electron transport phenomena at the atomic scale. 

In short, we have implemented basic quantum mechanics and solid state physics knowledge. The 

Hamiltonian of the system using a TB model was constructed where the quantum orbitals of 

individual carbon atom were taken into account in the analysis. Therefore, the TB model has 

been applied to obtain the band structure of the LCAO. The DOS analysis follows the band 

structure calculations. Finally, the conductance is obtained from the Green’s function formalism. 

The details of the methods and analysis will be discussed in the following sections. 
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2.2 Tight-Binding Model  

A quick review of single carbon electron orbital structure will be explained here. The ground 

state of a single carbon is defined by the electron orbitals as: 1s
2
 2s

2
 2px

1
 2py

1
. The 1s orbital is 

full filled by a spin up electron and a spin down electron which are paired. This 1s orbital cannot 

bond with other carbon atoms. So the second shell orbitals are mainly responsible for the 

bonding. In this ground state configuration, the 2px and 2py
 
are unfilled, but they are not enough 

to form three bonds with the three nearest neighbors. The exited state of a single carbon is a good 

configuration to bond with other carbon atoms. And after the bonding, the ground state energy 

per atom should be lower than the ground state energy of a single carbon [13]. 

 

Figure 2.1: From the ground state of a single carbon atom to the exited state of a single 

carbon atom. 

In Figure 2.1, we see that in the exited state of a single carbon atom, one electron is transferred 

from 2s orbital to the 2pz orbital. Notice that the four orbitals of a single carbon are orthogonal to 
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each other, which means that they do not interact with each other. The shape of these four 

orbitals is shown separately in Figure 2.2. 

 

Figure 2.2: Separated second shell orbitals of a single carbon atom. Orange is the 2s orbital. 

Green is the 2py orbital. Blue is the 2px orbital. Red is the 2pz orbital. 

The 2s orbital is spherical and the other three 2p orbitals have dumbbell shape. But they are 

aligned along x y and z directions. If the 2s, 2px, and 2py orbitals are co-centered, they are 

orthogonal to each other. This is the situation for a single carbon atom. If these orbitals are not 

co-centered, they are not orthogonal to each other. This is the situation for multiple carbon atoms. 

For multiple kinds of carbon electron orbitals, one may require the Quantum Theory of Solids to 

figure out the bond energies [4] [5].  

Another theory to explain the bonds between 2s, 2px, and 2py orbitals is the Hybridization theory 

[5] [7]. The 2s, 2px, and 2py orbitals form sp
2 

hybridized orbitals, and then the hybridized orbitals 

bond with each other. A sp
2 

- sp
2
 bond between two carbon atoms is shown in Figure 2.3. 
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Figure 2.3: Bonds between two carbon atoms. The purple colored orbitals are hybridized 

orbitals and the 2pz orbitals are shown with red color. 

A single carbon atom has three hybridized orbitals and these orbitals are from the 2s, 2px, and 

2py orbitals. The angles between three sp
2
 hybridized orbitals in a single carbon atom are all 

equal to 120˚ and these three sp
2
 hybridized orbitals lie in the 2-D plane to from hexagon 

arrangements. The bond between two sp
2
 hybridized orbitals is known as σ (sigma) bonds. These 

σ bonds are very tight bonds that mainly contribute to the fomation of hexagon arrangement and 

electron cannot easily across σ bonds. The bond between 2pz orbitals is called a π bond. These π 

bonds are not strong enough for forming the hexagon arrangments, and electron can easily hop 

from one atom to the other through the π bonds. 

π 

σ 

π 
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There, these σ- bonds forming hexagon arrangements in the graphene carbon systems. On the 

other hand, these π bonds are mainly contributing to the electron transport. A schematic 

representation of a graphene is shown in Figure 2.4. The blue solid lines represent the σ bonds 

between atoms in the hexagons and the pz orbitals at each atomic site are perpendicular to the 2-

D plane. 

 

Figure 2.4: Structure of infinite graphene. 

In Figure 2.4, the structure of infinite graphene is shown. This is more like a photo from electron 

microscopy [6]. There should be one atom at each intersection, but the atoms cannot be 

visualized as spheres. The CNTs can be viewed as rolling of graphene along certain directions 
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and the GNRs can be viewed as cutting of graphene strips along specific directions. This regular 

array of hexagon structure is a 2-D crystal structure. The related positions of carbon atoms are 

fixed. The periodic boundaries allow us to study the electronic properties easier than non-regular 

structure. 

By using a TB model, only interactions between the nearest neighbors are considered. It is clear 

in Figure 2.4, each carbon atom has three nearest neighbors. This means each 2pz orbital has 

three nearest neighbors. By studying the interaction between 2pz orbitals, one can make a very 

good approximation for the electronic properties. In some literatures, the TB model is introduced 

by using a TB Hamiltonian matrix [5]. It is efficient only if one is familiar with producing the 

Hamiltonian. So, it is necessary to show the derivation of obtaining the TB Hamiltonian matrix. 

The derivation will be shown in the band structure calculation in the next section. 

2.3 Band Structure 

In this section, a graphene structure will be used as an example of the band structure calculations. 

As was already mentioned, the band structure is composed of eigenvalues of the TB Hamiltonian 

of a system. So, in order to obtain the Hamiltonian matrix of an infinite system, the Bloch 

functions were used [6]. A diagram of a graphene structure is shown in Figure 2.5. This 2-D 

infinite sheet is on the in x-y plane and two identical atoms are represented by α and β. The bond 

lenght which is also the distance between the nearest carbon atoms is a0 = 1.42 Ǻ [16]. The unit 

cells are marked in orange boxes. 
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Figure 2.5: A graphene sheet with marked unit cells. 

In Figure 2.5, there are five unit cells marked by yellow boxes. The Hamiltonian of one unit cell 

is enough to represent the entire system. Because all of the other unit cells have exactly the same 

surroundings. For example, for Cell 1, there are four surrounding cells (Cell 2, Cell 3, Cell 4, and 

Cell 5) have interactions to Cell 1. In the TB model, atom α in Cell 1 interacts with the β atoms 

in Cells 1, 3 and 4.  These three β atoms are the nearest neighbors of the α atom in Cell 1. 
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Notice, in one unit cell α and β atoms are indentical to each other and the wave function of unit 

Cell I is given by: 

,    (2.1) 

where I is the Ith cell and Cα and Cβ are the coefficients of the atomic the orbitals     and   , 

respectively [13]. Notice, It should be mentioned that the coefficients, Cα and Cβ  have same 

values in  all unit cells. 

Then from Bloch function theory, the wavefunction of these five unit cells can be obtained [16]. 

The total wave function is obtained by summing the product of the exponential periodic Bloch 

function and the wave function of each unit cell in the system:   

,   (2.2) 

where the RI is the position vector of Ith unit cell and k is the wave vector of this system. 

From the Shordiger equation, we have: 

,     (2.3) 

H is the Hamiltonian operator, E is the total energy.  

Multiply with 〈 α1 | to both sides of Eq. (2.3); 〈 α1 | is the wave function of the 2pz orbital in the 

1st cell. 

,     (2.4) 

.         (2.5) 
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Notice, in Figure 2.5, α in Cell 1 only interacts with β atom in Cell 1, 3,and 4. So, on the left side, 

there are only 4 non-zero terms. On the right side, all of other terms vanish, except ⟨  | |  ⟩; 

⟨  | |  ⟩ is just the energy E. Then simplify Eq. (2.5), we have: 

,(2.6) 

where ⟨ | | ⟩ is the on-site energy, and we present it with є [5] and  ⟨ | | ⟩ is the the overlap 

energy, and represented by V. 

Here, R3 – R1 is the displacement vector between unit Cell 3 and unit Cell 1. And similarly, R4 – 

R1 is the displacement vector between unit cell 4 and unit cell 1. Also, writing  the wave vector k 

into x and y components      ̂     ̂. Eq. (2.6) simplifies to: 

.(2.7) 

Combining the exponential terms together, we obtain a cosine function. Then Eq 2.7 can be 

written: 

.   (2.8) 

Similarly, multiplying with 〈 β 1 | on both sides of Eq. (2.3), we obtian a similar eqation: 

.   (2.9) 

Now, Eq. (2.8) and Eq. (2.9) can be written in a matrix form: 
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.          (2.10) 

One can define the matirx on the left as the Hamiltonian matirx H and E is the the eigenvalue of 

H, and   
  

  
  is the the eigenvector of H. Since it is only a 2 by 2 matrix problem, one can solve 

this matrix analytically. Then, in this case, the eigenvalue of H as a function of kx and ky will be: 

. (2.11) 

There are two eigenvalues, which means two energy bands. Remember, there are two 2pz orbitals 

(α and β) in one unit cell, and in the system, there are total two idnetical atoms. So the number of 

eigenvalues is always equal to the number of orbitals (or atoms in this case). 

We will deal with much larger matrices later and those will be solved numerically using 

appropriate software. For example, for a 1-D system, one may be able to write down directly the 

Hamiltonian matrix H, because the diagonal terms are always the on-site energies, the other 

terms are the overlap energies with exponential phase shifts. As we mentioned in the previous 

section, a common way of expressing the TB Hamiltonian will be [15]: 

,    (2.12) 

where,   is the on-site energy and      is the overlap energy of the π bond.       is restricted 

to the nearest neighbors. Remember, this is a TB Hamiltonian matrix which represents a finite 
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structure. The TB Hamiltonian matrix which represents an infinite structure should be similar to 

the Hamiltonian matrix in Eq. (2.10). An example Hamiltonian matrix of an infinite structure 

will be: 

 

 

, (2.13) 

 

 

where 

,    (2.14) 

.    (2.15) 

The on-site energies and overlap energies are known [5]. The bond length, a0, is 1.42 Ǻ 

mentioned earlier. The overlap energies are calculated from the relation [5]: 

,     (2.16) 

where ɳ is a cofficiente which represents different kinds of bonds. When it is ppπ bond, ɳppπ is -

0.81 [5]. h
2
/m is a constant with the value 7.62 eV·Ǻ

2 
[5]. a0 is the distance between two same 

element atoms. 

The on-site energy є and the overlap energy V is shown below in Table 2.1 below [5]. The a0 of 

nitrogen is arbitrary taken as 1.30 Ǻ. The a0 of oxygen is arbitrary taken as 1.20 Ǻ. 
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Element C N O 

єpz (eV) -8.97 -11.47 -14.13 

Vppπ (eV) -3.06 -3.65 -4.29 

Table 2.1: Elements’ on-site energies and overlap energies. 

From Table 2.1, we can see the on-site energies of carbon, nitrogen, and oxygen. The amplitude 

of the on-site energies increases with the increasing of atomic number. Because higher atomic 

number element has more protons in its nucleus. The 2pz electron is bonded stronger in higher 

atom elements. Also, the amplitude of the overlap energies increases with the increasing of 

atomic number. It is reasonable to think the bond lengths decrease with the increasing of atomic 

number, so the amplitude of the overlap energies increase. 

By using the values in Table 2.1, we are able to plot the energy band structure of infinite 

graphene. The electron energy, E, is ploted as a function of kx and ky is shown in Figure 2.6. 
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Figure 2.6: Band structure of infinite graphene. 

In Figure 2.6, there are two bands (the upper surface and the lower surface). These two bands 

touch each other at six different symmetric points. This means that along certain directions the 

infinite graphene sheet shows metallic properties. The study of the graphene structure is not the 

main focus of this research project. Therefore, it will not be discussed any further. 
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Here, we discuss the calculation of the density of states (DOS) from the band structure 

calculations. Since one may only interested in the electronic properties along a certain direction, 

1-D DOS calculation will be shown here. 

By definition, the DOS shows the number of states at a certain energy value [3]. Here, the 

calculation of 1-D DOS is discussed in Figure 2.7 as an example. The band structure is plotted as 

a function of wave vector k values.  

 

Figure 2.7: An arbitrary parabolic curve of the band structure of 1-D structure. 

An arbitrary parabolic curve is generated to discuss the DOS of a 1-D structure.  It is noticeable 

that parabolic curves appear in a wide range of k values in Figure 2.7. For example, at E = 9.5 eV, 

there are two k values corresponding to it and the DOS at this will be the sum of the inverses of 

slopes at these two k values. Various methods are used to calculate DOS of the structures.  
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One way to calculate the DOS analytically is to use δ function [3]. The DOS for the ith band is 

given by: 

,   (2.17) 

where, the 1/2π is the normalized unit in 1-D and k is the wave vector. 

Then the total DOS for all the bands is: 

.   (2.18) 

where Ei is the ith band, the summation over all i = 1 to N bands shows the total DOS. In a 

numerical computation, one needs to replace the δ function by the distribution function [17]: 

,   (2.19) 

 where ɳG is in energy units, and shall be taken arbitrarily small. In the simulation, one can 

consider, ɳG = kB * T; where kB is the Boltzmann constant and T is the absolute temperature. In 

this calculation, T will be considered very small to imply ɳG is very small. Then the integral in 

Eq. (2.14) can be replaced by a summation as: 

,   (2.20) 

The internal summation will sum over all k value.  Since the structure is periodic, only the k 

values in the first Brillouin zone are sufficient to represent the whole system 

By using Eq. (2.20), one can obtain the DOS as a function of total energy and from the DOS; one 

can easily pull out much information about the electrical properties of the structures such as 

metallic or semiconductor and the electron transport behavior in general. 
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2.4 Green’s Function Formalism 

In order to discuss the Green’s function formalism, one should begin with an arbitrary structure 

shown in Figure 2.4. This infinite structure is divided into three regions: the conductor, the left 

lead, and the right lead. The leads are represented by the blue color rectangular slices and the 

conductor is represented by an orange slice. 

 

Figure 2.8: An arbitrary structure with divided regions. 

The structure is infinitely extended along the translational direction and has finite width. The 

Hamiltonian matrix of the conductor is shown by Hm and the Hamiltonian matrix of one unit cell 

in the left (right) lead is H1 (H2). H1m and Hm2 are the coupling matrices between the conductor 

and the left lead and right lead, respectively. In addition, H11 is the coupling matrix between the 

unit cells in the left lead and H22 is the coupling matrix between the unit cells in the right lead.  

The conductance can be obtained from the very well-known Landauer formula [12]. 
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,     (2.21) 

where G is the conductance of the structure, T is the transmission function. These are functions 

of the total electron energy E.  

The transmission function can be calculated from the Green’s functions [14] [15].  

,    (2.22) 

where Γ1 and Γ2 are called the coupling functions and Gm is the total retarded Green’s function, 

and Gm
†
 is the total advanced Green’s function. The retarded Green’s function represents 

outgoing wave function. The advanced Green’s function represents the incoming wave function. 

The advanced Green’s function is just the conjugate transpose of the retarded Green’s function. 

In general, the retarded Green’s function is defined by the following expression [14] [15]  

,    (2.23) 

where Hm is the Hamiltonian of the conductor and  is a finite matrix. The total energy is 

expressed as a complex number: E = E0 +i ɳG. The small imaginary term ɳG is added to the E0 

term in order to make sure that the inverse matrix does not diverge. And the advanced Green’s 

function can grow infinitely when the observer is far away from the source [12]. 

The Hamiltonian matrices of the left lead and right lead are defined in terms of self-energy 

matrices Σ1 and Σ2. The coupling functions Γ1 and Γ2 are also calculated from these self-energy 

matrices defined as 

,    (2.24) 
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.    (2.25) 

The self-energy matrices Σ1 and Σ2 are calculated from an iteration process. 

The iteration progress is a quick way to calculate the self-energy matrices through the following 

relations [15]: 

,    (2.26) 

,    (2.27) 

where G1 and G2 are the Green’s Functions of the left lead and right lead, respectively. 

These Green’s functions are are calculated from the following relations: 

,   (2.28) 

,   (2.29) 

where T and  ̃ are the  transfer matrices.  

The transfer matrices are calculated as: 

,  (2.30) 

,  (2.31) 

where, n represents the layer number, and    and   ̃ are defined via the recursion formulas. 

,  (2.32) 

,  (2.33) 
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where 

,    (2.34) 

.    (2.35) 

In this calculation, the largest matrix depends on the size of Hm H1 or H2. This recursive method 

is very efficient and fast. This technique has been implemented for the zigzag GNRs and the 

Hamiltonian matrices are constructed only for one unit cell in each segment of the structure. 

2.5 Quantum Conductance 

The analytical description of the conductance calculation is given in the previous section. From 

the Landauer formula, we have found that conductance can be expressed in the unit of 2e
2
/h. 

Also, the local density of states (LDOS) can be obtained easily from the Green’s function of 

individual atoms [12] [15]: 

,    (2.36) 

where Gm is the total retarded Green’s function as we mentioned, i is the ith diagonal element in 

the Green’s function and this means the LDOS of the ith atom in the conductor part. 

In addition, the density of states (DOS) can be calculated from the Green’s function using the 

relation [12]: 

.    (2.37) 
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This equation shows that the DOS is just the summation of all the LDOS on different sites. 

Results of DOS calculations from two methods (Green’s function and band structure) are 

verified and they agree with each other. 

2.6 Discussion 

In this chapter, the theory and formalism for calculating the band structure, density of states 

(DOS), conductance, and local density of states (LDOS) have been explained. Using these 

formalisms and relations, electrical properties of carbon structures have been calculated and will 

be discussed in the following chapters. Data has been generated and analyzed for carbon 

nanotubes (CNTs) and graphene nanoribbons (GNRs). The band structure calculations have been 

analyzed for all the structures but the conductance and the local density of states have been 

studied only for zigzag GNRs. The electronic properties of GNRs are more interesting. 

Understanding the quantum transport properties and specifically their LDOS characteristics are 

important. 
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CHAPTER 3:  BAND STRUCTURE AND DENSITY OF STATES OF 

CARBON NANOTUBES 

3.1 Introduction 

The band structure and density of states (DOS) of carbon nanotubes (CNTs) are calculated using 

the tight-binding model and related formalism discussed in Chapter 2. 

A CNT is a single layer of graphene that is rolled into a seamless cylinder. The structure of a 

CNT can be generated by rolling a graphene sheet into a cylinder. Based on the ways of rolling 

the graphene sheet, a particular CNT can be formed and classified as armchair CNT, zigzag CNT, 

or chiral CNT. CNTs may be single-walled (SWCNT) or multi-walled (MWCNT). The 

MWCNTs consist of multiple coaxial SWCNT nested within one another. These structures are 

considered as one-dimensional due to their high length to diameter ratio. In this thesis, the 

SWCNTs have been studied from now on, it will be presented as CNT instead as SWCNT. Their 

structure will be explained in detail in the following sections. With the finite diameters and 

infinite length, the electronic properties of the CNTS along the length direction are of interest. 

Many researchers have already investigated the electronic properties of carbon nanotubes (CNTs) 

and their band structures are well known, still it is reasonable to study and verify their properties. 

Since the graphene nanoribbons (GNRs) are the products of unzipped CNTs [11], some 

electronic properties of GNRs are expected to be similar to those of CNTs, then pherhaps, the 

electronic properties of GNRs can be derived from those of CNTs. 

In short, the electronic properties of CNTs have been studied, and the results will be shown in 

this chapter. Since the calculation of chiral CNT is complex and their electronic properties are 
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not related to the properties of zigzag or Armchair GNRs only the results of zigzag CNTs and 

armchair CNTs will be shown here. 

3.2 Armchair Carbon Nanotubes 

The structure of zigzag CNT and armchain CNT are explained in Figure 3.1. Graphene is a one 

atom thick planar sheet of carbon atoms arranged in a hexagonal crystal lattice. The arrays of 

hexagons are infinitely extended in two-dimensions. Three directions of rolling of the graphene 

sheet is marked with three long arrows. The two short arrows are the basic translation vectors of 

graphene sheet. 

 

Figure 3.1: Graphene sheet with chiral vectors of CNTs. 

In Figure 3.1, we  see that CNTs are usually labeled in terms of the chiral vectors C which are 
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also the directions that graphene sheets are rolled up. a1 and a2  are the lattice translation vectors 

of an infinite graphene sheet. The angle between them are 60˚, the lengths of them are   a0, 

where a0 is the bond length between two nearest carbons in graphene. The measured value is 

1.42 Å [16]. Then the chiral vector is defined by: 

,     (3.1) 

where n and m are integers. When m = 0, C will represent the chiral vector of zigzag CNT. When 

n=m, C will represent the chiral vector of armchair CNT. For the intermediate situation, C 

represents the chiral CNT.  The diameter of a CNT is determined by the magnitude of the chiral 

vector. In other words, the diameter of a CNT is determined by the number of the indices, m and 

n. One shall notice that, in a zigzag CNT, n is the number of trapezoids (with 4 atoms in it) in 

one unit cell.  

Also, in an armchair CNT, n (or m) is the number of incomplete hexagons (with 2 single atoms 

and 4 partial atoms) in one unit cell. The sample structure of armchair CNT will be shown in the 

following figure, the sample structure of zigzag CNT will be shown in the next section.  

A structure of an armchair CNT (6, 6) is shown in Figure 3.2. 
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Figure 3.2: Structure of armchair CNT (6, 6). 

The length of a unit cell along the axis direction is   a0. In the front of the unit cell, one can see 

three complete trapezoids as well as other three in the back of it. So the number of complete 

trapezoids of armchair CNT (6, 6) is 6. Each complete trapezoid has 4 carbon atoms. So the 

number of atoms in one unit cell is 24.  In conclusion, the number of complete trapezoids in one 

unit cell of armchair CNT (n, n) is n. The number of atoms in one unit cell of armchair CNT (n, n) 

is 4n. The number of bands in the band structure should be 4n. 

In this section, the band structure and DOS of armchair CNT (6, 6) will be shown. The energy 

bands are functions as the wave vector k. The wave vector k is along the length direction. The 

plot range of k is chosen up to the boundary of the first Brillouin zone. The DOS is plotted as a 

function of energy. In order to compare with the band structure, the DOS are plotted along the 

horizontal direction.  
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Figure 3.3: Armchair CNT (6, 6): (a) Band structure and (b) DOS.  
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In Figure 3.3 (a), the band structure of armchair CNT (6, 6) is shown. The Fermi level is 

approximately at – 9 eV.  In an armchair CNT (6, 6), there are twenty four atoms in a unit cell. 

Therefore, it is expected that there are twelve conduction bands and twelve valence bands above 

and below the Fermi level.  The valence bands and conduction bands are symmetric to the Fermi 

level. One can consider that the valence bands are from the bonding of the pz orbitals and the 

conduction bands are form the anti-bonding of the pz orbitals. The bonding energy and anti-

bonding energy have the same amplitude but opposite sign, so the valence bands and conduction 

bands should be symmetric. 

One should notice that the number of bands shown in Figure 3.3 (a) is only fourteen but the 

expected number is twenty four bands. This is caused by the degeneracy of the bands. All the 

bands are degenerate except the highest and lowest valence (conductance) bands. There are 

indeed twenty four bands that can be obtained from the simple addition as: 4 + 5 * 2 + 5 * 2 = 24.  

Four are non-degenerate as mentioned above; five bands are degenerate in valence and 

conduction bands totaling the twenty bands. Because of the degeneracy of these five bands, only 

fourteen bands are visible in total. Of the other armchair CNTs studied, the number of visible 

bands is not 4n, but 2n – 2, where n is the number of indices in the armchair CNTs. 

Furthermore, the highest valence band and lowest conduction bands are degenerate at two k 

values. This shows that there is no band gap at these particular k values (± 0.71/Ǻ) and shows 

metallic behavior at these values. In Figure 3.3 (b), the non-zero density of states (DOS) is 

shown near the Fermi energy. Also, it is found that all the valence bands (conduction bands) 

degenerate at the boundaries of the first Brillouin zone at two different energy values 

approximately at -12 eV and -6 eV, respectively. Remember, the overlap energy calculated in 
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Chapter 2 is around -3 eV. Therefore, -12 eV is exactly the bonding state of two pz orbitals and -

6 eV is exactly the anti-bonding state of two pz orbitals. The results of this armchair CNT (6, 6) 

is metallic. Based on the results of other armchair CNTs, it was shown that that they have very 

similar behavior shown in Figure 3.3. Therefore, it was concluded that all the armchair CNTs are 

metallic. This conclusion matches other published results [18]. 

3.3 Zigzag Carbon Nanotubes 

This section addresses the zigzag CNTs. The geometrical structure as well the electronic band 

structures will be shown and discussed. The structure of a zigzag CNT (6, 0) is shown in Figure 

6.4. The unit cell is marked with the two sided arrow.  

 

Figure 3.4: Structure of zigzag CNT (6, 0). 
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In Figure 3.4, a zigzag CNT composed of array of zigzag unit cells is shown. Each two 

incomplete hexagons share two carbon atoms. This is the reason that they are called incomplete 

hexagons. So, there are 4 complete atoms in a single incomplete hexagon. Six incomplete 

hexagons connect together to compose the unit cell of this zigzag CNT. The number of atoms in 

one unit cell of a zigzag CNT (n, 0) is 4n where n is the number of index defined in Section 3.2. 

From this it is estimated that the number of bands in the band structure will be 4n. 

First, the band structure and DOS of zigzag CNT (6, 0) will be shown. Different bands will be 

presented in different colors and shown in one graph. The energy bands are functions of the 

wave vector k, where the wave vector k is along the length direction. The plot range of k is 

chosen up to the boundary of the first Brillouin zone. The DOS is plotted as a function of energy. 

For comparison with the band structure results and maintain a consistency, the energy and DOS 

are plotted along the vertical and horizontal directions, respectively. 

In Figure 3.5 (a), the band structure of zigzag CNT (6, 0) is shown. The Fermi level is at about – 

9 eV. Valence bands and conduction bands are symmetric with respect to the Fermi level as was 

expected. As for the armchair CNTs in the previous section, the bonding energy and anti-

bonding energy have the same amplitude but opposite sign, so the valence bands and conduction 

bands should be symmetric about the Fermi level.  



33 
 

 

 

 

 

Figure 3.5: Zigzag CNT (6, 0): (a) Band structure and (b) DOS.  
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There are a total 14 bands shown in Figure 3.5 (a). This is due to the degeneracy of the bands as 

was discussed for the armchair CNT. These types of degeneracy characteristics are quite 

common in both armchair and zigzag CNTs [19]. 

Furthermore, the highest valence band and lowest conduction bands are degenerate at k = 0 value. 

This shows that there is no band gap in the band structure at the center of the Brillion zone. From 

this observation, one may conclude that the zigzag (6, 0) is metallic. Also, in Figure 3.5 (b), non-

zero density of states (DOS) is shown around the Fermi energy. In Figure 3.5 (a), several bands 

get flattened at two different energy values (around -6 and -12 eV). Also, at these two energy 

values, the DOS plot shows very high peaks in the DOS.  

Second, the band structures and DOS of zigzag CNT (4, 0) and zigzag CNT (5, 0) will be shown. 

Only the band structures of these two CNTs will be shown. 

Figures 3.6 (a) and (b) show the band structure of zigzag CNT (4, 0) and CNT 5, 0) respectively.  

Just like the other CNTs, armchair and zigzag, the bands are symmetrically aligned above and 

below the Fermi level. Both of them show band gap around the Fermi level. The band gap is 

around 2 eV. So they behave like a semiconductor. Band degeneracy also happens in these two 

band structures, and shall not be discussed here.   
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Figure 3.6: (a) Band structure of zigzag CNT (4, 0) and (b) Band structure of zigzag CNT 

(5, 0).  
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One difference between these two band structures is that, in zigzag CNT (4, 0), two bands, the 

highest valence band and the lowest conduction band  get flattened at two energy values (around 

-6 and -12 eV). This should lead to a very high DOS at these energy values. High conductance 

measurements may be another way to identify this CNT. However, in zigzag CNT (5, 0), the 

flatness doesn’t show up. No special characteristics are observed except its electronic 

semiconductor nature.  

In this section, zigzag CNTs with different indices (n) have been studied. They show very similar 

regularity. When n = 3M, the zigzag CNTs are metallic, where M is an integer. The other zigzag 

CNTs are semiconducting when n = 3M + 1 and high DOS shows up at two energy values. When 

n = 3M + 2, these CNTs show a general semiconducting properties and no other special 

characteristics. 

3.4 Discussion 

In this chapter, the band structures and DOS of CNTs have been studied. Armchair CNTs are 

metallic, 1/3 of zigzag CNTs are metallic, and 2/3 of them are semiconducting. For zigzag CNTs, 

only when n = 3M, they are metallic, where M is an integer. These results are already very well 

studied. A general conclusion about the electrical properties is that when n – m = 3M, both 

armchair and zigzag CNTs are metallic [6] [7]. 

In the next chapter, the electronic properties of graphene nanoribbons (GNRs) will be studied. 

GNRs should have very similar in electronic properties with CNTs. Because some GNRs are 

produced by unzipping CNTs [11]. Since the study of electronic properties of GNRs is the main 
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objective of this research, different aspect results of GNRs will be shown in the following three 

chapters. 
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CHAPTER 4:  BAND STRUCTURE AND DENSITY OF STATES OF 

GRAPHENE NANORIBBONS 

4.1 Introduction 

In this chapter, the band structure and density of states (DOS) of graphene nanoribbons (GNRs) 

will be presented. The band structure and DOS of CNTs have been calculated and shown in 

Chapter 3. Basically, 1/3 of zigzag carbon nanotubes (CNTs) are metallic and 2/3 are 

semiconducting. This electrical property is completely dependent on the index number of the 

chiral vector. If the index is a multiple of 3 then it is metallic otherwise it will be a 

semiconductor. On the other hand the armchair CNTs are always metallic. In this chapter, the 

electronic properties of graphene nanoribbons (GNRs) are studied by using the same 

methodology used for CNTs. 

GNRs are strips of graphene with infinite length and finite widths. Based on the edge structures, 

these are known as zigzag and armchair GNRs. Since the graphene nanoribbons (GNRs) can be 

viewed as the unzipped product of CNTs, it is expected that they should present similar 

electronic properties.  Specifically, a zigzag GNR can be produced by unzipping an armchair 

CNT. Similarly, an armchair GNR can be produced from a zigzag CNT. In short, the results of 

band structure and DOS of zigzag and armchair GNRs will be a useful guide for the quantum 

transport of GNRs. 

4.2 Zigzag Graphene Nanoribbons 

As mentioned above, the zigzag GNRs have zigzag edges. The widths are proportional to the 

number of chains (N) along the horizontal direction. The structure shows a translational 
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symmetry along the length direction. The amplitude of the translational lattice vector is   a0, 

where a0 is the bond length between two nearest carbon atoms.  

 

Figure 4.1: Structure of zigzag GNR N=6. 

Figure 4.1 shows an example of the structure of zigzag GNR of width N=6 (12.78 Å). The unit 

cell is marked by the orange colored rectangle. The unit cell with N=6 composed of 12 atoms is 

shown in the figure. Since the unit cells are identical to each other, the unit cell is repeated along 

the length of the GNR. Because of this repeated nature, the property of one unit cell will 

represent the entire structure. Therefore, one only needs to calculate the property of one unit cell. 

First, the band structure and DOS of zigzag GNR will be shown. As shown in Chapter 2, 

different bands will be presented with different colors in the same graph. The energy bands are 

plotted as functions as the wave vector k. The plot range of k is chosen up to the boundary of the 

first Brillouin zone.  Similarly, the DOS is plotted as a function of energy. The computer code is 

written using Mathematica software and is shown in Appendix [17]. 

  

Zigzag edge  

 

Unit cell, 2N =12 atoms 
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Figure 4.2: Zigzag GNR N = 6: (a) Band structure and (b) DOS. 
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In Figure 4.2 (a), the band structure of zigzag GNR N = 6 are shown. The Fermi level is at about 

– 9 eV. There are total of twelve bands as was expected. As observed for the CNTs, the valence 

bands and conduction bands are symmetric about the Fermi level. This was discussed earlier. 

The valence bands form the bonding pz orbitals and the conduction bands are from the anti-

bonding of the pz orbitals. The bonding and anti-bonding energy have the same amplitudes with 

opposite signs Therefore, the bands maintain the symmetry. 

In Figure 4.2 (a), the highest valence band and lowest conduction band (green color) are 

flattened at the Fermi level near the boundary of the first Brillouin zone and show no band gap. 

These two bands are degenerate when they get close to the boundary of the Brillouin zone. The 

other valence bands and the other conduction bands degenerate at the boundary of the Brillouin 

zone at two different energy values (around -6 and -12 eV). Remember, the overlap energy 

calculated earlier in Chapter 2 is around -3 eV. So -12 eV is exactly the bonding state of two pz 

orbitals, -6 eV is exactly the anti-bonding state of two pz orbitals. 

In Figure 4.2 (b), the DOS shows that in general there is non-zero density near the Fermi level. 

Since there is no band gap in this system; hence the zigzag GNR N = 6 is metallic. In addition, a 

very sharp peak shows up in DOS at the Fermi level. This is caused by the flatness features on 

the band structure graph. Other peaks in DOS are caused by the other bands. The flatness in the 

band structure and the high rise in the DOS at the Fermi energy are due to the edge states [20].  

Next, the band structures of zigzag GNRs with N = 6 to 10 will be considered. As the ribbons are 

widened the unit cells will made of more atoms. Consequently, more bands are expected in the 

band structure calculations. Figures 4.3 (a)-(e) show the band structures of the zigzag GNR with 

N= 6, 7, 8, 9, and 10, respectively.
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In Figure 4.3, (a) is exactly the band structure of zigzag GNR N = 6 shown in Figure 4.2. All 

these five band structures shows symmetry about the Fermi level. As was expected, the 

symmetry is from the bonding and anti-bonding and independent of N. Also, the number of 

bands is 2N. 

In all five band structures, the highest valence band and lowest conduction band are flattened at 

the Fermi level near the boundary of the first Brillouin zone and show no band gap. It seems that 

for higher N value, they get flattened earlier. So the DOS at the Fermi should increase as the N 

increases. 

Again, for all of the zigzag GNRs, the other valence bands and the other conduction bands 

degenerate at the boundary of the Brillouin zone at two different energy values (around -6 and -

12 eV). But, with the increment of N, there will be one more band degenerate in it. For example, 

when N = 6, there are 5 conduction bands degenerate at -6 eV; when N = 7, there are 6 

conduction bands degenerate at -6 eV. The general features of DOS curves are very similar to 

each other. So, the DOS results of N=6 GNR will be sufficient and be the representative of the 

others, and we will not show results for the others. Basically, those degenerate bands will show 

non-zero density of states in the DOS curves. We conclude this section with the remark that all 

zigzag GNRs are metallic. It should be reminded that a zigzag GNR can be produced by 

unzipping an armchair CNT. Therefore the metallic property of zigzag GNRs are consistent with 

the results shown in Chapter 3 that all armchair CNTs are metallic. 
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4.3 Armchair Graphene Nanoribbons 

This section will look at the structure of armchair GNRs with armchair edge. The widths are 

proportional to the number of dimer lines, N, in the horizontal direction [20]. It preserves a 

translational symmetry along the horizontal direction. The amplitude of the translational vector 

along the length direction is 3a0 with a0 is the bond length between two nearest atoms. 

 

Figure 4.4: Structure of armchair GNR N= 10. 

Figure 4.1 shows an example of the structure of armchair GNR of width N=10 (12.29 Å). The 

unit cell is represented by the orange colored rectangle. Since the unit cells are identical to each 

other and the unit cell is repeated along the horizontal direction. The property of a single unit cell 

will be the representative of the whole system like the other structures. The Hamiltonian of a unit 

cell has been evaluated and found the energy bands of the entire system as a function of wave 

vector k. 

First, the band structure and DOS of armchair GNR N = 8 will be shown. The energy bands and 

DOS are shown in Figure 4.5. There are eight bands on each side of the Fermi level.  

  

Armchair edge 

 

Unit cell, 2N=20 atoms 
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Figure 4.5: Armchair GNR N = 8: (a) Band structure and (b) DOS. 
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In Figure 4.5 (a), the highest valence band and the lowest conduction band degenerate only at the 

center (k = 0) of the Brillouin zone. Similar features were observed in the band structures of the 

zigzag CNT (6, 0) shown in Figure.3.5 (a), and exhibiting the metallic behavior. The DOS results 

are shown in Figure 4.5 (b) showing constant non-zero DOS values near the Fermi level. This 

non-zero DOS values confirm its metallic property of this nanostructure. Because of lack of flat 

bands as in zigzag CNTS or in zigzag GNR, no large peak appears in the DOS of the armchair. 

Second, the band structure and DOS of armchair GNR N = 9will be shown in Figure 4.6. 

In Figure 4.6 (a), the highest valence band and the lowest conduction band are separate near the 

Fermi level. The minimum energy distance is around 1 eV and shows at k = 0. This feature 

shows the zero density at Fermi level in 4.6 (b). From these observations, it validates the 

semiconductor property of the armchair of width N=9. 

One interesting thing that can be seen in the DOS result is that there are two extremely high 

peaks in the conduction band region and the valence band region. Several bands become 

flattened at two energy values (-6 eV and -12 eV). Also at these two energy values, the DOS plot 

shows very high peaks. One should be able to observe very high conductance at these two energy 

values experimentally. 

Third, the band structure and DOS of armchair GNR N = 10 will be shown in Figure 4.7. 
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Figure 4.6: Armchair GNR N = 9: (a) Band structure and (b) DOS. 
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Figure 4.7: Armchair GNR N = 10: (a) Band structure and (b) DOS. 
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The nature and characteristics of both the band structure and DOS values are similar to the 

armchair GNR N = 9 shown in Figure 4.6. In Figure 4.7 (a), the band structure of armchair GNR 

N = 10 also shows a band gap that is very similar to the armchair GNR N = 9. The band gap is 

around 1 eV which is close to the band gap for the N = 9 width. The band gap of the structure 

demonstrates that the armchair GNR with N=10 is also a semiconductor carbon nanoribbon. The 

DOS curve does not show any very high peak that confirms that no energy band is flattened. 

Exactly the same features are observed in the band structure shown in Figure 4.7 (a). 

So far, it has been shown that the band structures and DOS of armchair GNRs N = 8, 9, and 10 

present the following three types of aspects of band structures. When N = 3M – 1, with M is an 

integer, the armchair GNR is metallic i.e., there is no band gap in the at the Fermi level. When N 

= 3M, the armchair GNR is semiconducting confirming that band gaps exist in the band structure 

and with high peaks in the DOS at two energy values. When N = 3M + 1, the armchair GNR is 

semiconducting and band gap in the band structure but no specific characteristic in the DOS. 

Finally, a plot of calculated results of band gap of armchair GNRs as a function of their widths N 

will be shown. It has been observed that the band gap decreases with the widths of the GNR.
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In Figure 4.8, the band gap is plotted as a function of width N. Data points are connected by 

dashed line. When N = 5, 8, 11…, the GNRs are metallic and the band gaps are zero. This means 

that when N = 3M – 1, the armchair GNR has no band gap, where M is an integer. Experimental 

and theoretical investigations confirm that 1/3 of armchair GNRs are metallic and 2/3 of them 

are semiconducting [6]. 

For the semiconducting armchair GNRs, their band gap decays with the increasing of width N. 

One should be able to find an exponential function to fit this decay behavior. Notice, in Figure 

4.8, the band gap of armchair GNR N = 100 is around 0.1 eV. The width of this GNR with N= 

100 is 12.30 nm. One can predict that the band gap of large width armchair GNR is close to zero. 

For small width armchair GNR, one may be able to observe the band gap from semiconducting 

armchair GNRs. Some experiment results show semiconducting ribbons and basically agree with 

this [21]. 

4.4 Discussion 

In this chapter, the band structures and DOS of GNRs. Zigzag GNRs are metallic have been 

studied. Their results are similar to armchair CNTs, because zigzag GNRs can be the products of 

unzipped armchair CNTs. 1/3 of armchair CNTs are metallic and 2/3 of them are semiconducting. 

Part of armchair GNRs can be viewed as unzipped product of zigzag CNTs. So their electronic 

properties should be similar. Experimentally the zigzag GNRs are relatively easier to produce 

and their zigzag edge are favorable to form bonds with other atoms and compounds [10] [11]. 

Due to the addition of new elements at the edges, the electronic properties of the GNRs can be 

modified. There are lots of pedagogical as well as commercial interests understanding the 
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electronic behavior of the ribbons. In the next chapter, the conductance and quantum transport 

properties of zigzag GNRs will be addressed.  
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CHAPTER 5:  QUAMTUM CONDUCTANCE OF ZIGZAG GRAPHENE 

NANORIBBONS 

5.1 Introduction 

So far the band structures and DOS of GNRs have been studied. Armchair GNRs can be metallic 

or semiconducting; zigzag GNRs are metallic. In this chapter, the results of conductance and 

local density of states (LDOS) for zigzag GNRs of different widths will be presented. The 

quantum conductance and LDOS of zigzag GNRs have been calculated by using Green’s 

function method and Landauer formalism. Conductance results show that GNRs with different 

widths have interesting regularity. The LDOS of a GNR of specific width are calculated and 

discussed. The LDOS of the edge atom are pronounced compared to the inner atoms. 

5.2 Graphene Nanoribbons of Different Widths 

As mentioned above, the Zigzag GNRs have zigzag edge structures and the zigzag chains along 

the ribbon forming the width. They have infinite length with finite width. The widths are 

proportional to the number of chains (N) in the horizontal direction [20]. The structure shows a 

translational symmetry along the chain. From now on, the structures will be presented with their 

chain numbers. Therefore, the number of atoms in a unit cell is 2N. 
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Figure 5.1: Structure of zigzag GNR N=6. 

Figure 5.1 shows an example of the structure of zigzag GNR of width N=6 (12.78 Å). The unit 

cell is marked by the orange colored rectangle. Since the unit cells are identical to each other, the 

properties of the whole structure can be represented by the properties of one unit cell. Notice that 

for N = 6, there are total of 12 atoms in one unit cell. In one unit cell, we can number those 

atoms from the top to the bottom. However, atom 1 and atom 12 are identical to each other, atom 

2 and 11 are identical to each other, and so on. This is due to the symmetry along the width 

direction. Therefore, we calculate the LDOS of atom 1 to atom 6 (i.e., from edge to the center). 

GNRs of different of widths with N = 6 to 10 have already been studied. That corresponding 

widths are 12.6, 14.91, 17.04, 19.17, and 21.30 Å, respectively. Figures of all widths will not be 

shown because the structures of other zigzag GNRs will be similar to Figure 5.1. It should be 

mentioned here that the number of atoms per unit cell increases with the widths. The 

conductance of each width has been calculated and shown in Figure 5.2. The computer code is 

written using Mathematica software and is shown in Appendix [17].
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The conductance values are plotted as functions of energy. Their conductance is quantized as one 

would expect. The conductance curve has a type of step function which matches the basic 

concept of quantum conductance which is not changing linearly but quantized. From the 

Landauer formula, conductance is expressed as an integer multiples of 2e
2
/h. Features of all the 

conductance curves of the zigzag GNRs are very similar. Their conductance around Fermi level 

(-9 eV) equals to 1 (2e
2
/h), which means that these are metallic GNRs. This feature matches the 

results of band structure of zigzag GNRs shown in Figure 4.3. The shift of conductance 

(increasing or decreasing) is always an integer. When the conductance value changes by a factor 

of 2 (2e
2
/h), then two more modes contribute to the transport. This means that these states are 

degenerate. When the conductance changes by a factor of 1 (2e
2
/h), then only one more mode 

contribute to the transport.   

For larger N value GNR, the first quantized conductance band has smaller energy width. This 

first quantized conductance band will be explained in detail. It should be from the highest 

valence band and lowest conduction band flatted at the Fermi level. Even if the energy width of 

this first quantized conductance band decreases as the increasing of the N, the energy width shall 

not shrink to zero because the other bands never degenerate with the highest valence band or the 

lowest conduction band.  

It is also mentionable that for a higher N value of a GNR, it has a higher maximum value of 

conductance. For example, the maximum value of conductance of a zigzag GNR of width N = 6 

is 6 (2e
2
/h) and the maximum conductance of a zigzag GNR of width N = 7 is 7 (2e

2
/h). From 
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these observations, one can easily conclude the regularity of maximum conductance; it is related 

to Landauer formula for a ballistic transport:  

   [     ]    
   

 
,     (5.1) 

   [       ]     [     ]  
   

 
,    (5.2) 

where GN(E) is the conductance of zigzag GNR of width N, where N is an integer. The 

maximum conductance always appear around -6 eV and -12 eV, these are exactly the energies at 

which the upper conduction bands and lower valence bands degenerate. From N = 6 to 10, 

whenever one more band degenerates in the conduction region or valence region, the maximum 

conductance will rise by a factor of  2e
2
/h. So, for a very large N value GNR, the max 

conductance one can get will be extremely high. This gives us some clue as how to build up 

super conductor.  

5.3 Local Density of States of a Graphene Nanoribbon  

In this Section, the results of local density of states for N=6 zigzag GNR will be shown. Since all 

zigzag GNRs of different widths have similar conductance properties, it will be sufficient to 

show the LDOS results for one specific width. Here, we will show the LDOS results of zigzag 

GNR N = 6. Before discussing the results of LDOS, it will be appropriate to have more 

illustrations on the connections between quantum conductance quantization and density of states 

(DOS). 
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Figure 5.3: Zigzag GNR N=6: (a) Conductance and (b) DOS.  
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Figure 5.3 (a) shows the conductance of zigzag GNR N = 6 as a function of energy, which is 

exactly the blue curve in the previous Figure 5.2. Figure 5.3 (b) shows the density of states (DOS) 

of zigzag GNR N = 6 as a function of energy. The DOS results are obtained from the band 

structure analysis shown in Chapter 4. In addition, this result is verified by the Green’s function 

technique. Both methods produced identical results. 

One can that there is a large peak in DOS at the Fermi level, this corresponds to the first 

quantized conductance band of magnitude 1 (2e
2
/h). Also, the other peaks in the DOS correspond 

to the turning points of the quantized steps in the conductance curve. From this analysis, it can be 

concluded that DOS results can be used as the guide of the quantum conductance quantization 

state. 

The results of the LDOS for the zigzag GNR N = 6 will be discussed. It can be shown that there 

is a one to one relation of the quantization features of the conductance curves to the LDOS of the 

individual atoms. The LDOS method can explain the onset of the quantized steps in the 

conductance curve. 
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Figure 5.4: LDOS of 6 atoms in zigzag GNR N = 6: (a) LDOS of atom 1, (b) LDOS of atom 

2, (c) LDOS of atom 3, (d) LDOS of atom 4, (e) LDOS of atom 5, and (f) LDOS of atom 6. 
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Figure 5.4 shows the LDOS of 6 different site atoms in zigzag GNR N = 6. The LDOS of six 

atoms, 1, 2, 3, 4, 5, and 6 are plotted as a function of energy. Figures 5.4 (a) - (f) show the LDOS 

values of atom of atom 1 to atom 6, respectively. Figures 5.4 (a), (c), and (e) show the LDOS 

values of the odd number atoms 1, 3, and 5, respectively. Therefore, the remainings in Figure 5.4 

represent the even number of atoms, 2, 4, and 6. It is clear in Figures 5.4 (a), (c), and (e) a peak 

at the Fermi energy, which means that these peaks are mainly contribute to the first quantized 

conductance band near Fermi energy. And, notice that they are all odd number of atoms from the 

edge. If one looks at the results of the even number of atoms from the edge, their LDOS are zero 

around the Fermi energy. It is observed that the onset of the next quantized steps is around -7 eV 

and -11 eV, respectively. These are consistent with the LDOS peak positions for all the atoms. 

By investigating the other quantized steps the around -7 eV and -11 eV, it is obvious that all 

atoms have LDOS peak at these turning points. From these observations, one can conclude that 

the contribution of the first conductance step is from the odd number of atoms. While the other 

conductance steps at higher energies from all the atoms in the unit cell, only half of the atoms 

contribute to it, while all the first turning points have all the atoms contribute to it. This explains 

why the value of the lowest conductance is one unit of 2e
2
/h, and all the others are two units of 

2e
2
/h, when the conductance reaches the turning points. In Figure 5.3, it is seen that the onset of 

the fourth quantizes steps in the conductance curve is at -6 eV and -12 eV, respectively. It is 

clear from Figures 5.4 (b), (c), and (f) are mainly contribute to it. So at these the conductance 

values are only one unit (2e
2
/h). 
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Figure 5.5: Zigzag GNR N=6: (a) LDOS at the Fermi level and (b) Color code of LDOS at 

the Fermi level with numbered atoms in one unit cell. Color strengths: Orange > Green > 

Blue > Black = 0.  
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Remember, that zigzag GNRs are products of unzipping CNTs [11]. The atoms in an infinite 

CNT are identical to each other, so they should have exactly the same LDOS. But after 

unzipping, the atoms show non uniform distribution of LDOS. There should be some reason 

related to the breaking of cylindrical symmetry. Notice, during the unzipping process, the 

molecule should be neutral. This means that at the Fermi level, something interesting has 

happened. 

Next, we have analyzed the LDOS values of the zigzag GNR N=6 at the Fermi level. Figure 5.5 

shows the LDOS of six atoms at the Fermi level. It should be mentioned that only the results of 

the upper half of the structure have been shown. Since zigzag GNRs are symmetric about the 

center, the results of one part will represent the entire unit cell. Figure 5.5 (a) shows the LDOS of 

zigzag GNR N =6 at the Fermi level. These are presented as a function of atomic positions. The 

odd numbered atoms from the edge have non-zero LDOS values at the Fermi level which is 

consistent with the results shown in Figures 5.4 (a), (c), and (e). The atom at the edge has the 

maximum LDOS values and these values decrease with the distance from the edge. The LDOS 

values drop very fast from the edge. For example, the magnitude for the edge atom is 2.5 

whereas the LDOS value for the atom 5 is almost zero. 

In addition, a color code has been used to show the magnitudes of the LDOS and shown in 

Figure 5.5 (b). Only the atoms in the central unit cell are numbered. The orange color represents 

the maximum value of LDOS of the edge atoms. The even numbered atoms from the edge have 

zero LDOS and represented by the black color in Figure 5.5 (b), the first zigzag chain from the 

edge includes atoms 1 and 2, and shows the sequence as 1, 2, 1, 2…; then the second zigzag 

chain from the edge includes atom 3 and 4, and arranges them as 3, 4, 3, 4…; then the third 
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zigzag chain from the edge includes atom 5 and 6, and the sequence as 5, 6, 5, 6…. Therefore, in 

a certain chain, only the odd number atoms are non nodal and the even number atoms are nodal 

[20].  

 

Figure 5.6: A zigzag chain with λ type atoms and Y type atoms. 

Two different types of neighboring situation atoms are circled in Figure 5.6. Beginning from the 

edge, the odd number atoms in all three chains have λ type neighbors; the even number atoms in 

all three chains have Y type neighbors. This shows that there are two types of symmetry groups 

in GNRs; and one chain is always arranged as λ, Y, λ, Y… with the non nodal λ atoms and nodal 

Y atoms. Also, the N value is the number of chains of a certain GNRs. The LDOS results at the 

Fermi level reflect the translational symmetry of the zigzag chain. 

Also, if one only looks at the non nodal atoms, their LDOS at Fermi level decays with the atom 

position. One who is interested in this decay should be able to find an exponential decay function 

to fit the curve. So one can consider that the edge atoms contribute to the quantum transport near 

Fermi energy much more than the others. If there is any defect on the edge atoms, it will change 
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the conductance much more than the other position. The results of this defect will be shown in 

the next chapter. 

5.4 Discussion 

In this chapter, the results of conductance show that zigzag GNRs are metallic. This matches the 

results in their band structure analysis. Conductance is quantized as expected for a structure at 

the nano scale. In general, conductance increases with the width (N) of the ribbons. Larger the N 

of a GNR have higher the conductance. LDOS of zigzag GNR N = 6 at Fermi level shows that 

only the none nodal sites (1, 3, 5…) contribute to the quantum transport. This is due to the 

translational symmetry in the zigzag chain. N also presents the number of chains in zigzag GNRs. 

For the non nodal atoms, LDOS values decay from the edge site to inner sites. 

The LDOS analysis in this chapter shows that only part of the atoms in zigzag GNRs contribute 

to the quantum transport at a certain energy level. This gives one some hints such as the electric 

properties of zigzag GNRs with defects at these certain atoms. This interesting topic will be 

discussed in the next chapter. 
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CHAPTER 6: QUANTUM CONDUCTANCE OF A ZIGZAG GRAPHENE 

NANORIBBON WITH DEFECTS  

6.1 Introduction 

In Chapter 5, results of conductance and local density of states (LDOS) of zigzag GNRs were 

discussed. These results are produced using Green’s function method and Landauer formalism. 

Here, the same methods will be used to study the conductance and LDOS of zigzag GNR N=6 

with defects. Because of the open edges at both sides, GNRs are very vulnerable to defects and 

impurities. Also, the electronic properties of the zigzag GNR have been studied by considering 

two types of disorder. They are: a single vacancy at an atomic position and a weak scatter on an 

atom [15]. 

A single vacancy in a structure is defined as the loss of one atom. A vacancy may be caused by 

some high energy reaction that could completely remove one carbon atom from the edge of a 

GNR. The process of removing atom from the GNR is still not clear, but one can consider that 

the missing of only one atom from the edge of a GNR will not affect the structure. Therefore, the 

tight-binding (TB) model will be good for modeling and simulating an imperfect GNR structure 

with a vacancy. Interesting information of the nanostructure without optimization of the whole 

system can be found by using this model. A simply thinking of vacancy is that no electron can 

occupy the 2pz orbital of the vacancy atom, which means that the on-site energy of the orbital of 

the atom is positive and infinitely high and no electron can have a high enough amount of energy 

to reach that site. In other words, a vacancy on an atomic site can be modeled by an infinite 

potential barrier at that atomic site. Theoretically, this model can be obtained by introducing an 

appropriate very large on-site energy (diagonal element) in the Hamiltonian. 
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On the other hand, a weak scatter can be caused by substituting a carbon atom with an impurity 

atom or absorption of an impurity at the edge or a weak absorption from an impurity atom near 

the target carbon atom [15]. The effect to the structure of weak scatter is even smaller than that 

of vacancy, so it is reasonable to neglect the distortion of the structure. Without optimizing the 

tight-binding model is still a good simulation for this weak scatter. Therefore, an easy way to 

simulate weak scatter is to change the on-site energy of the target atom, which is the diagonal 

matrix element of the Hamiltonian of the structure. Mathematically, this will allow us to 

introduce only the on-site energy by a small amount as a perturbation. 

In short, in this chapter, the election properties of GNR with vacancy and weak scatter will be 

studied. These will show some interesting results for imperfect GNRs and provide clues for 

simulation of more practical imperfect GNRs. 

6.2 Conductance with Vacancy 

The zigzag GNR N=6 to be studied in this chapter was already shown in Figure 5.1. In the 

Hamiltonian matrix, the on-site energy of the vacancy atom is set to be 100 * |є|. An example of 

a vacancy at the atomic site 1 will be only the change of the first diagonal matrix element in the 

Hamiltonian of the conductor shown in Figure 6.1. 

 

 

           , (6.1) 
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where є is the on-site energy of 2pz orbital, V is the overlap energy interaction of the ppπ orbitals 

between the nearest neighbors. Both є and V negative and whose values are shown in Table 2.1. 

 

Figure 6.1: Structure of zigzag GNR N=6. Atoms in one cell are represented by numbers. 

Figure 6.1 shows the numbered atoms in zigzag GNR N=6. These 12 atoms build up an unit cell, 

and all unit cells are identical to each other. So, the properties of these 12 atoms present the 

properties of other atoms in other unit cells. In a certain unit cell, there are total 6 identical 

postions of atoms. Therefore, the results of these 6 identical atoms should be enough to present 

the properties of all the atoms in the system. Here, it will be shown the individual results of 

conductance in the presence of a single vacancy located at different sites 1, 2, and 3. Also, the 

corresponding results of the local density of state (LDOS) of the neighboring atoms of the 

vacancy will be presented and discussed. The resulting LDOS curves have interesting 

characteristics and features. From these features, one can predict an interesting electron transport 

phenomena in the Zigzag GNRs in general. 
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First, let us consider the vacancy at atom site 1, also it is the edge atom of this GNR. Figure 6.2  

shows the results of conductance and the LDOS of the single vacancy system. Conductance is 

plotted as a function of electron energy shown in Figure 6.2 (a). The dashed curve represents the 

conductance of the perfect system and solid curve is for the imperfect one. One may notice that 

there are two conductance dips close to first band edges which are symmetric about the Fermi 

energy (-9 eV). The LDOS values of atom 2 are plotted as a function the electron energy shown 

in Figure 6.2 (b). The dashed curve represents the perfect system and the solid curve is for the 

vacancy. 

It is noticeable that there are two sharp peaks at the same locations where the conductance dips 

are observed in Figure 6.2(a). From Figure 6.2, the results of conductance and LDOS show that 

the presence of one vacancy doesn’t break the symmetry, and the conductance and LDOS are 

still symmetric about the Fermi level. This infers that the valence energy bands and conduction 

bands still keep the symmetry.  

In Figure 6.2 (a) observe that the overall conductance with vacancy is lower than the 

conductance without vacancy in the entire energy range. From this observation, it can be 

considered that any defect in the system will prevent the transport of electrons, so the 

conductance should be lower.  
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Figure 6.2: Zigzag GNR N=6: (a) Conductance without vacancy (dashed line) and with one 

vacancy at atom 1 (solid line) and (b) LDOS of atom 2 without vacancy (dashed line) and 

with one vacancy at atom 1 (solid line).  
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In the first quantized conductance band region (G = 1 2e
2
/h), the conductance with vacancy 

almost remains the same near Fermi energy until it reaches conductance dip. The dips occur at – 

10.7 eV and – 7.2 eV and the conductance at these two points drops to zero, which means 

incident electrons with these two certain energies cannot pass through the conductor.  

It is also observed that beyond these zero conductance regions, the conductance curve of GNR 

(with vacancy) maintains almost the perfect step function and there is a drop of conductance 

values by a factor of one unit of 2e
2
/h than the one without the vacancy. This drop is due to the 

missing of atom 1 at the edge. For this particular structure with N=6, the highest conductance 

value is five units of (2e
2
/h) shown here. Remember that in Chapter 5, it was concluded that the 

edge atom (atom 1) plays one of most important roles in electron transport than the others. 

Therefore, the results of conductance and LDOS show exactly how much the missing of atom 1 

will affect the quantum transport in this zigzag GNR. 

In addition, from Figure 6.2 (b) one finds that the overall LDOS of atom 2 with vacancy is higher 

than the LDOS without vacancy in all energy. We may consider that the missing of atom 1 make 

atom 2 to be a new edge atom and its response to the electron transport is more than the previous 

situation. Two LDOS peaks occur at – 10.7 eV and – 7.2 eV, which correspond to the energies of 

the conductance dips discussed above. One may expect that the missing of atom 1 at the edge 

should lower the conductance of the first band by one unit of 2e
2
/h overall. But it is clear that the 

conductance values between – 10.7 eV and – 7.2 eV on the first band remain the same. From this 

observation it predicts that an increment of LDOS of atom 2 contributed to the formation of 

constant conductance band. If not, the conductance on the first band of the GNR with a vacancy 

will have a very large transport gap. Therefore, atom 2 prevents the whole system from 
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completely stopping the electron transport. It is concluded that in the first conductance band, 

atom 2 is the alternate of atom 1. 

Another interesting feature is observedon the LDOS curve. The general characteristics of the two 

peaks on the opposite side of the Fermi level are similar to the Fano resonance type. Therefore, 

these are quasi-localized states caused by the vacancy at site 1[20].  

Now, let us consider the vacancy at the atomic site 2 shown in Figure 6.1. 

Since the vacancy is at site 2, it will be appropriate to look its effect on conductance as well as 

on the LDOS values of both atom 1 and 3. Figure 6.3 shows the conductance and LDOS results 

as a function of electron energy. Curves are shown for the GNRS with and without vacancy. The 

dashed curves represent the perfect structure and the solid curves are for the structure with the 

vacancy. Figures 6.3 (a) - (c) show the conductance, the LDOS for atom 1 and atom 3, 

respectively. Results of conductance and LDOS are perfect symmetric about the Fermi energy. 

As we expected, similar to the case of vacancy at atomic site 1, the vacancy at atom 2 presents 

similar symmetry pattern in the valence band and conduction band regions.  
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Figure 6.3: Zigzag GNR N=6: (a) Conductance without vacancy (dashed line) and with one 

vacancy at atom 2 (solid line), (b) LDOS of atom 1 without vacancy (dashed line) and with 

one vacancy at atom 2 (solid line), and (c) LDOS of atom 3 without vacancy (dashed line) 

and with one vacancy at atom 2 (solid line).  
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From Figure 6.3 (a), one finds that the overall conductance with vacancy is lower than the 

conductance without vacancy in all electron energy. It is expected, the conductance should be 

lower because any defect will prevent the electron transport. The conductance doesn’t change 

much in the first quantized conductance band. Only a small dip is found at the Fermi level. It has 

been already observed (in Figure 6.2 (b)) that the contribution of atom 2 is negligible to the 

electron transport near Fermi level. Specifically, the LDOS value of atom 2 is completely zero at 

the Fermi level (shown in Figure 5.4 (b)). The conductance doesn’t change much until it reaches 

the edge of the highest conductance band. There is sharp drop in conductance by one unit at the 

highest conductance band. This characteristic is very similar to the previous result discussed and 

shown in Figure 6.2 (a). For a vacancy at atomic site 1 or the vacancy at site 2 causes a drop of 

one unit of conductance at the highest band. So the general notion is that for the highest 

conductance region, the missing of one atom at site 1 or at site 2 will block one mode from 

conduction. From these observations, we conclude that the vacancy at the site 2 affects the 

quantum transport only in the highest conductance band region. 

Next, the LDOS values of atom 1 shown in Figure 6.3 (b) are discussed. As mentioned earlier, 

the solid curve represents the LDOS for atom 1 with a vacancy at site 2 and the dashed line is for 

the perfect structure. It is crystal clear that the features and characteristics of the LDOS values 

are almost the same and the difference is very small. Therefore, the LDOS of atom 1 doesn’t 

change much with a vacancy at the atomic site 2. In Figure 6.3 (c) the LDOS of atom 3 is plotted. 

A significant drop in LDOS values are observed between -11.7 eV and -12.2 eV, and -6.2 eV and 

-7.7 eV in the highest conductance bands as observed in Figure 6.3 (a). This infers that the drop 

in conductance at the highest conductance band can be visualized by the LDOS change in the 
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second chain (3, 4, 3, 4…) of the zigzag GNR. But still, near the Fermi level, the LDOS remains 

almost the same. 

Third, the vacancy position at atomic site 3 (shown in Figure 6.1) is considered. 

In order to study the electron transport in the GNR with a vacancy at site 3, the LDOS of atom 2 

and atom 4, the two nearest neighbors of site 3 need to be plotted and studied. It is like the other 

two situations with a vacancy at site 1 or at 2, the results of conductance and LDOS curves show 

perfect symmetry about the Fermi level. 

In Figure 6.4 (a), it was found that there is a substantial drop in conductance on the first 

quantized conductance band with two large conductance dips around -9.9 eV and -8 eV, 

respectively. These conductance dips reach to zero and these are much wider than the dips 

observed on the conductance curve for the vacancy at site 1, shown in Figure 6.2 (a). It was 

noticed the similar feature that a drop in conductance by one unit of 2e
2
/h in the highest 

conductance band, and this agrees with our general notion that the missing of any one atom will 

block one mode from conduction. This result is similar to the other two cases discussed earlier.  
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Figure 6.4: Zigzag GNR N=6: (a) Conductance without vacancy (dashed line) and with one 

vacancy at atom 3 (solid line), (b) LDOS of atom 2 without vacancy (dashed line) and with 

one vacancy at atom 3 (solid line), and (c) LDOS of atom 4 (dashed line) and with one 

vacancy at atom 3 (solid line).  
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In Figure 6.4 (b), the LDOS values of atom 2 show two symmetric bumps and two Fano 

resonance type peaks on both sides of the Fermi level. The resonance peaks form around -7.1eV 

in the conduction band and -10.8 eV in the valence band. Similarly, the LDOS bumps form 

around -7.5 eV and -10.2 eV on both sides of the Fermi level. These features and the rise in 

LDOS are due to the localized states at site 2 caused by the vacancy at site 3. On the other hand, 

the LDOS drops substantially in the highest conductance band region on both sides of the Fermi 

level. 

However, the LDOS values of atom 4 shown in Figure 6.4 (c)) are almost the identical to the 

perfect GNR except with two symmetric bumps around the Fermi energy level In summary, the 

missing of atom 3 in the zigzag GNR causes a significant change in the form of sharp peaks and 

bumps in LDOS for atom 2. On the other hand in atom 4, a small change in LDOS has been 

observed. From these observations, one can predict that in some energy regions the missing of 

atom 3 affects the LDOS of atom 2, and in some other energy regions it affects the LDOS of 

atom 4. As a result, a noticeable change in the conductance is observed. Conductance dips are 

observed at symmetric locations about the Fermi level and it drops to zero. Also, the 

conductance drops by one unit at the highest conductance band region. 

The analysis for vacancy at atom site 4, 5, or 6 will be shown. Because the atomic sites 4 and 6 

are in the same symmetry group (Y type in Figure 5.6) as the atomic site 2; and the atomic site 5 

is in the same symmetry group (λ type in Figure 5.6) as the atomic site 3. Therefore, the 

investigations of the three sites 1, 2, and 3 are sufficient to find and predict the electron transport 

behavior for the entire structure. The summary for the whole study is summarized in Table 6.1.
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From Table 6.1 it can be seen that the symmetry about the Fermi level never changes with the 

vacancy. Because the vacancy is simulated by setting the on-site energy to very large (infinity), 

this changes the valence region and conductance region with same strength. The overall 

conductance drops as we expected, because any vacancy will prevent the transport in general. 

Conductance change in the first quantized conductance region shows that the odd numbered 

atoms lead big drop in conductance, this agrees with our conclusion that odd atoms contribute to 

the quantum transport more at the Fermi level. 

The last 4 columns of Table 6.1 show interesting results. Only the missing of an odd-numbered 

atom leads a big change in the first quantized conductance band energy, some cases show 

obvious band gap caused by localized states. The drop in the highest conductance band is always 

one unit of 2e
2
/h. So any missing atom will lead to one less mode responding for the quantum 

transport in this region. 

It has been observed that in the first quantized conductance band, the missing of an odd atom n 

(= 1, 3, 5…), will cause a large increment of LDOS of atom n + 1 (=2, 4, 6…), respectively. 

Therefore, it appears that the missing of an atom causes the next inner atom to create more 

LDOS and the inner atom is kind of alternate of the missing atom. 

In the highest conductance band energy region, the missing of an odd-numbered atom, n (= 3, 5, 

7 …) will cause a large decrease in the LDOS of an atom n – 1 (=2, 4, 6…). Similarly, the 

missing of an even atom n (=2, 4, 6…), will causes a large decrease in LDOS of an atom n + 

1(=3,5,7…) The even atoms pick up the next inner one as their alternate, but the odd atoms 

prefer to pick up the upper (n-1) edge atom as their reserves. Atom 1 doesn’t have any next edge 

atom to be its reserve, so the missing of atom 1 causes the conductance change much more than 
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the other vacancy sites. It was concluded that the chain rule is not applicable in the highest 

conductance band energy region. 

In summary, the changes on the conductance and hence the changes in the LDOS of neighboring 

atoms are due to localized states caused by the vacancy in the GNR. From these observations, we 

conclude that in case of a vacancy at an odd numbered site, the electron transport through the 

lowest conduction band is mainly takes place through the inner neighboring atom in the zigzag 

GNR chain. On the other hand, at higher electron energy (highest conduction band region), in the 

presence of a vacancy at an even site, the effect on the inner neighboring atom is more than the 

upper neighbor, and for a vacancy at an odd-site, the upper neighbor is more affected than the 

lower neighbor.  

The LDOS analysis shows some clues about the effect of a weak scatter at atom 1. It is apparent 

that presence of any disorder or defect will affect the electron transport and consequently, the 

conductance and LDOS features will be different from the pristine structure. In the next section, 

we will focus on the weak scatter at atom site 1. It is clear that any perturbation on site 1 will 

affect the conductance most than from any others. 

6.3 Conductance with Weak Scatter 

A weak scatter at an atomic site is modeled by changing the corresponding matrix element in the 

Hamiltonian. As a result, we change the on-site energy of 2pz orbital of the target carbon atom in 

the conductor. A small amount of perturbation Δ is added to the on-site energy, є0. Therefore, the 

on-site energy of the target atom is changed. Consequently, the first diagonal matrix element in 

the Hamiltonian matrix is changed to є0 + Δ. 
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Now, the results of conductance as a function energy with different strengths of perturbation is 

shown in Figure 6.5. The following set of energies values were considered as perturbations: Δ = 

– 5.16 eV, -2.58, 0 eV, 2.58eV, and 5.16 eV. These values were selected based on the on-site and 

overlap interaction energies shown in Table 2.1. For example, when Δ = – 5.16 eV, it is the on-

site energy of oxgen. 

The blue curve is the conductance of the perfect zigzag GNR N = 6. The conductance values are 

lower for any other cases this means that any perturbation will reduce the conductance. The 

conductance curves of this GNR with – 5.16 eV and 5.16 eV perturbations are symmetry to the 

Fermi energy level. Also, the conductance curves of this GNR with – 2.58 eV and 2.58 eV 

perturbations are symmetry to the Fermi energy level. This infers that the effects of same 

amplitude perturbations are exactly symmetry to the Fermi level. But one shall still notice that, 

for a certain perturbation energy (for example, perturbation energy = -5.16 eV), the effect to the 

conductance is not symmetric to the Fermi level. With this perturbation, result shows wide dip 

(yellow curve) in the valence region and narrow dip in the conduction region. However, the 

perturbation with the positive one (=5.16 eV) shows wide dip (red curve) in the conduction 

region and narrow dip in the valence region. The wide dip and the narrow dip are not symmetry 

to each other in this weak scatter. 

For the one who cannot see multiple curves very well, Δ = – 5.16 eV perturbation result is taken 

off and shown individually. 
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In Figure 6.6, the effect to the conductance is not symmetric to the Fermi level. With this 

perturbation, result shows wide dip in the valence region and narrow dip in the conduction region. 

Notice in Figure 6.5, conductance drops to zero on the first conductance band with these 

perturbations. In the presence of attractive (negative potential) perturbations the conductance 

drops at electron energies lower than the electron Fermi energy. And for the repulsive scatters 

(positive perturbations), conductance drops at energies higher than the Fermi energy. The widths 

of the dips are dependent on the scatter strengths. For stronger scatters, the dips are wider and 

also the conductance dips shift their locations with the strengths. They move toward the edges of 

the first conductance band. This observation can be compared with the results obtained for the 

vacancy at the edge site. For a high strength, the scatter will act like a vacancy with infinite 

potential and possibly these dips are caused by the quasi-localized states caused by the presence 

of scatter at the edge. In order to find more concrete conclusions one needs more analyses and 

detailed investigations. Experimentalists may be able to locate the wide dips in the first 

quantized conductance region and may identify the type of scatter (attractive or repulsive) in the 

GNR. 

The sharp low peaks in near the edge of first quantized conductance region should be caused by 

the Fano resonance as we discussed in Chapter 5. Notice the sharp low peaks won’t change the 

conductance very much, so that we shall not spend too much time to analysis their physical 

meanings.  

In addition, the effects on conductance and hence on the electron transport by putting the weak 

scatter at other atomic sites were investigated. The same amounts of perturbations are applied to 

atom 2.
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Figure 6.7 show the results of different perturbations at atom 2. They show only sharp dips near 

the boundary of the first quantized band. For different perturbations, these sharp dips distribute 

only near the boundary of the first quantized band, and show no obvious shift like Figure 6.5. 

These kinds of sharp dips won’t affect the quantum transport a lot. And the distribution of these 

dips may hardly be located. 

The results of applying these perturbations to other atom sites are not necessary to show in detail 

here. No wide dip in the first quantized band region has been observed for these atomic sites. It 

can be considered that weak scatter on the other atoms affects the conductance much less than 

the one on atom 1. The wave function of the incident electron should localized on the edge atom 

more than the others, so a weak scatter on one edge atom is able to affect the transport. This 

matches results discussed and shown in Chapter 5. The edge atoms have very high LDOS than 

the others at the Fermi level and play much more important role in the quantum transport. 

6.4 Discussion 

In general, the conductance decreases in the presence of any defect: (1) vacancy (2) weak scatter. 

GNR with vacancy shows some interesting results beyond the analysis of perfect GNR. GNR 

with weak scatter basically agrees with the results of perfect GNR. 

For vacancy, zigzag GNR shows different conductance changes in different energy region. In the 

first quantized conductance region, it seems that the missing of an atom will cause the next 

inside atom to generate more LDOS. So, the interior atom is acting kind of alternate atom of the 

missing atom. But in the highest conductance region transport, the odd numbered atoms prefer to 
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pick up the next edge one as their alternates. The missing of atom 1 (edge atom) affects the 

quantum transport more than the missing of any other. 

For weak scatter, zigzag GNR shows wide dip only when the weak scatter is on atom 1. By 

locating the position of the wide dip, one should be able find the amount of weak perturbation 

from experimental measurements. Weak scatter on atom 1 affects the quantum transport more 

than the others. 

Since the edge atoms are very sensitive to defects. They should be active to chemical reaction. 

As was discussed earlier, in the maximum conductance region, pz orbitals of the edge atoms 

couldn’t find any other atoms as their reserves. If possible, the edge carbon atoms should be able 

to bond with other elements. Some experiment researchers already found some structures that 

zigzag GNR could have other elements to terminate the edge. Like H or K, they only bond with 

the sp
2 

hybridized orbitals, won’t change the transport between pz orbitals. But like O or Si, they 

will also bond with the pz orbitals of carbon atoms, and should show some interesting properties. 
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CHAPTER 7: SUMMARY AND CONCLUSIONS 

In this work, the two graphene based structures: carbon nanotubes (CNTs) and graphene 

nanoribbtons (GNRs) have been studied. By applying the tight-binding (TB) model to these two 

carbon structures, the Hamiltonian matrices for calculating the electronic properties of these two 

carbon structures were obtained. Band structure and density of states (DOS) of these carbon 

structures were directly calculated from the Hamiltonian matrices. The conductance and local 

density of states (LDOS) of zigzag GNRs was calculated from Green’s function. The quantum 

transport properties of zigzag GNRs were analyzed from the conductance and LDOS of them. 

The effects of defects on zigzag GNRs were also investigated, these results showed some 

interesting properties of imperfect zigzag GNRs. 

In Chapter 2, the tight-binding (TB) model was introduced. CNTs and GNRs are graphene based 

structures with hexagon arrangement carbon atoms. With only one 2pz orbital in each carbon 

atom, we could easily use TB model to simulate their structures and get the Hamiltonian matrices 

from the geometry of the structures. Then the band structures were directly calculated from the 

Hamiltonian matrices by using basic quantum mechanics analysis. DOS was obtained from the 

band structures. Then Green’s function technique was introduced for calculating the conductance. 

Although the theory of Green’s function is an advanced mathematical method, the calculation is 

quick and convenient for the code. LDOS was also obtained from the Green’s function. 

By using the theory and formalism in Chapter 2, we generated the band structures and DOS of 

CNTS, and showed the results in Chapter 3. The results showed that armchair CNTs have very 

similar band structures and DOS. Both results show metallic characteristics of CNTs along the 

cylinder axis. Also, the results of zigzag CNTs showed that 1/3 of them are metallic, 2/3 of them 
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are semiconducting. These results perfectly matched other groups’ theoretical studies. In general, 

only when n – m = 3M, CNT (n, m) is metallic, where M is an integer. 

In Chapter 4, we showed the band structure results and DOS results of GNRs. Zigzag GNRs 

showed very similar electronic properties with armchair CNTs, they are both metallic along the 

length direction. Armchair GNRs showed very similar electronic properties with zigzag CNTs, 

1/3 of them are metallic, 2/3 of them are semiconducting. Because zigzag GNRs can be viewed 

as unzipping products of armchair CNTs, armchair GNRs can be viewed as unzipping products 

of zigzag CNTs. Also, from armchair GNTs with different widths N, we concluded that only 

when N = 3M – 1, the armchair GNR is metallic, where M is an integer. 

Zigzag GNRs showed more regularity than armchair GNRs because of their edge shapes. The 

conductance and quantum transport properties of zigzag GNRs in Chapter 5 was discussed. 

Basically, the conductance of these GNRs is quantized and were varified. The conductance 

results of zigzag GNRs with different widths N showed that conductance increases with the 

width N of the ribbons. LDOS results of zigzag GNR N = 6 at Fermi level showed that only the 

non-nodal sites (1, 3, 5…) contribute to the quantum transport. This is due to the translational 

symmetry in the zigzag chain of a nurture system. Then N also presents the number of chains in 

zigzag GNRs. The edge atoms (atom 1) in zigzag GNRs contribute to the quantum transport 

more than the others in the first quantized conductance band. 

From the conclusion of perfect zigzag GNRs in Chapter 5, we became interested in the 

conductance and quantum transport properties of GNRs with defect at certain atom. Then two 

kinds of defects were applied to zigzag GNRs in Chapter 6: one is single vacancy, the other one 

is single weak scatter. Both of these two kinds of defects showed conductance drop in the results. 
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The results of single vacancy on different atoms of zigzag GNR N=6 showed similar regularity 

with results of zigzag GNR = 6 in Chapter 5. In the first quantized conductance band, the 

quantum transport seemed follow the chains. But the LDOS results in the highest quantized 

conductance, the quantum transport didn’t follow the chains. In this case, the edge atoms (atom 1) 

couldn’t find any substitution for their missing. The results of single weak scatter on different 

atoms of zigzag GNR N = 6 showed that only when the weak scatter is applied on an edge atom 

(atom 1); there will be a wide dip in the conductance results. Also, the position of this wide dip 

shifted with the strength change of the weak scatter. Concluding from these two kinds of defects, 

it was found that the edge atoms (atom 1) are more sensitive to defects, and result large change 

in the conductance and quantum transport.  

Then our further interesting study will be the effects if any other elements are attached to the 

edge of zigzag GNRs. We already found some experimental results with potassium (K) or 

oxygen (O) on the edge of zigzag GNRs after the unzipping process of CNTs [10] [11]. These 

foreign atoms may change the conductance and quantum transport of zigzag GNRs dramatically. 

But the TB model is not advanced enough to simulate the structure with multiple kinds of 

elements. Other modeling may be needed like Density Functional Theory (DFT) or Extended 

Huckel method. Also, this later study may present some clue for understanding the unzipping 

process of CNTs. These results are very interesting and important from the technological point of 

view. GNRs can be produced in a mass scale by unzipping the CNTs. Therefore, it is important 

to understand in detail about the edge effect of these foreign elements. One may investigate 

further the effect of the weak scatter. These reactive edges of the GNRS can be tuned with 

artificial scatter to engineer their band structures so that they can be applied as a switch or a 

sensor [22].   
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APPENDIX 

Two sample codes used for calculating the results will be shown here. The first one is used for 

calculating the band structure and DOS for a GNR. The second one is used for calculating the 

conductance and LDOS for a certain GNR. These codes were developed and written by the 

author of this thesis. The results produced by these codes have been verified with the others [15] 

[19]. Codes will be shown in notebook type, which is a very typical Mathematica file type. The 

version of the program used for all of the calculations is Wolfram Mathematica ® 9.0.1.0 [17]. 

1. Code for calculating the band structure and DOS. 

n = 6;  

 = -8.97;  
a = 1.42;  

V = -0.81*(7.62/a^2);  

kB = 8.6173324/10^5;  

Troom = 25;  

 = kB*Troom;  
bc = (1/2)*((2*Pi)/(Sqrt[3]*a));  

H = Table[0, {x, 1, 2*n}, {y, 1, 2*n}];  

Va = V*E^(I*k*(Sqrt[3]*a));  

Vb = V*E^(I*k*((-Sqrt[3])*a));  

Do[H[[i]][[i]] = ; H[[i]][[i + 1]] = H[[i]][[i - 1]] = V; , {i, 
2, 2*n - 1}] 

H[[1]][[1]] = H[[2*n]][[2*n]] = ;  
Do[H[[i]][[i - 1]] = V + Va; H[[i + 2]][[i + 1]] = V + Vb; , {i, 

2, 2*n - 3, 4}] 

Do[H[[i]][[i + 1]] = V + Va; H[[i + 2]][[i + 3]] = V + Vb; , {i, 

3, 2*n - 3, 4}] 

H[[2]][[1]] = V + Va;  

H[[1]][[2]] = V + Vb;  

H[[2*n - 2]][[2*n - 3]] = H[[2*n - 1]][[2*n]] =  

    Piecewise[{{V + Vb, OddQ[n] == True}, {V + Va, EvenQ[n] == 

True}}];  

H[[2*n]][[2*n - 1]] = Piecewise[{{V + Va, OddQ[n] == True}, {V + 

Vb, EvenQ[n] == True}}];  

MatrixForm[H];  

ks = 4000;  
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ke = Table[0, {i, 1, ks}];  

ee = Table[Table[0, {i, 1, ks}], {j, 1, 2*n}];  

ed = Table[0, {l, 1, ks}];  

dos = Table[0, {l, 1, ks}];  

p = Table[0, {j, 1, 2*n}];  

Do[ke[[i]] = ((2*bc)/(ks - 1))*(i - ks) + bc; eig = 

Sort[Eigenvalues[H /. k -> ke[[i]]],  

     Greater]; Do[ee[[j]][[i]] = eig[[j]]; , {j, 1, 2*n}], {i, 1, 

ks}] 

amp = 3;  

Do[ed[[l]] = ((2*amp*Abs[V])/(ks - 1))*(l - ks) + amp*Abs[V] + ;  
   dos[[l]] = Sum[(1/ks)*Sum[(1/Pi)*(/((ed[[l]] - 
ee[[j]][[i]])^2 + ^2)), {i, 1, ks}],  
     {j, 1, 2*n}], {l, 1, ks}] 

Do[p[[j]] = ListLinePlot[Table[{ke[[i]], ee[[j]][[i]]}, {i, 1, 

ks}], Axes -> False,  

     Frame -> True, PlotRange -> {{-bc, bc}, {amp*V + , (-
amp)*V + }},  
     PlotStyle -> Hue[0.1*Abs[j - 10]], FrameLabel -> {"k "[1/], 
"E "[eV]},  

     AspectRatio -> 2/1, ImageSize -> 300]; , {j, 1, 2*n}] 

pd = ListLinePlot[Table[{dos[[l]], ed[[l]]}, {l, 1, ks}], Axes -> 

False, Frame -> True,  

    PlotRange -> {{0, 3.5}, {amp*V + , (-amp)*V + }}, 
PlotStyle -> Blue,  

    FrameLabel -> {"DOS "["N"], "E "["eV"]}, AspectRatio -> 2/1, 

ImageSize -> 306];  

ped = GraphicsRow[{Show[p], pd}, Alignment -> Top];  

SetDirectory[NotebookDirectory[]];  

Export["GNR (ZigZag 6) bands and DOS.png", ped, ImageResolution 

-> 200] 

2. Code for calculating the conductance and LDOS. 

n = 6;  

a = 1.42;  

 = -8.97;  
V = -0.81*(7.62/a^2);  

kB = 8.6173324/10^5;  

Troom = 25;  

 = kB*Troom;  
amp = 1.05;  

ks = 400;  

ec = Table[0, {i, 1, ks}];  

gc = Table[0, {i, 1, ks}];  

ldos = Table[0, {i, 1, ks}];  
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posi = 1;  

HM = H1 = H2 = H1M = HM2 = H11 = H22 = Table[0, {x, 1, 2*n}, {y, 

1, 2*n}];  

Do[H1M[[i]][[i - 1]] = V; , {i, 2, 2*n, 4}] 

Do[H1M[[i]][[i + 1]] = V; , {i, 3, 2*n, 4}] 

H11 = H22 = HM2 = H1M;  

Do[HM[[i]][[i]] = HM[[i + 1]][[i + 1]] = ; HM[[i]][[i + 1]] = 
HM[[i + 1]][[i]] = V; ,  

  {i, 1, 2*n - 1}] 

H1 = H2 = HM;  

Iden = IdentityMatrix[2*n];  

Do[ec[[i]] = ((2*amp*Abs[V])/(ks - 1))*(i - ks) + amp*Abs[V] + ; 
iteration = 18;  

   ta = Table[0, {k, 1, iteration}]; tb = Table[0, {k, 1, 

iteration}];  

   ta[[1]] = Inverse[(ec[[i]] + I*)*Iden - H2] . 
ConjugateTranspose[H22];  

   tb[[1]] = Inverse[(ec[[i]] + I*)*Iden - H1] . H11;  
   Do[ta[[k + 1]] = Inverse[Iden - ta[[k]] . tb[[k]] - tb[[k]] . 

ta[[k]]] . ta[[k]] .  

       ta[[k]]; tb[[k + 1]] = Inverse[Iden - ta[[k]] . tb[[k]] - 

tb[[k]] . ta[[k]]] .  

       tb[[k]] . tb[[k]]; , {k, 1, iteration - 1}];  

   Ta = ta[[1]] + Sum[Dot @@ Table[tb[[k]], {k, 1, l}] . ta[[l + 

1]],  

      {l, 1, iteration - 1}];  

   Tb = tb[[1]] + Sum[Dot @@ Table[ta[[k]], {k, 1, l}] . tb[[l + 

1]],  

      {l, 1, iteration - 1}]; 1 = ConjugateTranspose[H1M] .  
     Inverse[(ec[[i]] + I*)*Iden - H1 - 
ConjugateTranspose[H11] . Tb] . H1M;  

   2 = HM2 . Inverse[(ec[[i]] + I*)*Iden - H2 - H22 . Ta] . 
ConjugateTranspose[HM2];  

   GM = Inverse[(ec[[i]] + I*)*Iden - HM - 1 - 2];  
   1 = I*(1 - ConjugateTranspose[1]); 2 = I*(2 - 
ConjugateTranspose[2]);  
   GRM = GM; GAM = ConjugateTranspose[GM]; gc[[i]] = Tr[1 . 
GRM . 2 . GAM];  
   ldos[[i]] = (-(1/Pi))*Im[GM[[posi]][[posi]]]; , {i, 1, ks}] 

pc = ListLinePlot[Table[{ec[[i]], Re[gc[[i]]]}, {i, 1, ks}], 

Axes -> False, Frame -> True,  

    FrameTicks -> {{Automatic, None}, {Automatic, None}},  

    PlotRange -> {{amp*V + , (-amp)*V + }, Automatic}, 
PlotStyle -> Blue,  

    FrameLabel -> {"E "["eV"], "Conductance "[ 
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       "\!\(\*FractionBox[\(2 \*SuperscriptBox[\(e\), \(2\)]\), 

\(h\)]\)"]},  

    AspectRatio -> 1/2, ImageSize -> 600, ImagePadding -> {{60, 

40}, {40, 40}}];  

pl = ListLinePlot[Table[{ec[[i]], ldos[[i]]}, {i, 1, ks}], Axes 

-> False, Frame -> True,  

    FrameTicks -> {{Automatic, None}, {Automatic, None}},  

    PlotRange -> {{amp*V + , (-amp)*V + }, {0, 0.5}}, 
PlotStyle -> Blue,  

    FrameLabel -> {"E "["eV"], "LDOS on atom"* 

       posi["\!\(\*FractionBox[\(2 \*SuperscriptBox[\(e\), 

\(2\)]\), \(h\)]\)"]},  

    AspectRatio -> 1/2, ImageSize -> 600, ImagePadding -> {{60, 

40}, {40, 40}}];  

SetDirectory[NotebookDirectory[]];  

Export["GNR (ZigZag 6) G and LDOS.png", GraphicsColumn[{pc, pl}, 

Alignment -> Left],  

  ImageResolution -> 200] 
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