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Abstract 

 

Electronic properties of graphene nanoribbons (GNRs) were investigated. Graphene 

nanoribbons are one-atom layer thin sheets of carbons arranged in a pattern of repeating 

hexagons that have a semi-infinite length and finite width. GNRs have important electronic 

properties, and are very useful materials in nanoelectronics and nanodevices. GNRs are either 

metallic or semiconducting, depending on the width of the structure and the edge structure. There 

are two different edge structures: armchair and zigzag. The electronic properties of these 

materials can be altered by functionalizing the structures. In this project, the edges of armchair 

graphene nanoribbons (AGNRs) were functionalized by H, N, O, F, P, S, and Cl to tune and 

engineer the bandgap for the application of electronic devices. A theoretical analysis via the 

usage of Tight-Binding Model (TB Model) with Extended Hückel Theory (EHT) and Green’s 

Function Theory were used to calculate the electronic band structure, density of states (DOS), 

conductance, and local density of states (LDOS). The functionalized results are compared to the 

results of the perfect structure. The presence of foreign elements on the edges of graphene 

nanoribbons has a significant effect on the electronic properties and quantum transport. 
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Chapter 1: Introduction 

 

1.1 An Overview 

 

 Nanoscience is part of the large field called Condensed Matter Physics and deals with 

objects that are at the nanoscale level [1-3]. This level is between 0.1 to 100 nanometers. 

Graphene is one atomic layer of a thin sheet of carbons arranged in a pattern of repeating 

hexagons [2, 4, 5]. Novoselov, et al were the first to isolate it back in 2004 [5-7].  

Graphene is important in the field of Condensed Matter physics, and researchers are 

interested in its electrical properties [3, 8-17]. Graphene does not have a significant band gap, 

though GNRs do have a band gap due to the type of edge structure which gives unique electrical 

properties [18]. A strip of graphene that has finite width and semi-infinite length is called a 

graphene nanoribbon (GNR) [2]. GNRs are made from: the top-down approach, such as 

unzipping carbon nanotubes (CNTs), bottom-up synthesis, which is essentially building the 

material at the atomic scale, and etching methods [19]. 

 The importance of GNRs, which are carbon allotropes, is that one can engineer band gaps 

of different widths for the usage in nanodevices. Several applications include the photovoltaic 

cells in solar panels, nanoscale transistors, capacitors, circuits, and electronic devices used in the 

medical, industrial, and engineering fields [3, 4, 7-9, 20]. A GNR’s electronic properties are 

dependent on geometry [8, 21]. Bandgap engineering and the tuning of electron transport 

properties in GNRs are two ways to change the electrical properties [12, 19, 22]. Another way to 

change the electrical properties is by terminating the edges with another element [20]. Edge 
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effects have a big effect on the system [23]. The electronic properties depend on the size of the 

structure and the shape of the edges [24-26].  

  Graphene nanoribbons can have two different edge structures known as armchair and 

zigzag. It is known that two thirds of all armchair graphene nanoribbons (AGNRs) are 

semiconducting and that one third of all AGNRs are metallic. AGNRs are semiconducting or 

metallic depending on the width of the structure. All zigzag graphene nanoribbons (ZGNR) are 

metallic [5, 14, 27, 28]. AGNRs are described by the number of dimers, and ZGNRs are 

described by the number of chains [29].  

In this thesis, we will explore the change of electronic properties, and several theoretical 

models are utilized. Tight-Binding Model (TB Model) with Hückel Theory (HT) are used in 

order to find the band structure and density of states (DOS). The band structure and DOS provide 

a lot of information on the electronic properties of the structure. Extended Hückel Theory (EHT), 

unlike HT which only utilizes the pz orbitals within the analysis, uses all of the available four 

orbitals, and is therefore a more thorough calculation that provides more information on the 

material. Additionally, Green’s Function Theory and Landauer Formula are used in order to 

obtain conductance and local density of states (LDOS). Conductance and LDOS also provide 

information on the electrical properties of the structure. 

 

1.2 Thesis Preview 

 

This thesis will first peruse the theory in detail in Chapter 2. The theoretical models are 

Tight-Binding Model (TB Model) with Hückel Theory (HT), TB Model with Extended Hückel 

Theory (EHT), and Green’s Function Theory. The results of these models include: electronic 
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band structure, density of states (DOS), conductance, and local density of states (LDOS). The 

calculations in order to obtain these results will be further discussed in detail in this chapter. 

After that, Chapter 3 displays the electronic band structure and DOS results. The chapter starts 

out with results for the band structure and DOS for AGNRs that are not functionalized. Then the 

band structure and DOS results for functionalized AGNR with H, N, O, F, P, S, and Cl are 

shown. First, band structure and DOS for the pure AGNR using HT and the pure AGNR using 

EHT will be displayed. Then, the band structure and DOS of functionalized AGNR with H, N, O, 

F, P, S, and Cl using EHT will be shown. Next, in Chapter 4, the discussion will turn to the 

conductance and LDOS results of those pure and impure structures. Similar to before, the 

conductance and LDOS of pure AGNR using HT and EHT will be presented first. Then, the 

conductance and LDOS for functionalized AGNR with H, N, and O will be shown. A summary 

in Chapter 5 will conclude this thesis. 
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Chapter 2: Theory: Band Structure, DOS, Conductance, and LDOS 

of GNRs 

 

2.1 Introduction: Tight Binding Model and Green’s Function Theory 

  

 One layer of graphite is graphene. Graphene is made of repeating carbons in a two-

dimensional hexagonal arrangement. Carbon nanotubes (CNTs) and graphene nanoribbons 

(GNRs) can be formed from graphene. GNRs, an allotrope of carbon, are essentially strips cut 

from graphene that have a finite width, though are very long. Depending on how the GNR is cut, 

it can have different electronic properties and a different edge structure [19]. There are two 

specific edge structures: armchair and zigzag [30].  

 

Figure 2.1: An n=9 dimer armchair graphene nanoribbon (AGNR). 
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Armchair graphene nanoribbons (AGNRs) are defined by the number of lines joining the 

atoms. These lines are called dimers. A schematic diagram of an AGNR is shown in Figure 2.1. 

The number of dimers is n=9 and the red-dashed box in this Figure shows the unit cell for the 

AGNR. Zigzag graphene nanoribbons (ZGNRs) are defined by the number of chains in the 

structure. Figure 2.2 shows a diagram of a ZGNR with n=6 chains. The black-dashed box in 

Figure 2.2 is the unit cell for the ZGNR. The carbon atoms are represented by the blue spherical 

objects at the vertices. 

The unit cell repeats so it is only necessary to calculate the properties in one of the unit 

cells. In these hexagonal structures, each carbon atom has three nearest neighbors. The bond 

length is 1.42 Å between two carbon atoms [5, 30]. 

 

Figure 2.2: An n = 6 chain zigzag graphene nanoribbon (ZGNR). 
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Carbon is the sixth element in the periodic table and each carbon atom contains four 

electrons with the ability to form bonds. The electronic structure of carbon in the ground state is 

1s22s22p2. 1s2 are the core electrons. These two electrons are strongly bound. The 2s22p2 portion 

represents the valence electrons. The second shell orbitals are the ones responsible for forming 

bonds. In the excited state, one electron moves from the 2s orbital to the pz orbital. The 2s, 2px, 

and 2py orbitals are orthogonal to each other and form sp2 hybridized orbitals; these orbitals are 

120° to each other [2, 5]. The sp2 hybridized orbitals form σ bonds with each other and lie in a 

two-dimensional plane forming hexagonal arrangements. The pz orbitals lie perpendicular to the 

plane and the bond between pz orbitals is a π bond. σ bonds contribute to the arrangement of the 

structure and are strong, though the weaker π bonds mainly contribute to electron transport in the 

structure. 

The theories used for calculating the electronic properties: electronic band structure, 

density of states (DOS), conductance, and local density of states (LDOS) will be discussed 

further in the following sections. The Tight Binding (TB) Model, the Hückel Theory (HT), and 

the Extended Hückel Theory (EHT) will be used for calculating the band structure and DOS. 

Whereas the Green’s Function Theory will be used for calculating conductance and LDOS. The 

Landauer Formula is also utilized in obtaining the conductance.  

By using the TB Model, one can obtain the Hamiltonian Matrix and, by solving the 

matrix, the energy band structure and DOS are obtained. The Hamiltonian matrix is constructed 

by using the Schrodinger Equation (SE). The total wavefunction is the linear combination of 

atomic orbitals (LCAO). The electronic band structure describes a range of energies an electron 

may have. DOS is essentially the number of electron states per unit volume per unit energy for a 
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certain energy value. HT uses the π bonds that are formed from the pz orbitals. EHT utilizes all 

of the available orbitals within the calculations. In order to obtain the details of the electronic 

properties of the structure, EHT with all the orbitals is used. 

 

2.2 Tight Binding Model 

 

 The Tight Binding Model (TB Model) is a good approximation method that calculates the 

electrical properties of the structure. In the TB Model, electronic properties are calculated by 

considering only the nearest neighbor interactions in the system. The Hamiltonian of the TB 

Model is given by: 

 

                                      𝐇 = ∑ є𝑖𝑖𝑎𝑖
†𝑎𝑖  𝑖  + ∑ 𝑉𝑖𝑗𝑎𝑖

†𝑎𝑗<i,j>  ,                                        (2.1) 

 

where ϵii is the onsite energy, Vij is the overlap interaction energy between the nearest neighbors, 

and ai and aj
† are the creation and annihilation operators at i and j. The overlap interaction 

energy is also known as the hopping parameter relation. The sum of <i,j> restricts to only the 

nearest-neighbor atoms [5, 8, 31]. The onsite energy for the p orbitals in carbon is εp = -8.97 eV. 

The onsite energies are the diagonal terms in the matrix. The other matrix elements are 

composed of the overlap interaction energies combined with the phase factors. 

The overlap interaction energy, otherwise known as the hopping parameter relation, is 

represented by [32]: 
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                                                      𝑉𝑖𝑗𝑘 = 𝜂𝑖𝑗𝑘 
ℏ2

m𝑑2
.                                                  (2.2) 

 

Here, m is the mass of the electron, ηijk is a dimensionless constant that depends on what sort of 

orbital it is, d is the distance between the neighboring nuclei, and the ℏ is the Planck’s constant. 

The value of d in this case is 1.42 Å, which is essentially the bond length between two 

neighboring carbon atoms. The i and j in the constant 𝜂ijk represent either an s or p orbital and k 

represents either a σ or π bond. There are four different values of the constant 𝜂 and they are 

listed in Table 2.1 [32]. The hopping parameter describes the coupling between orbitals that are 

neighboring [2, 32]. For example, in Table 2.1, the interaction energy constant between the two 

pz orbitals forming a π bond would be -0.81. The Hamiltonian matrix and hopping parameter 

equation are essentially what is needed to obtain the matrix elements.  

 

 

Table 2.1: The values for the constant ηijk within the hopping parameter relation.  
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From this TB model, the electronic band structure is obtained by considering only the 

nearest neighbor interactions in the system. Band structure is the range of possible energies that 

an electron may have. The band structure shows the band gap and degeneracies of many bands 

[2]. For this specific application, Extended Hückel Theory (EHT) is used within the TB Model 

[3]. 

 

2.2.1 Hückel Theory 

 

 Hückel Theory (HT) is used within the Tight Binding (TB) Model, and is discussed in 

detail in this section. Only the pz orbitals are utilized within the HT calculation and only the 

nearest neighbor interactions are taken into account in the calculations. By using the TB Model, 

one can obtain the Hamiltonian Matrix, and the Hamiltonian Matrix is formed by using the 

Schrödinger Equation (SE). The SE is denoted as 

 

                                                         Ĥ ψ = E ψ,                                                (2.3) 

 

where H is the Hamiltonian operator which takes the form Ĥ = 
−ℏ2

2𝑚
 ∇⃗⃗ 2 + 𝑉 (𝑟 ) [33], 𝑉(𝑟 ) is 

the potential energy, and E is the total energy. Using orthogonality relations and scalar products, 

a series of equations are obtained and can be written as a matrix. The size of the matrix is 

dependent on the number of atoms in the unit cell of the chosen structure. By solving the matrix, 

eigenvalues and eigenfunctions are found [32].  
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 The wavefunction, denoted as ψ in the SE, is written as a linear combination of atomic 

orbitals (LCAO) and this can be displayed as: 

 

                                                     |𝜓⟩ = ∑  𝑐𝑖|φ𝑖⟩
𝑁
𝑖 .                                       (2.4) 

 

Here, ci is a constant known as the probability amplitude of atom i, N is the total number of 

atoms in the unit cell, and φ𝑖 is one of the atomic orbitals in the unit cell. The sum of this 

equation, which is the total wavefunction equation, is essentially the total number of orbitals of 

each atom in the unit cell. In basic Hückel Theory (HT), only the pz atomic orbitals are utilized 

in the calculation that obtains the electronic properties. The pz orbitals of a hexagonal structure 

are shown in Figure 2.3. The pz orbitals lie perpendicular to the plane with the positive lobe 

pointing upwards. The side view of two pz orbitals forming a π bond is shown to the left in the 

figure. 

 

Figure 2.3: Pz orbitals on a hexagonal structure. The pz orbitals lie perpendicular to the 

plane. The positive lobes are represented by the solid black color. [34]  
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In order to show the detailed form of the wavefunction, we introduce a schematic 

structure for n=3 AGNR shown in Figure 2.4. Within the dotted lines of one unit cell, the 

atoms are numbered one through six starting from the top left carbon atom and ending at the 

bottom right carbon atom. This numbering scheme continues downwards if there are more 

atoms present in the system. For the n=3 dimer AGNR there are only six atoms in one unit 

cell. I is the unit cell in the middle, I-1 is the neighboring unit cell to the left of I, and I +1 is 

the unit cell to the right of I. The bond length between two carbon atoms is the lowercase 

letter a and it is 1.42 Å. The distance between the centers of each unit cell is 3a, where a is the 

bond length between the atoms. The lattice constant 3a is also the distance between the 

dotted-vertical lines, which represent the middle unit cell I shown in the figure. The system is 

symmetrical and the unit cell repeats.  

 

 

Figure 2.4: Illustration showing the unit cell I for an n=3 AGNR. The carbon atoms are 

numbered 1-6 starting at the top left atom. I-1 and I+1 are the neighboring unit cells to the 

left and to the right of unit cell I. [2, 5] 
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The total wavefunction in the unit cell I can be expressed as: 

 

                                             |𝜓I⟩ =  ∑  𝑒𝑖�⃗� ∙𝜏𝑗⃗⃗  ⃗ 𝑐𝑗|φ𝑗⟩
6
𝑗=1 .                                     (2.5) 

 

In this equation, the phase factor has been introduced. j is the number of atoms in the unit cell, k 

is the wavevector, τj represents the position of an atom j. If the focus is on atom 1 in the Ith unit 

cell which is displayed in Figure 2.4, for example, then the rightmost portion adds all the 

interacting orbitals together. The complete orbital calculation utilizing HT has been discussed by 

previous researchers in our group [2, 3, 5, 34]. The EHT calculation is a more involved 

calculation than HT because all of the available orbitals are used within the analysis. 

 

2.2.2 Extended Hückel Theory   

 

 Extended Hückel Theory (EHT) uses not only π bonds from the pz orbitals but also the s, 

px, and py orbitals forming different π and σ bonds [5]. In other words, all available orbitals are 

included in the EHT calculation. This calculation is more involved than the HT calculation, and 

the way that bonds form play a larger part. The different orbitals and bonds that form are shown 

in Figure 2.5. When certain orbitals bond, one or both of the orbitals move a certain angle. If the 

positive lobes are facing each other, then the resulting interaction energy will have a negative 
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value. The dark areas represent a positive lobe and the light areas represent a negative lobe. The 

pz orbitals lie perpendicular to the plane where the s, px, and py orbitals lie. Two p orbitals 

cannot form a bond if one is vertical and the other is in the horizontal direction. p orbitals form σ 

or π bonds depending on the angle, orientation of the orbitals, and whether it is bonding with an s 

or a p orbital. Additionally, two s orbitals only form σ bonds [32].  

 

Figure 2.5: Illustration showing the different s, px, py, and pz orbitals and the different 

bonds that form. [32] 
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The structure in the more complex EHT calculation is similar to Figure 2.4. The only 

difference is that there are four orbitals in the calculations, not one orbital like with the HT 

calculation. A total wavefunction like Equation 2.5 is used. Building upon the wavefunction 

equation discussed in the previous section, the wavefunction equation in the EHT calculation for 

unit cell I can be written as: 

 

               |𝜓I⟩ = ∑ 𝑒i�⃗� ∙𝜏𝑗  [ 𝛼1|s𝑗⟩
6
𝑗=1 +  𝛼2|Px𝑗⟩  + 𝛼3|Py𝑗⟩  +   𝛼4|Pz𝑗⟩ ]           (2.6) 

 

The exponential term is the phase factor, k is the wavevector, τj represents the position of an 

atom j, and α is the probability amplitude. The probability amplitude is constant and is numbered 

up to 24, the same number of orbitals in unit cell I. In Equation 2.6, there are only 4 probability 

amplitudes because it is an equation that focuses on one atom. The number of atoms in the unit 

cell is 6. j varies over each atom in the unit cell. The scalar products of the orbitals are taken. For 

example, taking the scalar product for S1, the s orbital of atom 1, looks like: 

 

⟨s1| H | ∑ 𝑒i�⃗� ∙𝜏𝑗  [ 𝛼1|s𝑗⟩
6
𝑗=1 +  𝛼2|Px𝑗⟩  + 𝛼3|Py𝑗⟩  +  𝛼4|Pz𝑗⟩ ]⟩ =  

⟨s1| 𝐸 |∑ 𝑒i�⃗� ∙𝜏𝑗  [ 𝛼1|s𝑗⟩
6
𝑗=1 +  𝛼2|Px𝑗⟩  + 𝛼3|Py𝑗⟩  +  𝛼4|Pz𝑗⟩ ]⟩.                          (2.7) 
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Adding every atom and orbital together expands Equation 2.7. The terms that are ultimately 

added together are only the nearest neighbors. This particular calculation focuses on atom 1 so 

the interaction terms with atoms 4, 5, and 6 are all zero. Eventually, the result of the analysis for 

the s orbital of atom 1 looks like: 

 

α1 ε𝑠 + 𝑒i�⃗� ∙𝜏2−𝜏1[α2𝐸𝑠𝑠 + α 2𝑃𝐸𝑠𝑥]  + 𝑒i�⃗� ∙𝜏3−𝜏1 [α3𝐸𝑠𝑠 + α 3𝐸𝑠𝑥 + α 3𝐸𝑠𝑦] = α1 E.  (2.8) 

 

The complete calculation for the s orbital of atom 1 is shown in Spencer Jones’ thesis [5]. 

Repeating this process again for orbitals px, py and pz for atom 1, and all four orbitals for atoms 

2, 3, 4, 5, and 6 in unit cell I produces all of the matrix elements. 𝜀𝑠, is one such matrix element 

which represents the onsite energy; in this case it is the onsite energy of the s orbital. The onsite 

energy for the p and s orbitals are εpx = -8.97 eV, εpy = -8.97 eV, εpz = -8.97 eV, and εs = -17.52 

eV [32]. There is no phase factor for the first term because it is the interaction with itself, not an 

interaction with another atom. 

In this particular equation the 𝐸𝑠𝑠, P𝐸𝑠𝑥, 𝐸𝑠𝑥, and 𝐸𝑠𝑦 are the interaction, or overlap, 

energies between orbitals which represents another type of matrix element. These interaction 

energies are shown in more detail in Figure 2.6. The interaction energies are either positive or 

negative depending on the orientations of the lobes. These interaction energies are expressed in 

one hopping parameter or a combination of two hopping parameters. The hopping parameters are 

formed from Equation 2.2 and one of the four constants from Table 2.1. 
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Figure 2.6: The interaction energies between orbitals [5, 32] 

 

 𝜏2−𝜏1 in one of the exponential terms in Equation 2.8 is the displacement vector between the 

second and first atom. The exponential terms are the phase factors and these are shown in Table 

2.3. The phase factors are denoted as g1, g2, g11, and g22 to more easily identify which phase 

factor it is when written in a matrix, for example. 

 

Table 2.2: A Table that shows all of the four phase factors, where a is the bond length 

between two carbon atoms and k is the wavevector. 
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There are four possible values that phase factors can have. The phase factor describes the 

position in relation to some reference whether it be the center of the unit cell or a neighboring 

atom. In this case, it is the position in relation to a neighboring atom. The phase factor is 

negative if the distance from one atom to another is going from the right to the left. 

 

2.2.3. Density of States 

 

Both the band structure and the density of states (DOS) are obtained via diagonalizing the 

Hamiltonian matrix. The DOS reflects the band structure, and DOS is calculated from the band 

structure [2]. The DOS of the ith band is given by: 

 

                                         𝐷𝑂𝑆𝑖  (𝐸) =  
1

2𝜋
∫δ [𝐸𝑖(�⃗⃗� ) − E]d�⃗⃗� ,                            (2.9) 

 

Where, 
1

2𝜋
 is the normalization constant, Ei (�⃗⃗� ) is the energy of band i, E is the energy of an 

electron, and �⃗⃗�  is the wavevector, or momentum vector. The total DOS when all the bands are 

summed is written as: 

 

                                     𝐷𝑂𝑆 (𝐸) =  ∑  
1

2π

𝑁
𝑖=1 ∫δ [𝐸𝑖(�⃗⃗� ) − E]d�⃗⃗� .                       (2.10) 
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This delta function equation is summed from i=1 to i=N, summing over all the energy bands that 

are occupied.  

In order to utilize the delta function in the equation above, there must be another, more 

efficient form which can be written as [2, 3]: 

 

                                       𝐷𝑂𝑆(𝐸) ≅ ∑  
1

2π

𝑁
𝑖  ∑

𝐾𝐵𝑇

[𝐸𝑖 (�⃗⃗� )−E]2+(𝐾𝐵T)2�⃗⃗�  ,                 (2.11) 

 

where KB is the Boltzmann constant and T is the absolute temperature. The Boltzmann constant 

is 8.617 × 10−5 eV⋅K−1. In this research, T is a small value of 25 K. 𝐾𝐵T can be represented as 

𝜂, a constant that is ultimately needed in order to calculate the conductance. The denominator 

terms represent energy. Low temperature displays the DOS as a continuum of sharp peaks, 

though higher energy displays the DOS as a smooth curve. The innermost summation is over a 

representative sample of k values and the outermost summation is from 1 to N. The delta 

function in the previous equation is replaced by a distribution function. This replacement is 

needed because computers cannot compute integrals very well [2, 3]. 

 

2.3 Green’s Function Theory: Conductance and Local Density of States 

 

 Green’s Function Theory is used in order to find conductance and local density of states 

(LDOS). In addition, the Landauer Formula helps obtain the conductance. Conductance is a 

measure of the ability of a substance to allow current to pass through. It is the reciprocal of 
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resistance. The LDOS, on the other hand, is the density of states of each individual atom in the 

system. Adding up all the LDOS results in the total density of states (DOS). LDOS gives details 

on the electron structures, and the electron transport that may or may not occur. 

 

2.3.1 Conductance 

 

The nanostructure during the conductance calculation is divided into three parts: the left 

lead, the conductor (also known as the molecule), and the right lead as shown in Figure 2.7. 

Conductance provides information on the electron transport of the structure, and the values are 

quantized. Typically the structure is semi-infinite along only one direction, but the width is finite. 

 

 

Figure 2.7: Illustration showing the conductor (the molecule), the right lead, and the left 

lead of a nanoribbon [3]. 
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The leads and the conductor all have Hamiltonian matrices, and the largest matrix 

depends on the size of the conductor and left and right lead matrices [2]. The matrix for the 

conductor is HM, and this is shown in Figure 2.8 along with the matrices for the left and right 

leads, which are denoted as H1 and H2. HM1 and HM2 are the coupling matrices between the 

leads and the conductor. H11 and H22 are the coupling matrices between the unit cells in the left 

and right leads. In Figure 2.8, the conductor is orange and the left and right leads are red. 

 

 

Figure 2.8: A more simplistic look at the whole structure showing the Hamiltonian 

Matrices for several sections. The conductor is orange and the leads are red. [2] 

 

 The total conductance equation, otherwise known as the Landauer Formula [1, 2, 8], can 

be written as: 
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                                                      G (𝐸) = 
2𝑒2

ℎ
 T (𝐸),                                                  (2.12) 

 

where G is the total conductance and 𝑇(𝐸) is the transmission coefficient. G and T are functions 

of the total energy E of an electron. This conductance equation has a quantization of  
2𝑒2

ℎ
 . 

Additionally, the transmission coefficient represents the probability that electrons coming into 

one end of the conductor will come out the other end as well [35]. The transmission coefficient 

depends on the total energy of an electron. It can be calculated from the Green’s Functions, and 

can be expressed as [2, 8]: 

 

                                             T(𝐸) = 𝑇𝑟𝑎𝑐𝑒 [Γ1 ∙ 𝐺𝑚 ∙ Γ2 ∙ 𝐺𝑚
†].                           (2.13) 

 

Here, 𝐺𝑚
† is the total advanced Green’s Function and 𝐺𝑚 is the total retarded Green’s Function.  

The electrons of the advanced Green’s Function are moving inward and the electrons of the 

retarded Green’s Function are moving outward. The advanced Green’s Function is the conjugate 

transpose of the retarded Green’s Function. m is the mode. If m is 1 then it is to the left of the 

conductor, and if m is 2 then it is to the right of the conductor. Γ1 and Γ2 are the coupling 

functions of the leads to the conductor.  

The total Green’s Function is represented by the equation: 

 

                                                      𝐺𝑚 = [𝐸𝐼 − 𝐻𝑐 − Σ1 − Σ2] −1,                                                 (2.14) 
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where E is the total energy, I is the identity matrix, Hc is the Hamiltonian of the conductor, and 

Σ1 and Σ2 are the self-energy matrices. E can be expressed as E = E0 +i ɳ. The second, imaginary 

term is added to E0, which helps the advanced Green’s function grow very large [1, 2, 8]. This 

addition in the total energy expression is needed so that the inverse matrix does not diverge. This 

particular Green’s Function is for the retarded Green’s Function. The Advanced Green’s 

Function is calculated from the conjugate transpose of this equation. 

The left and right lead Hamiltonian matrices are defined in terms of the self-energy 

matrices. The coupling function matrices, which are calculated through the iterative process and 

from the self-energy matrices, are represented by the formulas [1-3, 8]: 

 

Γ1 = 𝑖 [Σ1 − Σ1
†], 

                                                    Γ2 = 𝑖 [Σ2 − Σ2
†],                                           (2.15) 

 

where Σ1 and  Σ2 are the self-energy matrices from the left and right leads. The self-energy 

matrices are obtained by doing several iterations. The potential felt by electrons due to 

interactions with its surroundings is accounted for because of self-energy [3]. The self-energy 

matrices are found by [2, 8]: 

Σ1 = HM1
†∙ G1 ∙ HM1, 

                                                Σ2 = HM2 ∙ G2 ∙ HM2
†.                                       (2.16) 
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Here, HM1 and HM2 are the coupling matrices between the conductor and left and right leads. 

G1 and G2 are the Green’s Functions for the left and right leads of the structure.  

The left and right lead Green’s Functions are found from the following two formulas [8]: 

 

G1 = [EI – H1 – H11† ∙�̃�]-1, 

                                            G2 = [EI – H2 – H22 ∙ T]-1,                                    (2.17) 

 

where I is the identity matrix, H1 and H2 are the Hamiltonian matrices for the left and right leads, 

H11 and H22 are the coupling matrices between the unit cells in the left and right leads, and E is 

the total energy. The T and T̃ are the transfer matrices. The transfer matrices are two equations 

that are discussed in more detail in Li, et al [8]. It is calculated from the Hamiltonian Matrix 

elements using an iterative process [8]. Recursion formulas are also used in calculating the 

transfer matrices. 

 

2.3.2 Local Density of States 

 

 Once Green’s function is calculated, the local density of states (LDOS) can be found. 

LDOS gives details on the electron structures, and the electron transport that may or may not 

occur. The LDOS can be found by using [1, 2, 8]: 
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                                              𝐿𝐷𝑂𝑆𝑖 (𝐸) = −
1

𝜋
  𝐼𝑚 [𝐺𝑚 (𝑖, 𝑖)].                                 (2.18) 

 

This is essentially the LDOS of atomic site i in the conductor that is obtained from the Green’s 

Function of individual atoms. 𝐺𝑚 is the total retarded Green’s Function, and i is the ith diagonal 

element in the Green’s Function. Similar to DOS, LDOS shows the number of states at a certain 

energy. Though, unlike DOS, LDOS shows only the number of possible energy states at a certain 

energy times the probability that an electron in those energy states can be measured to be on one 

given atom. All of the LDOS added together is the total DOS. The DOS is calculated from: 

 

                                            𝐷𝑂𝑆 (𝐸) = 
−1

𝜋
 𝐼𝑚[𝑇𝑟𝑎𝑐𝑒[𝐺𝑚]].                                    (2.19) 

 

This formula obtains the total DOS by summing up all the sites. Equations 2.19 and 2.9 produce 

the same results. 

 

2.4 Summary 

  

The theories used to calculate band structure, density of states (DOS), conductance, and 

local density of states (LDOS) were discussed in detail in this chapter. Tight Binding (TB) 

Model, Hückel Theory (HT), and Extended Hückel Theory (EHT) are utilized to produce the 

band structure and DOS results. In the TB Model interactions were restricted to only the nearest 

neighbors. Only the pz orbital was considered for the HT calculation, though all four orbitals 
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were considered for the EHT calculation. The s, px, py, and pz orbitals form either σ or π bonds 

depending on the direction the orbitals are facing and depending on the orbitals that are bonding. 

The interaction energies that result from those bonds are either negative or positive depending on 

which lobes are facing each other [32].  

By solving the Hamiltonian Matrix, the electronic band structure and DOS are obtained.  

Green’s Function Theory, with the help of the Landauer Formula, produces the conductance for 

the structure. Conductance portrays the electron transport that may or may not occur at certain 

energies in the system. LDOS is also calculated using Green’s Function, Gm. LDOS is the 

density of states for each individual atom in the structure. The total DOS is the sum of all 

individual LDOS. In summary, with the assistance of TB Model, HT, EHT, Green’s Function 

Theory, and Landauer Formula, electronic and transport properties of GNRs are calculated. 
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Chapter 3: Results: Band Structure and DOS of Functionalized 

AGNRs Using Extended Hückel Theory 

 

3.1 Introduction 

  

This chapter will primarily present the band structure and density of states (DOS) results 

for armchair graphene nanoribbons (AGNRs) using Extended Hückel Theory (EHT). Band 

structure graphs are typically Energy vs. k (the wave number) and DOS graphs are usually 

Energy vs. DOS. DOS always reflects the band structure, and DOS is obtained from the band 

structure.  

First, the band structure and DOS results for pure n = 3 dimer AGNR using Hückel 

Theory (HT) will be presented in the following section. Then, the band structure and DOS results 

for n = 3 AGNR using EHT will be observed. Pure and impure AGNR, which are terminated 

with H, N, O, F, P, S, and Cl, will be discussed in detail at that moment. Only the nearest 

neighbor interactions are taken into account when doing the HT and EHT calculations. HT only 

uses pz orbitals, though EHT uses all of the four available orbitals in the calculation. 

Band structure is important because it provides a lot of information about the electronic 

properties of the structure. In order to address the issues related to the electronic properties of a 

solid material a general illustration of a band structure is presented in Figure 3.1. The lowest 

bands are filled first with electrons, and a total of two electrons may occupy each band. Valence 

bands are the filled bands below Fermi energy, and conduction bands are the unfilled bands 
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above Fermi energy. Fermi energy is centered in the middle around 0 eV. The band gap is the 

gap between the valence and conduction bands and it is centered in the middle.  

 

 

Figure 3.1: Illustration showing the conduction bands, the valence bands, the band gap, 

and the Fermi energy level (EF ). 

 

Quantum confinement creates a band gap in AGNRs that depends on the width of the 

ribbon [36]. If there is no band gap then the material is metallic. If the band gap is greater than 4 

eV, then the material is an insulator and if it in somewhere in the middle then the material is a 

semiconductor [3]. The dimer rule for an AGNR exhibiting semiconducting behavior is n= 3p for 

an odd number of dimers and n= 3p+1 for an even number of dimers. The rule for metallic 

AGNRs, on the other hand, is n= 3p+2. p in the dimer rule relation is an integer and n is the 
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number of dimers [5, 28, 37-39]. This project focused on n=3 dimer AGNRs so the structures 

exhibit semiconducting behavior. 

 

3.2 Electronic Band Structure and DOS of Perfect AGNRs 

 

An AGNR with no edge termination is a pure structure with no imperfections like with 

the functionalized AGNRs. There are dangling bonds at the edge. Adding another element to the 

edge terminates those bonds. This will be discussed further in the next section. In this particular 

research project, our main focus is to study the electronic properties of functionalized AGNRs 

using EHT. In the following sub-sections, the electronic properties of a perfect AGNR using HT 

and EHT will be presented. These results will ultimately be compared to the functionalized 

results shown in Section 3.3. 

 

3.2.1 Electronic Band Structure and DOS Using Hückel Theory 

  

The electronic band structure and density of states (DOS) for a pure n=3 AGNR using 

HT are shown in Figure 3.2.  There are only six atoms in the unit cell, which is shown in Figure 

2.4. Since HT utilizes only the pz orbitals, it is expected there will be six bands in the electronic 

band structure. Band structure is plotted as a function of wavevector k. The relation between the 

electron energy and the wavevector for a free particle is given by 
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                                                                           𝐸 = 
ℏ2𝑘2

2𝑚
.                                                         (3.1) 

 

Here, E is the electron energy, m is the mass of the electron, k is the wavevector, and ℏ is 

Planck’s constant. If the band is parabolic, then the electrons freely propagate. Though, if the 

bands are flat, then the denominator is very large. The effective mass of the electron is very 

heavy [3].  

The six bands in the band structure in Figure 3.2 are symmetrical about Fermi energy at 0 

eV. There are three conduction bands above Fermi energy and three valence bands below Fermi 

energy. There are non-conducting bands at ±3 eV. Non-conducting bands are flat bands, also 

known as stationary states, where the effective mass of the electron is near infinite, and the 

electron cannot move very easily. Curved bands are areas where the mass is not extremely high 

so the electron moves more freely. The band gap is located in the middle between the conduction 

band edge and the valence band edge showing that the structure is semiconducting because it is 

greater than 0 eV and less than 4 eV across. The band gap is around 2.3 eV wide. Giving enough 

energy to an electron in the valance bands helps the electron jump over the band gap to the 

conduction bands.  
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Figure 3.2: (a) The band structure and (b) the density of states of a perfect n=3 AGNR 

using HT. 

 

 The DOS reflects the band structure and it essentially tells which areas are the most likely 

energy states that the electron will be in when it moves. It shows the number of possible states at 

certain energy values. DOS is calculated from the band structure, and is plotted as a function of 

energy. Larger peaks in the DOS show that there is a higher chance that an electron will be at 

that specific energy. The high peaks in the DOS reflect the flat bands in the band structure. In 

addition, the band gap at ±1 eV in Figure 3.2 has no bands in the band structure or peaks in the 

DOS. 
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3.2.2 Electronic Band Structure and DOS Using Extended Hückel Theory 

 

The electronic band structure and density of states (DOS) of a pure n=3 dimer AGNR 

using Extended Hückel Theory (EHT) is shown in Figure 3.3. There are 24 bands in the band 

structure that come from the s, px, py, and pz orbitals of the 6 carbon atoms in the unit cell. The 

number of orbitals can be obtained by the relation 8n where n is the number of dimers. 

Unlike pure AGNR using Hückel Theory (HT), the conduction and valence bands are not 

symmetric about Fermi energy, which is located around 0 eV. There are more flat bands below 

Fermi energy. As stated before, flat bands are non-conducting bands, and the group velocity of 

the electrons is near zero [5, 8, 37]. Therefore, the effective mass of the electrons are near 

infinite. Flat bands are due to the s, px, and py orbitals of carbon [5]. The weaker π bonds are 

represented by the flat bands near Fermi energy. Similar to the pure AGNR using HT, there is a 

gap between the lowest conduction band and the highest valence band so this material is 

exhibiting semiconducting behavior. This is to be expected because of the dimer rule that states 

that AGNRs are semiconducting when n=3p, for odd n values. p is an integer. The band gap is 

around 2.5 eV wide. 
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Figure 3.3: (a) The band structure and (b) the density of states of a perfect n=3 AGNR 

using Extended Hückel Theory. 

   

DOS is essentially the number of k points per energy value. Wherever there is a flat band 

in the band structure, there is a tall peak in the DOS in Figure 3.3. In other words, there is a high 

probability that an electron will be there at that energy. There are no peaks in the DOS around 
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Fermi energy and there are no bands in the band structure at the band gap. The DOS reflects the 

band structure and does not have peaks where there are no bands. 

 As stated before, the band structure is asymmetric for pure AGNR using EHT, and there 

are extra bands below Fermi energy. The calculations for the band structure and the DOS results 

for pure AGNR using EHT, shown in Figure 3.3, shows the existence of edge, or non-bonding, 

orbitals from the dangling edge atoms C1, C2, C5, and C6 so there are extra valence bands near 

Fermi energy [5]. 

 

3.3 Electronic Band Structure and DOS of Functionalized AGNRs 

 

The focus of this research dealt with n = 3 functionalized AGNR, which is shown in 

Figure 3.4. This figure shows a single unit cell of the AGNR, not the whole AGNR like what is 

displayed in Figure 2.4. The blue circles are carbons and the yellow circles are some element that 

terminates the edges. The dangling edge bonds from the element that is added in creates 

localized edge states [40]. This research project functionalized the edges with the elements H, N, 

O, F, P, S, and Cl. These elements were chosen because they naturally bond with carbon and 

form various compounds. 
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Figure 3.4: Diagram showing an n=3 AGNR terminated with an element X. 

 

The bond length between two carbons is 1.42 Å, as mentioned in Chapter 2. Though, the bond 

length between carbon and another element is different depending on what element it is. This is 

displayed in Table 3.1. The bond lengths are taken from various online chemistry tables and 

from previous researchers in the group [3, 5]. 
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Table 3.1: Bond lengths between carbon and some other elements. 

 

To obtain the number of carbon atoms like in Figure 3.4 for example, use the relation 2n 

where n is the number of dimers. In order to obtain the total number of orbitals in the system, the 

number of orbitals in one carbon is multiplied by the number of carbon atoms. For an n = 3 

AGNR with 6 carbon atoms and 4 orbitals in each atom, there will be 24 total orbitals. The 

matrix size for a pure AGNR using EHT will therefore be 24 x 24. This can be expressed as the 

relation 2n * 4, which can also be written as 8n. The relation changes for structures that have 

edge termination. For example, when AGNR is terminated with Cl, there is only one orbital that 

contributes to the calculations and there are four chlorine atoms at the edges of the structure so 

the equation becomes 8n + 4. Therefore, the total number of orbitals for an AGNR that is 

terminated with Cl is 28. 
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Table 3.2: The onsite energies for the s and p orbitals of various atoms. 

 

A structure is a pure structure until functionalization occurs, then it is impure. Edge 

functionalization is the focus of this research. The various elements used in edge termination 

have different onsite energies than carbon. Table 3.2 shows the different onsite energies for the s 

and p orbitals of various atoms that functionalize the edges [32]. The onsite energy for hydrogen 

is for the s orbital. The rest of the values are all onsite energies for the p orbitals. It is also 

important to note that the onsite energy for the s orbital of carbon is also used, and that is at a 

value of -17.52 eV. The following section will display the band structure and DOS results for 

functionalized AGNRs in order of increasing atomic number. 
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Table 3.3: Atomic numbers, elements, and their electronic and spin configurations. The 

electron configurations of the core electrons which do not participate in forming bonds are 

shown in bold font. 

 

The atomic number is equal to the number of electrons in an element, and it determines 

the properties of an element. Details on the various elements that are utilized in this research are 

shown in Table 3.3. The table includes the electron configuration, which is the distribution of 

electrons of an atom, or a molecule, in an atomic, or molecular orbital. The section in boldface of 

the electron configuration in the table represents the core electrons, and the sections not in 

boldface are the valence electrons. As previously stated in Chapter 2, the core electrons are 

strongly bound. However, the valence electrons participate in forming bonds. The table also 

includes the orbital diagram which is a pictorial depiction of the valence electrons. The electrons 

follow Hund’s Rule that states that each shell is first occupied with an electron of one spin, and 

then adding an electron of the opposite spin, not doubly occupied at once. All electrons in singly 

occupied orbitals have the same spin. Also, due to Pauli Exclusion Principle, which states that no 
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two electrons can occupy the same state, there can only be an electron with spin up and an 

electron with spin down orientation in a shell. Wherever there are single electrons, that particular 

orbital affects the calculations. For example, only the pz orbital affects the calculation when Cl is 

involved.  

 

3.3.1 Electronic Band Structure and DOS of a Functionalized AGNR: H, N, O, F, P, S,  

and Cl 

 

An AGNR that is terminated along the edge is no longer a pure structure, but an 

imperfect structure. Terminating the edge with another element adds more orbitals to the total, 

and alters the electronic properties of the structure, which is reflected in the band structure and 

DOS. One purpose of adding another element at the edge is to help protect the material from 

deformations, which changes the materials’ properties [3]. The following results discuss n=3 

AGNRs for edge termination with H, N, O, F, P, S, and Cl. 

 

Functionalized AGNR with H 

 

In Figure 3.5, the band structure and the density of states (DOS) are shown for an AGNR 

that is terminated with hydrogen using Extended Hückel Theory (EHT). The bond length 

between hydrogen and carbon is 1.09 Å. There are 28 total orbitals in a unit cell for this structure. 

The four extra orbitals come from the hydrogen atoms attached to the edges near C1, C2, C5, and 

C6 as illustrated in Figure 3.4. Figure 3.5 (a) displays 28 bands in the band structure.  The bands 

are more symmetric around the Fermi energy level. There are fewer bands around the Fermi 
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energy, and more bands at lower energies showing that the bands are more tightly bound at lower 

energies. As previously mentioned, the s orbital is hybridized with the other orbitals. Carbon 

creates a strong covalent bond with hydrogen, and the bands at the lower energies represent these 

features [41-44]. The bands at lower energies are therefore due to strong σ bonds and are tightly 

bound, and the bands closer to the Fermi energy are due to the weaker π bonds and contribute to 

conduction [5]. Figure 3.5 (b) shows similar changes to the DOS due to the edge termination 

with hydrogen. There are fewer peaks around the Fermi energy and more peaks far from the 

Fermi energy. There are many more peaks at the lower energies which represent the σ bonds. 

The bandgap centered around the Fermi energy does not have any peaks and still shows that the 

material exhibits semiconducting behavior. The band gap is approximately 2.6 eV wide. In 

conclusion, the band gap has not changed significantly as observed for the perfect structure. 
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Figure 3.5: (a) The band structure and (b) the density of states of an n=3 AGNR with 

hydrogen edge termination. 
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Functionalized AGNR with N 

 

Figure 3.6 displays the band structure and DOS of an AGNR edge terminated with N. 

The bond length between a carbon atom and nitrogen atom is 1.47 Å. In this case, the unit cell 

has 36 total orbitals. The px, py, and pz orbitals from the four nitrogen atoms contribute to the 

formation of both σ and π bonds and these bonds are included in the calculation. Unlike the H 

functionalized structure, there are 12 extra new bands shown in Fig. 3.6 (a). Interestingly, the 

highest valence band is closer to Fermi energy. In addition, there is a large number of stationary 

states at around +10 eV in the band structure which are tightly bound. The new bands from -10 

to -16 eV show a high number of states in some places that previously were not present in the 

pure structure. The band gap is about the same as the perfect structure results, which is around 

2.2 eV. The band gap has decreased when compared to the perfect structure. Though, the 

structure is still semiconducting. There are many new possible states that are observed at specific 

energies in the DOS result shown in Figure 3.6 (b).   
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Figure 3.6: (a) The band structure and (b) the density of states of an n=3 AGNR with 

nitrogen edge termination.  
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Functionalized AGNR with O 

 

The band structure and DOS for an AGNR edge terminated with oxygen is displayed in 

Figure 3.7. The bond length between an oxygen and a carbon atom is 1.43 Å, which is very close 

to the bond length value between two carbon atoms. Only the py and pz orbitals from the four 

oxygen atoms contribute to the calculation. Figure 3.7(a) displays the energy bands as a function 

of wavevector. As a result, there are 8 extra orbitals added to the structure. Hence, 32 orbitals are 

included in the calculation. There are new stationary states that appear in several places. These 

bands appear below the Fermi Energy and around +10 eV. The bands above +10 eV do not cross 

as much as the bands in that area in the pure AGNR band structure. Many of these bands are also 

diminished in curvature. In addition, there are more gaps in the DOS peaks where there are no 

states. Like the previous termination the band gap is around 2.2 eV wide. As with the previous 

edge termination, the band gap after edge termination with oxygen decreases. It is still a 

semiconductor. 

 

 



44 
 

 

Figure 3.7: (a) The band structure and (b) the density of states of an n=3 AGNR with 

oxygen edge termination. 
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Functionalized AGNR with F 

 

Figure 3.8 shows the band structure and DOS of an AGNR edge terminated with fluorine. 

The bond length between the carbon and the fluorine atom is 1.32 Å. Similar to H edge 

termination, this structure has 28 orbitals and 28 energy bands. Only the pz orbital from each of 

the four fluorine atoms contributes to the calculation. The bands at high and low energies are 

very similar to the pure structure. Similar to AGNR that is functionalized with H, there is an 

increase in flat bands around the Fermi energy. In addition, there are now flat bands around -3 

eV and -10 eV in the valence band region. Consequently, there are more possible states for 

electrons in the DOS in this area too. There is now a high probability that an electron will be 

found at and around these particular energies. The band gap, when compared to the perfect 

structure, is about the same at around 2.5 eV wide. Though, the structure is still exhibiting 

semiconducting behavior. In summary, modulations or changes are observed due to the presence 

of fluorine at the edges of the structure. 
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Figure 3.8: (a) The band structure and (b) the density of states of an n=3 AGNR with 

fluorine edge termination. 
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Functionalized AGNR with P 

 

Figure 3.9 shows the band structure and DOS for an AGNR edge terminated with 

phosphorus. The bond length between a phosphorus and a carbon is 1.87 Å. Like N edge 

termination, this structure has 36 total orbitals. The extra 12 orbitals come from the phosphorus 

at the edges. The px, py, and pz orbitals contribute to the calculation from the four phosphorus 

atoms. Therefore, one expects 36 energy bands in Figure 3.8 (a). It is imperative to note that 

there are more flat bands around +10 eV in the conduction band region, and more possible states 

in the DOS too. There are many tightly bound states in this area. The effective mass of the 

electrons in this area are very high so the electrons do not move very well. In addition, there are 

some flat valence bands above -10 eV that conversely contribute to more possible states in the 

DOS graph. Interestingly, intertwining bands are now located at the Fermi energy, which were 

not in the pure structure. The lowest conduction band is now on the Fermi energy. The band gap 

is approximately 0 eV. This material is exhibiting metallic behavior rather than semiconducting 

behavior.  
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Figure 3.9: (a) The band structure and (b) the density of states of an n=3 AGNR with 

phosphorus edge termination. 

 

 

 

 



49 
 

Functionalized AGNR with S 

 

The band structure and DOS for an AGNR edge terminated with sulfur in shown in 

Figure 3.10. Energy bands are plotted as a function of wavevector, and DOS are plotted as a 

function of electron energy. The bond length between a carbon and a sulfur is 1.82 Å. Like the O 

edge termination, this structure has 32 total orbitals. The 8 extra py and pz orbitals are from the 

four sulfur atoms. There are few similarities with this band structure and the energy band 

structure of the pure AGNR. The bands are distributed across all areas. There are also many flat 

bands. Conversely, there are more possible stationary states for electrons, as shown in the DOS. 

It is also interesting to note that above +10 eV in the conduction band region, there is less 

intertwining between some bands. Also, the highest valence band is nearly at Fermi energy. The 

band gap in this structure is smaller than the previous results. It is approximately 1.7 eV across. 

This band gap, when compared to the perfect structure, has decreased in size. The material it is 

still a semiconductor.  
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Figure 3.10: (a) The band structure and (b) the density of states of an n=3 AGNR with 

sulfur edge termination. 
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Functionalized AGNR with Cl 

 

Figure 3.11 shows the band structure and DOS for an AGNR edge terminated with 

chlorine. The bond length between a chlorine and a carbon atom is 1.77 Å. Similar to H and F 

edge termination, this structure has 28 total orbitals, and 28 energy bands in Figure 3.11 (a). 

Only a pz orbital from each of the four chlorine atoms contributes to the calculation. The band 

structure for the AGNR terminated with Cl mostly stays the same when compared to the pure 

structure, though this is not the case for the area around the Fermi energy level where there is a 

large increase in tightly bound flat, valence bands. The electrons in this region have high 

effective masses and cannot move very well. These are due to stationary states. The conduction 

bands above the Fermi energy level have almost the same pattern as the perfect structure. The 

same can be said about the valence bands at very low energies. Conversely, there is a larger 

amount of states in Figure 3.11 (b) around that portion. The highest valence band is closer to the 

Fermi energy showing that the band gap has shifted by a small amount upwards. It is concluded 

that the material is still semiconducting with a band gap of approximately 2.2 eV. The band gap 

has decreased when compared to the pure structure. 
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Figure 3.11: (a) The band structure and (b) the density of states of an n=3 AGNR with 

chlorine edge termination. 
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The summary of the band gap of the functionalized AGNRs is shown in a tabular form 

here. 

 

 

Table 3.4: A Table that displays all of the band gaps of the functionalized AGNRs. 

 

The band gap for the perfect AGNR using EHT is 2.5 eV. One may notice from Table 3.4 that 

the band gap is strongly dependent on the bond length between the carbon and the functionalized 

element. Here, it is found that hydrogen has the highest band gap value at around 2.6 eV. The 

bond length between a carbon and a hydrogen is 1.09 Å. Phosphorus has the lowest band gap 

value at approximately 0 eV. The bond length between a carbon atom and a phosphorus atom is 

1.87 Å. It can be observed that the size of the band gap is related to the bond length. The bond 

length between carbon and hydrogen is the lowest, and the bond length between carbon and 

phosphorus is the highest value. In other words, higher bond length values result in a shorter 

band gap, and lower bond length values result in a longer band gap. Shorter bond lengths are 



54 
 

stronger than longer bond lengths. Longer bond lengths break more easily, and the structures 

with longer bond lengths have smaller band gaps.  

 

3.4 Summary 

 

 This chapter primarily discussed functionalized n=3 AGNRs using EHT results. The 

band structure and DOS results for each case were presented. Pure AGNR using HT was shown. 

Then, pure AGNR using EHT was displayed. After that, results for a functionalized AGNR with 

H, N, O, F, P, S, and Cl using EHT were perused in detail. The perfect AGNR using EHT and 

the functionalized AGNR using EHT results were compared.  

Pure AGNR using HT is symmetric about the Fermi energy for both the band structure 

and the DOS. However, pure AGNR using EHT was not symmetric. The symmetry is due to the 

pz orbitals. Because of the edge orbitals in the EHT calculation not being accounted for, edge 

functionalization is done in order to fix this. Almost all of the results showed semiconducting 

behavior which follows the dimer rule that n=3p for odd n values, where p is an integer. Though, 

P edge functionalization was more metallic than a semiconductor. There were a few 

functionalized structures where the band gap decreased in size. It was found that a higher bond 

length results in a smaller band gap, and a lower bond length results in a larger band gap. 
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Chapter 4: Conductance and Local Density of States 

 

4.1 Introduction 

 

 This chapter will go over conductance and local density of states (LDOS) in great detail. 

The conductance and LDOS for pure n=3 AGNR using Hückel Theory (HT) and Extended 

Hückel Theory (EHT) will be shown first. Then, the conductance and LDOS for n=3 AGNR 

using EHT functionalized with H, N, and O will be displayed.  

Conductance is plotted against energy. As mentioned previously in Chapter 3, electron 

conduction mainly relies on the pz orbitals. The strong σ bonds are tightly bound unlike the 

weaker π bonds. Comparing conductance and band structure shows how much electron transport 

occurs by however many bands cross. Higher multiples of conductance, or electron transport, 

relates to more bands crossing at a particular energy.  

Additionally, it is easy to see on conductance graphs whether the band gap has changed 

or not. Similar to the band structure and DOS results, if there is no gap, then the material is 

metallic. There are no modes of electron transport at the band gap for a materials that are not 

metallic. This project focused on n=3 AGNR so the structures should follow the dimer rule 

where n=3p for an odd n value and where p is an integer. By that rule, the materials are 

semiconductors. As discussed previously in Chapter 2, Landauer Formula and Green’s Function 

Theory are used in order to find the conductance for the system [37].  

 LDOS shows the individual density of states for each atom in the system. LDOS values 

are smaller than the total DOS values. This is because LDOS is only one part of a whole. Adding 
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up all of the LDOS produces the total DOS. LDOS is typically displayed in a group similar to 

how the atoms are arranged in the system. The system, in this project, looks like what is shown 

in Figure 2.4. There is longitudinal and horizontal symmetry that can be observed when the 

LDOS graphs are displayed as a group. LDOS not only shows the individual density of states for 

each atom in a system, but also gives the details on the electron structures and the electron 

transport that may occur. Additionally, it shows the number of possible energy states at certain 

energies. Green’s Function is utilized in order to find the LDOS of a system. 

 

4.2 Conductance and LDOS of AGNR 

 

Conductance and LDOS for pure n=3 AGNR using HT and EHT will be shown first in 

the following section. Then, the conductance and LDOS for n=3 AGNR using EHT 

functionalized with H, N, and O will be displayed in a later section. Transport properties of a 

material is characterized by conductance. LDOS is essentially the density of states for each 

individual atom and gives details on the electron structures and the electron transport that occurs. 

Due to symmetry, the LDOS for atoms 1, 2, 5, and 6 are identical for a system comprised of 

carbons. Additionally, the LDOS for atoms 3 and 4 are also identical to each other. Only the 

LDOS for atoms 1 and 3 will be shown. 

 

4.2.1 Conductance and LDOS for Pure n=3 AGNR Using Hückel Theory 

 

Figure 4.1 presents the conductance for an n=3 pure AGNR using HT [5]. Comparing the 

conductance and band structure shows the same number of bands crossing at a specific energy as 
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how many multiples of conductance, otherwise known as the modes of transport, are at that 

particular area. For example, in Figure 4.1 there is only one multiple value of conductance at 3 

eV so there would only be one band crossing at that energy in the band structure. The bands are 

seen as modes of transport for electrons in the structure [3].  

There are no modes of transport at the band gap, and one can easily observe that this 

structure is a semiconductor and the band gap is approximately 2.3 eV. The conductance at the 

band gap is zero. Conductance is quantized by  
2𝑒2

ℎ
 . This is taken from the Landauer equation, 

which was discussed in Chapter 2, and the values are written as integer multiples of  
2𝑒2

ℎ
. The 

conductance in Figure 4.1 is at the first multiple of that value after ±1 eV.  

 

 

Figure 4.1: The conductance for pure n=3 AGNR using Hückel Theory [5]. 
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The LDOS for the perfect AGNR using HT is shown in Figure 4.2 [5]. LDOS shows 

which individual atom contributes to transport at certain energies. The number of states per 

energy is displayed in the LDOS. The LDOS is typically displayed in a group similar to the setup 

of the structure in Figure 2.4 starting with atom 1 at the top left and ending with atom 6 at the 

bottom right. The LDOS is similar to the total DOS, though the peaks are smaller. There is a 

stationary state at ±3 eV in the LDOS for atoms 1, 2, 5, and 6. It is clear that due to the 

symmetry of the structure, the LDOS for atoms 1, 2, 5, and 6 are identical, and atoms 3 and 4 are 

identical. 
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Figure 4.2: LDOS for pure n=3 AGNR using Hückel Theory. 

 

Adding up all the individual LDOS produces the total DOS. LDOS values are lower than the 

DOS values because the values are only one part of the whole system. It is noticeable that the 

LDOS of atoms 1, 2, 5, and 6 are identical, and atoms 3 and 4 are also identical. 
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4.2.2 Conductance and LDOS for Pure n=3 AGNR Using Extended Hückel Theory 

 

The conductance for the perfect AGNR using EHT is shown in Figure 4.3. There are 

more bands in the band structure and modes of transport in the conductance in the valence band 

region so it is not consistently at one multiple of the quantized value like with HT. This is due to 

the σ bonds, as observed in the characteristics of the electronic band structure which is shown in 

Figure 3.3 [5]. These small increases in conductance are exactly where extra, nearly flat bands 

occur in the band structure using EHT. Also, the material is a semiconductor.  The band gap is 

again approximately 2.5 eV wide.  Comparing the band structure from Chapter 3 and the 

conductance shows that the same number of bands are crossing as the amount of multiple 

integers of conductance is present at specific energies.  For example, there are two bands 

crossing around     - 4.6 eV in the band structure. One can see that in the conductance graph, the 

conductance rises up to the corresponding value of 2 (
2𝑒2

ℎ
). There are no extra bands in the 

conduction band region of the band structure so that portion of the conductance stays the same as 

the HT result. 
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Figure 4.3: The conductance for pure n=3 AGNR using Extended Hückel Theory [5]. 

 

Edge termination is important because it cleans the conductance of rough areas, like what 

is seen in Figure 4.3. This is shown in the following section. At the edges of the pure structure, 

dangling bonds ruin the perfectly quantized behavior [5]. Like with HT, there are no modes of 

transport where the band gap is situated. Therefore, there is zero conductance. This is similarly 

seen in the DOS graph in Chapter 3. 
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Figure 4.4: LDOS for pure n=3 AGNR using Extended Hückel Theory [5]. 

 

The LDOS for the perfect AGNR using EHT is shown in Figure 4.4. As seen with HT 

and EHT, there is symmetry. In other words, atoms 1, 2, 5, and 6 are identical and atoms 3 and 4 

are similar too. In Figure 4.4, only the graphs for atoms 1 and 3 are shown because of this 

symmetry. Only the graphs for atoms 1 and 3 will be shown for the rest of the LDOS results. 

There are large peaks in the LDOS in Figure 4.4 wherever a flat band, also known as a stationary 

state, or a nearly flat band appears in the band structure shown in Chapter 3. 
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4.2.3 Conductance and LDOS for Functionalized n=3 AGNR: H, N, and O 

 

This section will present the conductance and LDOS results for the n= 3 edge terminated 

AGNRs using EHT. The conductance and LDOS results will be shown as a direct comparison 

between the pure structure and the functionalized material. The functionalized results will be 

represented by the blue, solid line and the pure results will be represented by the dashed, orange 

line. The LDOS will only display atoms 1 and 3. As previously mentioned, this is because the 

LDOS for atoms 1, 2, 5, and 6 are identical and the LDOS for atoms 3 and 4 are identical. 

 

Functionalized AGNR with H 

 

The conductance for the AGNR functionalized with hydrogen using EHT is shown in 

Figure 4.5. The dashed line is the pure structure and the solid, blue line is the imperfect structure 

that is functionalized with hydrogen. As discussed previously, functionalizing the edges takes 

care of the dangling bonds and ultimately smooths out the conductance. The band structure from 

Chapter 3 only has one band crossing around ±1.5 eV, which is reflected in how much 

conductance is shown in those areas in the graph. Interestingly, the conductance for H terminated 

AGNR using EHT is the same as the conductance for pure AGNR using HT. This is clearly 

shown in the band structure. The bands between approximately ±7 eV are the same in both the H 

terminated AGNR using EHT and the pure AGNR using HT band structure graphs. It is only 

past that range that the H terminated AGNR using EHT deviates. The transport near the Fermi 
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energy is mainly due to the pz orbitals. Therefore, it is expected. The band gaps show that the 

materials are semiconductors. After functionalization, the band gap does not change very much 

at all. 

 

 

Figure 4.5: The conductance for a pure and functionalized with hydrogen n=3 dimer 

AGNR using Extended Hückel Theory. The orange, dashed line is the pure structure and 

the blue, solid line is for hydrogen. 

 

Figure 4.6 displays the LDOS for the hydrogen terminated AGNR using EHT. The blue line is 

the hydrogen terminated results and the dashed, orange line is the pure results. The LDOS values 

for atom 1 is more negative than the LDOS of atom 3. As seen in Table 3.2, the onsite energy 

value for a hydrogen atom is more negative than the onsite energy for a carbon atom. The onsite 

energy and newly formed bonds are responsible for the changes. Also, the LDOS for atom 3 
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seems to be more positive. The LDOS for the pure structure has states near Fermi energy. When 

compared to the total DOS, the values are indeed smaller. 

 

 

Figure 4.6: The LDOS for a pure and functionalized with hydrogen n=3 dimer AGNR 

using Extended Hückel Theory. The orange, dashed line is the pure structure and the blue, 

solid line is for hydrogen. 
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Functionalized AGNR with N 

 

Figure 4.7 presents the results for the conductance of the AGNR terminated with nitrogen 

using EHT. The band gap shifts to the right after edge termination. In other words, the highest 

valence band is closer to the Fermi energy level and the lowest conduction band is farther from 

the Fermi energy level. The material is still a semiconductor, and the band gap decreases in size. 

After functionalization, the band gap is now around 2.2 eV. There are noticeably a lot more areas 

where the conductance drops to zero. This is also reflected in the band structure and the total 

DOS which are shown in Chapter 3. 

 

 

Figure 4.7: The conductance for a pure and functionalized with nitrogen n=3 dimer AGNR 

using Extended Hückel Theory. The orange, dashed line is the pure structure and the blue, 

solid line is for nitrogen. 
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Figure 4.8 shows the LDOS for AGNR terminated with nitrogen using EHT. The blue line 

represents the results for the N terminated AGNR and the orange line represents the results for 

the pure AGNR. Comparing the LDOS with the total DOS shows that the peaks are smaller in 

the LDOS. This makes sense because the LDOS is only one part of a whole. The LDOS for atom 

3 has more positive states than negative states. Large peaks appear wherever a flat band occurs in 

the band structure. 
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Figure 4.8: The LDOS for a pure and functionalized with nitrogen n=3 dimer AGNR using 

Extended Hückel Theory. The orange, dashed line is the pure structure and the blue, solid 

line is for nitrogen. 

 

Functionalized AGNR with O 

 

In Figure 4.9, the conductance for AGNR terminated with oxygen using EHT is 

displayed. There are more orbitals involved in this calculation so it makes sense to see a lot of 
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change between the pure structure and the functionalized structure, as seen with N edge 

termination. The band gap again shifts to the right toward the conduction band region. The 

material is still a semiconductor, and the band gap has decreased to around 2.2 eV. There are also 

noticeably more areas where the conductance drops down to zero. This is reflected in the band 

structure and DOS results in Chapter 3. In addition, there are a few energies where the 

conductance almost rises to an integer multiple of two for the conductance value. In the band 

structure in Chapter 3, there are no bands crossing around +3 eV and there is no conductance 

around that portion in the conductance graph. 

 

 

Figure 4.9: The conductance for a pure and functionalized with oxygen n=3 dimer AGNR 

using Extended Hückel Theory. The orange, dashed line is the pure structure and the blue, 

solid line is for oxygen. 
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Figure 4.10 presents the results for the LDOS of the AGNR terminated with oxygen using EHT. 

The blue line represents the O terminated AGNR LDOS, and the orange, dashed line represents 

the pure structure. Unlike the first two terminations where the LDOS for both the pure and the 

impure structures were relatively similar, the LDOS for the O functionalized AGNR seems more 

spread out than the pure structure. This is reflected in the band structure and total DOS shown in 

Chapter 3. The onsite energy of an oxygen is much more negative than the onsite energy of a 

carbon as shown in a table in Chapter 3. 
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Figure 4.10: The LDOS for a pure and functionalized with oxygen n=3 dimer AGNR using 

Extended Hückel Theory. The orange, dashed line is the pure structure and the blue, solid 

line is for oxygen. 

 

 The conductance graphs show a change in the mode of electron transport. When 

functionalized, places where the conductance drops down to zero may appear that were not 

present in the pure structure. The band gap changes when the structure is functionalized with 

another element. The band gap may decrease slightly, and the band gap may even shift in one 
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direction. Higher integer multiples of conductance may appear too. This can similarly be seen in 

the LDOS. 

 

4.3 Summary 

  

This chapter presented the conductance and the LDOS results. First, the conductance and 

LDOS for pure AGNR using HT and EHT was discussed. Then, the conductance and LDOS 

results for AGNR functionalized with H, N, and O were presented. The LDOS for atoms 1, 2, 5, 

and 6 and the LDOS for atoms 3 and 4 are identical. Only the LDOS for atoms 1 and 3 were 

shown and only the H, N, and O edge terminated results were shown.  

Conductance is essentially the modes of electron transport. Electron conduction relies on 

pz orbitals, as mentioned in an earlier chapter. LDOS shows the number states per energy for 

individual atoms. The number of states per energy is smaller for each atom in the LDOS because 

it is only one part of the whole system. Adding up all of the LDOS gives the total DOS and the 

number of states per energy is much higher than each individual part.  

When functionalized, the modes of electron transport and the number of states per energy 

changed. Though, all of the structures that were shown are still semiconducting. This follows the 

dimer rule for odd values of n that n=3p, where p is an integer. The band gap did shift in one 

direction and the band gap slightly changed in size too in a few of the functionalized structures. 

After functionalization, the conductance had areas where it dropped down to zero due to a lack 

of crossing bands. Likewise, there are areas where the conductance increased. 
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Chapter 5: Summary and Conclusions 

 

 Chapter 1 served as an introduction to the thesis and the topic of interest. Graphene, 

discovered years ago, was found to be a very important material that has interesting electrical 

properties. Graphene is composed of carbons arranged in a repeating pattern of hexagons. 

Graphene nanoribbons (GNRs) are strips of graphene that are semi-infinite in one direction, and 

have a certain width. GNRs are also important, and can be used in various electronic devices. 

Band gaps can be tuned by various methods such as mechanical stress and introducing 

imperfection chemically and mechanically. Adding another element to the edges is one such 

method that changes the electrical properties. This research focused on the chemical method to 

alter the electronic properties of GNRs. GNRs can have zigzag or armchair edge structures. Two 

thirds of all armchair graphene nanoribbons (AGNRs) are semiconducting and one third are 

metallic. The classification depends on the width of the AGNR. Similarly, all zigzag graphene 

nanoribbons (ZGNRs) are metallic. AGNRs are described by dimers and ZGNRs are described 

by the number of chains in the structure.  

 Next, Chapter 2 discussed the theories used in the calculation in this thesis project. 

Carbon, the sixth element in the periodic table, has four electrons that can form bonds. There are 

four orbitals in carbon which are the s, px, py, and pz orbitals. These orbitals form π or σ bonds 

depending on which orbitals are forming bonds, and the direction the orbitals are facing. π bonds 

are weaker than σ bonds. The theories that were utilized in the calculations were: band structure, 

density of states (DOS), conductance, and local density of states (LDOS). The details on these 

theories have been presented in this chapter. The Tight Binding (TB) Model, the Hückel Theory 

(HT), and the Extended Hückel Theory (EHT) produce the band structure and density of states 
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(DOS). Only the nearest neighbor interactions were considered in the calculations. Only pz 

orbitals are utilized in the HT calculation, and all four orbitals are utilized in the more involved 

EHT calculation. The HT and the EHT are utilized in the TB Model. Using Schrödinger 

Equation (SE) and the total wavefunction, which is the linear combination of atomic orbitals 

(LCAO), the matrix elements of the Hamiltonian Matrix are obtained. The electronic band 

structure and DOS are obtained by solving the Hamiltonian Matrix.  

Chapter 2 also discussed the Green's Function Theory and the Landauer Formula, which 

are used to calculate the conductance. In addition, Green’s Function Theory produces the local 

density of states (LDOS). The structure is divided into three regions: the left lead, right lead, and 

the conductor. Conductance is the electron transport in a structure. Whereas LDOS is the density 

of states for an individual atom. The total DOS is the sum of all LDOS. 

 Chapter 3 focused on presenting functionalized AGNR using EHT. This chapter first 

showed the results for the band structure and DOS for n = 3 pure AGNR using HT and then the 

pure AGNR using EHT. These pure results were used to compare with the functionalized results. 

After the pure structures were displayed, the results for n=3 AGNR functionalized with H, N, O, 

F, P, S, and Cl using EHT were presented. Band structure is typically Energy vs. k and DOS is 

usually Energy vs. DOS. The DOS always reflects the band structure. 

In Chapter 3, it was observed that pure AGNR using HT is symmetrical about Fermi 

energy, and has six bands. This pure structure is exhibiting semiconducting behavior. This 

structure follows the dimer rule. Next, the pure AGNR using EHT was found to not be 

symmetric about Fermi energy. Symmetry is due to the pz orbitals. The edge orbitals in the pure 

EHT calculation are not accounted for. Functionalization fixes this. It is observed on the pure 

AGNR using EHT band structure that the weaker π bonds are closer to Fermi energy, and the 
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bands at lower energies are from the stronger σ bonds. A flat band is a non-conducting band, 

otherwise known as a stationary state. The mass of an electron at a stationary state is very large, 

and the electron cannot move very well at all. Pure AGNR using EHT also exhibits 

semiconducting behavior.  

Finally, in Chapter 3, the functionalized results utilizing EHT were displayed. When 

functionalized, the Hamiltonian matrix increases in size, and there are more orbitals and 

ultimately more bands in the band structure. Structures functionalized with H, N, O, F, P, S, and 

Cl are almost all found to be semiconducting, which follows the dimer rule, for odd values of n 

and where p is an integer, that n=3p. P edge functionalization exhibits more metallic behavior 

than semiconducting. When functionalized, more bands may appear in a section that was 

previously absent of bands in the perfect structure. More flat bands are observed than in the pure 

structure. There were a few structures where the band gap decreased in size. It was found that 

long bond length is related to a shorter band gap. Phosphorus and carbon have the longest bond 

length and the shortest band gap, and hydrogen and carbon have the shortest bond length and the 

longest band gap.   

 Chapter 4 displayed the local density of states (LDOS) and conductance results. First, the 

results for the conductance and LDOS of pure n=3 AGNR using HT and AGNR utilizing EHT 

were displayed. Then, the results for the conductance and LDOS of H, N, and O functionalized 

AGNR using EHT were then shown. The results were presented together with the pure results on 

the same graph for comparison between the features. All structures were shown to be exhibiting 

semiconductor behavior. The band gap either shifted in one direction, and/or changed in size 

slightly. When functionalized, areas where the conductance dropped down to zero appeared 

which were not present in the pure structure. The LDOS states per energy was smaller because it 
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is the DOS of a single atom. Adding all the LDOS together gives the total DOS that has a higher 

amount of states per energy. Only the LDOS for atoms 1 and 3 were displayed because the 

LDOS for atoms 1, 2, 5 and 6 are the same and the LDOS is the same for atoms 3 and 4. 
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