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1. INTRODUCTION AND BACKGROUND 

1.1. Thesis Abstract. The partition function has a long, rich history of being one of the 
premier number theory concepts. Its uses include being involved in the golden ratio and 
molecular thermodynamics. The partition function also has some beautiful theory within it, 
particularly in some of its congruences. In this thesis I would like to focus on one congruence, 
particularly Ramanujan's 5k+4 identity. Along the way, I would like to establish some of the 
underlying concepts in the proof, and give my reasons for taking this subject when there are 
so many others in the realm of mathematics. The first idea needed is to define a partition 
function and what it does, how it can be represented, etc. Hopefully this thesis will be 
beneficial to persons in the future discovering the beauty and grace of a function like the 
partition function. 

1.2. Definition, Ferrers Diagrams, and 5k + 4 identity. The partition function, p(n), 
serves as a counter for the number of ways a number n is split up into addends. For example, 
the number 4 can be split up 5 ways: 4, 3+1, 2+2, 2+1+1, and 1+1+1+1, so p(4) = 5. 
The partition function increases rapidly, for example, p(I), p(2), and so on, are respectively 
I, 2, 3, 5, 7, 11, 15, 22, 30, 42, and p(lOO) is 190,569,292. When finding the addends, it 
is customary to go from largest to smallest. These addends are called parts, and they arc 
easily represented geometrically by a Ferrers Diagram. These diagrams (as shown in figure 
1) arc in standard form, with the largest at top. In this diagram, there are 12 points, and 
from top to bottom it is 5+4+3, which is a partition of 12. If you read from right to left you 
receive 3+3+3+2+ 1, another partition of 12. These two partitions are conjugates of each 
other. Both are found with one Ferrers Diagram. The Ferrers Diagram will creep up later 
when talking about the Pentagonal Number Theorem. 

The 5k + 4 identity is simply the fact that p(5k + 4) is divisible by 5 for any natural 
number k. For example, p(4) = 5 and 515, so the identity works for p(4). This identity is 
proved in full later on in the thesis, and is talked about in more detail in the Ramanujan 
section, because he is the person responsible for discovering this identity and many others. 

1.3. Generating Function. The generating function is one of the greatest advancements 
in partition function history. Credited to Euler, this generating function has applications in 
many areas, including the 5k + 4 identity. It states: 

Theorem 1.1. For Ixl < 1 we have 

00 1 00 

II 1- xm = LP(n)xn 
m=l n=O 

where p(O)=l. 

Proof. Since Ixl < 1 we can use our knowledge of geometric series to realize that we can 
expand this infinite product as a product of sums as follows: 

00 

II 1 1 = (1 + x + x 2 + x 3 + ... )(1 + x 2 + X4 + x 6 + ... )(1 + x 3 + x 6 + x 9 + ... ) ... _xm 
m=l 

We then multiply the right side, thinking of them as polynomials, and we get a power series 
00 

k=l 
1 



We want to get ark) = p(k). So we analyze the number of ways the exponent of Xk can be 
obtained. We find that we can take Xkl from the first series (1 + x + x2 + x3 + ... ), X2k2 from 
the second series, x3k3 from the third series, and so on until you come to the m-th series, 
where you take out an xmkm. Their product is Xkl . x2k2 . x3k3 ..... xmkm = Xk and from this 
we can obtain 

k = kl + 2k2 + 3k3 + ... + mkm 

This can be written differently, as 

k = (1 + 1+ ... + 1) + (2+2+ ... +2) + ... + (m+m+ ... +m) 

The first term (1 + 1 + ... + 1) is kl ones, and the second term is k2 twos, etc. This is a 
typical partition of k, hence, ark) = p(k) and we have proved this theorem correct. D 

This generating function is a major component of the 5k+4 identity, as it is used frequently 
to put equations involving the partition function into different light. It is also linked to the 
Pentagonal Number Theorem, which is the other weapon being used in the identity proof. 

1.4. Pentagonal Number Theorem. To present the Pentagonal Number theorem, we 
need a few background items. 

1.4.1. Pentagonal Numbers. Pentagonal numbers, w(n) are numbers related to the pentagons 
in figure 2. To obtain w(n), we count the dots in the n-th pentagonal figure. We conclude that 
the pentagonal numbers arc the partial sums of the terms in the series 1,4,7,10, ... 3n - 1, ... 
Therefore, w(n). Then 

n-l 2 
'" 3n -n w(n) = L.)3k + 1) = 2 
k~O 

This can be proved by using the basic sum formula 1 + 2 + ... + n = 
insert -n and we get the formula 

w(-n) = 3n
2
+n 

2 

n(n-l) 
-2-

Doth of these formulas will be important to the Pentagonal N umber Theorem. 

We also can 

1.4.2. Unequal Partitions, Both Odd and Even. A partition that is in an even number of 
unequal parts means that the parts cannot repeat summands, and there are an even number 
of parts. For example, 5 + 4 is an even and unequal partition of 9. An non-example is 
3 + 3 + 2 + 1: Even though it is even, there is repetition of the 3, so it is not unequal. We 
denote the number of even and unequal partitions of n as Pe(n) Likewise, the same argument 
holds for odd and unequal partitions, and they are denoted by porn). 

1.4.3. Pentagonal Number Theorem. 

Theorem 1.2. If Ixl < 1 we have 

00 00 00 

II (1- xm) = 1 + L(Pe(n) -po(n))xn = 1 + L(-l)n(xw(n) +xw(n») 
m=l n=l n=l 



Proof. Notice that the product is the reciprocal of the Generating Function. By multiplying 
the (1- xm)'s and gathering terms, we get 1 + 2::=1 (Pe(n) - po(n))xn. To finish, the goal is 
to show Pe(n) = porn) unless n is pentagonal, in which case Pe(n) - porn) = ±1. Franklin, 
author of the proof, defines a base by b in figure 3 and defines a slope by s as in figure 4. 
Now we have to define to operations A and B. Operation A is when the base moves and 
becomes the new slope, as in figure 5. Operation B is when the slope moves and beeomes the 
new base, as in figure 6. Now the only time that both moves are not permissible is when a 
pentagonal number is being partitioned, as we are about to prove. Particularly, when b = s 
or b = s + 1 as seen in figure 7. So suppose that there are k rows in a graph. The b = s = k 
in the first case, and n is given by, going from bottom to top on the diagram, 

3k2 - k 
k+(k+l)+(k+2)+ ... +2k-l= 2 =w(k) 

So n is a pentagonal number, and we would have an extra partition if k is even or if k is odd. 
So that means that Pe(n) - porn) = (_I)k and we find what we had on the right side of the 
first equation. The argument is very similar for the w( -n), and we have achieved proving 
the Pentagonal Number Theorem. 0 

1.5. Jacobi's Triple Product Identity. Euler's Pentagonal Number Theorem and many 
other partition identities occur as special cases of this triple product identity so I merit it 
worth mentioning in describing the partition function. 

Theorem 1.3. For complex x and z with Ixl < 1 and z oj 0 we have 
00 00 

II (1 - x2n)(1 + x2n- 1z2)(1 + X 2n- 1Z-2) = L xm2 z2m 
n=l m=-oo 

If you wanted to form the Pentagonal Number Theorem, for instance, all you would need 
to do is to replace x by X 3/ 2 and Z2 by _X' / 2 . 

1.6. Partition Function History. Partitions were known to begin with the Pythagorc
ans, but there were three distinct gentlemen that raised the bar for the partition function, 
particularly the 5k + 4 identity, the main part of my thesis. 

1.6.1. Enler. I was once told that there were three great Mathematicians: Euclid, Newton, 
and Euler. It would seem quite an accomplishment to be in those elite, but when you had 
published as many papers and knew as much as Euler did, you would definitely deserve 
such a statement. He was called the most prolific writer of mathematics of all time. He 
wrote so much on mathematics that the St. Petersburg Academy continued to publish his 
work for 50 years after his death. When I read about his accomplishments, I shake my 
head in confusion, thinking that only mathematics in the blood is the solution for a pure 
mathematician. He finished his masters by the age of 16, and by age 19 he had a paper 
published. At age 20 he received the Grand Prize of the Paris Academy for a paper on how 
masts were arranged the best way. He had wrote 380 articles in his 25 years in Berlin. You 
can also credit Euler for many mathematical notations, including e for the base of logs, i for 
the imaginary number, and 1f for 3.1415 ... Just an amazing man [O'Connor2, 1]. His credit 
towards Partition Function history was tremendous also. He developed a generating function 
for the partition function, which is a fancy way of saying that he created a way of producing 
values for the partition function without listing every combination. He also created the 
Pentagonal Number Theorem, which in itself is remarkable. Both will be described in detail 



later into the thesis. These two theorems alone arc the reason for the identities to come and 
values for p(n) so Ramanujan and others can figure out other beautiful formulas. Euler was 
truly a pioneer, hero, and leader of mathematics and deserves such high recognition. 

1.6.2. Ramarwjan. A pioneer in this field was Srinivasa Ramanujan. He was born in India 
on December of 1887. His family was very poor, so he set out to improve his lifestyle one 
part at a time. He went to Town High School in Kumbakonam, where he found a copy 
of G.S. Carr's Synopsis of Elementary Results Pure Mathema.tics. This was not exactly 
the best book for him to learn from, as Berndt stated, but nevertheless he learned what 
began his brilliant math career. He went on to college but never excelled because he never 
went to his English classes. He then changed his life by being an accounts manager at the 
Madras Port Trust. He kept working on new theorems and other mathematical rigor and 
one day, while working, his boss sent his findings to G.H. Hardy, and Hardy noticed his brain 
cooking up unbelievable ideas. One theory was that 1 + 2 + 3 + ... = -"2' It seems very 
wrong but his thought can be explained using the Riemann-Zeta function [Berndtl, 1-81. He 
also represented constants in mathematics by different symbols. He made up most of his 
own symbols to mean what he wanted them to mean[Kanigel, 601. Another amazing feat 
is approximating "If which he found a generating function for that. Mathematicians usc his 
series and approximations to date, and have tried to be better than one another at finding 
more digits[Berndt2, 201].' 

Among his great contributions to the Partition Function are the many beautiful congruence 
identities, including the 5k+4 identity. This statement was so remarkable that Hardy called it 
one of Ramanujan's greatest achievements. This identity has power behind it. For example, 
let's let k = 1. 000, 000. Then 

p(5, 000, 004) == O(mod 5) 

This means that whatever the partition function of 5,000,004 is, it will he divisible by 5. 
This, along with many other congruence identities, were found by Ramanujan hy looking at 
tables of values written out by Percy MacMahon using Euler's Generating Function. Hardy 
and Ramanujan also have an approximation for the partitions of a number. 

p(n) ~ _1_e~V2nI3 
4n..;3 

This approximation is so good that the Approximate p(200) is off by .004. Kanigel called 
him the man who knew infinity for a real good reason. 

1.6.3. Kruys11lijk. Most proofs of congruences use modular forms, hut in this work we follow 
an ad-hoc elementary method suggested by Kruyswijk and outlined in Apostol. He is a 
Dutch mathematician that produced both the 5k + 4 identity and 7k + 5 identity proofs, 
with the difference being that these proofs by Kruyswijk arc developed without the use of 
modular functions. He was a pioneer in Partition Function identities and deserves mention 
and praise. 

lSCC Pctr Beckmann's A History of 7r for more details. I recommend it! 



2. PROOF OF THE 5k + 4 IDENTITY 

27ri 
Lemma 2.1. Let E = eT where k E 41:+ a.nd let x E IC. Then 

k 

II(l- XEh) = 1- Xk 
h=1 

More generally, if (n, k) = d then 

and so 

k 

II (1 - XE:nh) = (1 - X~)d 
h=l 

II ( n 2.;nh) - x 
1-xe k = 

k {I nk 

(1 - xn)k 
h=1 

if (n, k) = 1, 

if kin. 

Proof. Expanding the left side of the first equation gives you: (1 - xE)(l - xE2 ) ••• (1- XEk) 
By factoring out _Eh from each (1 - XEh), one obtains 

k k k 

II (1 - XEh) = (_l)k II Ej II (x - c;-j) 
h=l j=l j=l 

Further, since C;-I, 10-2 , ••• , c;-k are the roots for xk - 1, we have 
k k 

II(l- XEh) = (-l)kII c;j(Xk - 1) 
h=l j=l 

It remains to show that 

j=l 

n;=1 ej broken down will be (e1)(e2
) .•. (ek

) and the exponents combine together to form 

e(1+2+···+k) which is basically eL:~~l n. We know that this sum is n(n
2
+1) from Gauss' formula. 

So now through the substitution e = e 2~; we have: 

k k(k+l) k 27rik(k+1) k '(k+l) (-1) c; 2 = (-1) e 2k = (-1) e~' . 

Every odd integer k makes (_l)k negative and eITi (k+l) = 1 Now, by the same argument, 
with any even integers,(-l)k is positive, and e~i(k+1) is negative 1, therefore proving that at 
all times 

k 

(_l)k II c;i = -1, 
j=1 

rendering all well in the neighborhood of proving that n~=1 (1 - xeh) = 1 - xk. 
Now we turn to the product: n~=I(l- xenh ) Let's look at the term enh . We can use the 

fact that we know from the beginning that 10 = e 2~;, so by substitution we get e~. So 
now we expand this product, including the substitution, and we find this: 

k 

II 
21!"inh 211"in(I) 21Tin(2) 27rin(a) 

(l-xe-k-)=(l-xe k )(l-xe k ) ... (l-xe k ) 

h=l 



21rin( ~ +1) 21rin( ~ +2) 21rin(2~) 
(1 - xe k ) (1 - xe k ) •.. (1 - xe k ) 

21rin(2a +1) 21rin(2 ~+2) 21rin(3;) 

(I-xe k )(I-xe k ) ... (I-xe k ) 

21tin«d-1);+1) 21rin«d-1l;+2l 21rin(dal 

(1 - xe k )( 1 - xe k )". (1 - xe k ) 

Now this last entry of the last cycle simplifies to e2rrink which is the exact thing I started 
with. So the product can be divided into a smaller product in d cycles, each of which has 

k 

the same value. So the first cycle can be thought up of as rU=l (1- xcnh ) and going through 
d cycles would just produce: 

h=l 

The first part is finished. 
The second part of the lemma goes off of the first part. To use this part, we need to show 

that e '"k
n 

is a primitive ~-th root of unity so that we may apply the first part of the lemma. 

To show that, we need to verify two ideas. One is (e'·:n)~ = 1. This is clear because J E Z. 

Now, the other idea is if 0 < e:S; ~ satisfies (ear)e = 1 and is the smallest, then e =~. This 
task is handled by the division algorithm, which shows that el~, and hence elk. Therefore, 
!: E Z. Now we have three situations: 
c 

• ~Ik because k = e· (~)) 
• ~In because (e'"kn)C = 1 =? n~ E Z =? If. E Z 

• ~ ;::: d due to the assumption 0 < c:S; k/ d. 

So we can conclude ~ = d and rearrange to find e = ~, otherwise the three points immediately 
above contradict the maximality of d as a g.c.d. of k and n. 0 

Lemma 2.2. For prime q and Ixl < 1 we have 

II
oo IIq n '.;nh _ </>(xq)q+! 

n=l h=l (1 - x e ) - </>(xq') , 

from which of follows that 

00 m ¢(x25 ) 4 00 n 1..!ti.a!l 

~ p(m)x = </>(X5)6 [U] (1 - x e 5 ) 

Proof. The left hand side of the equation can be broken down into two cases, just like the 
second part of the previous lemma. Therefore it can be split as follows: , 

II
q 

( 2.inh ) {I -x
nq 

1 - xne q = 
(l-xn)q 

h=l 

if (n,q) = 1, 

if (n,q) = q. 

That is true because q is prime. So expanding the product we see that we need to show 

I1°o (1 xnq)q+! 

II (1 - xnq ). II (1 - xn)q = n-l -I1°O (1- xnq') 
n:(n,q)=l n:(n,q)=q n=l 



In the case (n, q) = q, n will be some integer j multiplied by q, and we will show 

"" n"" (1 - nq)q+! II (1 - xnq ) . II(1- xqj)q = n;;; 1 _xxnq2 
n,(n,q)=1 j=1 nn=, ( ) 

Now we can make the second product on the left hand side look like the numerator of the 
right side by multiplying 1 of sorts: 

00 n"" (1 - xqj ) n"" (1 _ xnq)q+! 
II (1 - Xnq ) . II(1 - xqj)q .;:1 . = n;;;; 2 n (1 - Xql ) n (1 - xnq ) 

n:(n,q)=l j=I )=1 n=l 

n (1 - x nq ) 00 n"" (1 _ nq)q+! '* n,(n,q)=1 II(1 _ x'lj)q+! = n-I X 
n~I(I- xqj) . n""_I(I-xnq2) 

]- J=l n_ 

nn,(n,q)=1 (1 - x
nq

) 1 '* = =y;-.,-:----::-::;'" n;, (1 - x qj ) n:::, (1 - xnq2) 

To veri(y the last equation, we cross-multiply to obtain: 

"" 00 

and note that 

(non-multiples of q times q) . (multiples of q times q) = all multiples of q 

This all shows that the other part of the equation is satisfied, and the whole equation holds: 

II
"" IIq l1!i!1!!..p (x 'I) '1+ ! 

(1 - xne q ) = .p 2 

n=lh=1 (x
q 

) 

The second identity in this mix is quickly proven. Plugging in 5 for q and multiplying 

both sides by :1::;1 will leave you with: 

-,( 25) 5 "" 
'+' X II II ( _ n 2'lnh) = 
.p(x5)6 1 x e 1 

It=l n=l 

Now we can manipulate this even more by factoring out the 5th term to produce: 

( 25) 4 "" "" ~ II II (1 - xne 2n;nh) II (1 - xne2~in) = 1 
.p(x

5
)6 1..=1 n=1 n=1 

( 
25) 4 00 00 

.p x' IIII( n 2'inh) II( n) l-xe 5 I-x =1 

.p(X
5

)6 h=1 n=! n=! 

.p (x
25

) II4 IIoo 

( n l1!i!1!!.) II"" 1 I-x e 5 = ---
.p(X5)6 1 xn 

h=ln=l n=l 



And as you can recognize, the right side is the generating function for p( n) (by Euler) and 
now we have what we wanted to prove, 

</1( 25) 4 00 00 

</1(:5)6 II II (1 - xne 2';nh) = 2:>(m)xm 

h=l n=l m=O 

o 
Lemma 2.3. 

00 

</1(x) = II (1 - xn) = 10 + II + h, 
n=l 

where h denotes a power series of type k mod 5. 

Proof. We have 
00 

</1(x) = II (1 - xn) 
n=l 

and from Euler's Pentagonal Number Theorem, we can substitute like so: 

n=l n=l 

w(n) is the function for finding a pentagonal number, and it is given by: w(n) = 3n~-n 
or w( -n) = 3n~+n, (n E Z+). Now we go through every congruence in the same manner 
that you would prove many other problems in number theory or abstract algebra: You let 
n = 5k+ j, where j E 0,1,2,3,4. Now plug in each of the combinations into w(n) and w( -n) 
like so: 

w(5k) = 3(5k)2 - (5k) = 75P - 5k = 5k(15k - 1) 
222 

and then let's say that k is odd. Then 15k - 1 is even, which is divisible by 2, and then it 
is 5 divided by an integer (in this case it is k(15;-I)). Now if k is even, then 15k - 1 is odd, 

but k will be divisible by 2, showing that k(15;-I) is an integer, and showing that w(5k) is of 
O(mod 5) . The next task is to go on with n = 5k + 1. 

w(5k + 1) = 3(5k + 1)2 - (5k + 1) = 75P + 30k + 3 - 5k - 1 = 5k(15k + 5) + 1 
222 

This shows that 5 times k(15;-5), which is an integer, shows that this case is of 1 (mod 5), 
since this product has a plus 1 at the end. Third case, n = 5k + 2. 

w(5k + 2) = 3(5k + 2)2 - (5k + 2) = 75k
2 + 60k + 12 - 5k - 2 = 5k(15k + 11) + 2 

2 2 2 
With the same discussion as above, this converts to 2 (mod 5). Fourth case, n = 5k + 3 

( k 3) 
3(5k + 3)2 - (5k + 3) 75P + 90k + 27 - 5k - 3 5k(15k + 17) 

w 5 + = 2 = 2 = 2 + 12 

Same discussion, and 12 == 2 (mod 5). Fifth case, n = 5k + 4 

( k 4) 
3(5k + 4)2 - (5k + 4) 75k2 + 120k + 48 - 5k - 4 5k(15k + 23) 

w 5 + = 2 = 2 = 2 + 22 

Same discussion, and 22 == 2 (mod 5). 



N ow we also have to consider the cases when w( -n) is evaluated with the same cases as 
above. Remember that w( -n) is 3n~+n. The first case is when n = 5k: 

w( -(5k)) = 3(5k)2 + (5k) = 75k
2 + 5k = 5k(15k + 1) 

2 2 2 

This shows US that the 5k case is congruent to 0 (mod 5). Second case, we have: 

w(-(5k + 1)) = 3(5k+ 1)2 + (5k + 1) = 75k
2 

+30k +3+5k+ 1 = 5k(15k + 7) +2 
222 

And that leads us to 2 (mod 5). Third case: 

w( -(5k + 2)) = 3(5k + 2)2 + (5k + 2) = 75k
2 + 60k + 12 + 5k + 2 = 5k(15k + 13) + 7 

2 2 2 

Which leads us to 7 == 2 (mod 5). Fourth case: 

w(-(5k + 3)) = 3(5k + 3)2 + (5k + 3) = 75k
2 

+ 90k + 27 + 5k + 3 = 5k(15k + 19) + 10 
2 2 2 

Again, leading us t.o 10 == O(mod 5). Final case: 

w(-(5k + 4)) = 3(5k + 4)2 + (5k + 4) = 75k
2 

+ 120k + 48 + 5k + 4 = 5k(15k + 25) + 26 
2 2 2 

Leading us to 26 == l(mod 5). This ext.ended proof basically demonstrates t.hat the series 
mentioned in Euler's Pentagonal Number Theorem actually can be broken down into three 
power series, one of which holds all the terms that arc of 0 (mod 5), one that holds all the 
terms that focus on 1 (mod 5), and one that encompasses 2 (mod 5). Hence, 

00 

¢(x) = II (1- xn) = 10 + h + h 
n=l 

D 
27ri 

Lemma 2.4. Let a = e'. Then 
4 00 4 

II II (1 - xnanh ) = II (10 + hal. + I2a2h ). 
h=ln=l h=1 

Proof. 
4 00 

II II (1- xnanh ) 
h=ln=l 

By Lemma 0.3, 
400 00 00 

= II (L ao(m)a5mhx5m + L al(m)ah(.lm+l)x5m+1 + L a2(m)ah(5m+2)x5m+2) 
h=l m=O m=O m=O 

27ri 
Now we evaluate when a = e' and we find out that 

o:5mh = (e 2;, )5mh = e2nih = 1 

for every h. Likewise, 



which solidifies that the 1 mod 5 power series yields a coefficient of 00"- Also, 

nh(5m+2) = (e 2;i )h(5m+2) = e21r'ih . e 21ri~2h) = 1 . o?h 

With the same argument, the coefficient is a2h and we are left with 
4 00 4 rr rr (1 - xnanh ) = rr (10 + hah + 12a 2h ). 

1£=1 n=l h=l 

Lemma 2.5. Use Lemma 0.2 to show that 

~ p(5m + 4)x5m+4 = V,: 4>(X
25

) 
~ 44>(X5)6' 

where 114 is a power series that is of type 4 mod 5. 

Proof. From Lemma 0.2, we see that 

~ ( ) m = 4>(X
25

) rr4 rroo 

( _ n~) ~p m x 4>(X5)6 1 x e 
m=O h=l n=l 

and we use the fact that a = e 2;' to simplify the first equation to 

00 4>( 25) 4 00 L p(m)xm = 4>(:5)6 rr rr (1 - xna
nh

) 
m=O h=l n=l 

o 

Now from the last proof I use that fact that Il~.~1 Il:~1 (I_xnanh ) = Il~~1 (10+11ah+12a2h). 
From this product we gather the type 4 mod 5 terms, called 114, because m is changed to 

5k + 4. This also allows us to conclude: 2::'0 p(5k + 4)X5k+4 = :I::~l (114) 0 

Lemma 2.6. The cube of Euler's product is the sum of three power series, 

4>(x)3 = Wo + WI + W3 , 

where Wk denotes a power series of type k mod 5. 

Proof. 

m,=O 

We go through each case, as above, to figure out what the exponent will leave as a remainder 
when divided by 5. First case: m = 5k where we get: 

m2 +m = (5k)2 +5k = 5(5k2 + k) 
2 2 2 

Now when k is odd, the fraction is an integer, and when k is even, the fraction simplifies to 
an integer, so this is divided by five; 0 (mod 5). Second case: 

m
2
+m (5k+I)2+5k+I (5P+3k I)-I( d5) 
2 = 2 = 5 2 + = mo 

Third case: 

m
2 + m = (5k + 2)2 + 5k + 2 = 5(5k

2 + 5k + 3) == 3(mod 5) 
2 2 2 



Fourth case: 

m
2
+m_(5k+3)2+5k+3_ (5k2 +7k )= ( ) 
2 - 2 - 5 2 + 6 - 1 mod 5 

Final case: 

m
2 + m _ (5k + 4)2 + 5k + 4 _ (5k2 + 9k 0) = ( ) 

2 - 2 - 5 2 + 1 - 0 mod 5 

and you have every scenario in either 0, l,or 3(mod 5). Therefore, ¢(X)3 = Wo+ WI + W3. 0 

Lemma 2.7. The power series in Lemma 0.3 satisfy the relation 

1012 = -I~. 

Proof· 
Wo + WI + OW2 + W3 = (Io + II + 12)3 

= It + 31511 + 31512 + 3IoI~ + 6101112 + 3IoI~ + If + 3If!2 + 3III~ + Ii 
Now we will take all the W2 information from the big equation, and we will find that: 

OW2 = 3IgI2 + 3IoIt 

=} 0 = 3Igh + 3IoIt 

=} 0 = Io(IoI2 + III 
10 cannot be zero, so Ioh + If = 0, which means Ioh = -It. 

Lemma 2.8. II = _Xq,(X25 ). 

o 

Proof. We will start with the right side, _x¢(x25 ). Here we can usc Euler's Pentagonal 
Theorem: 

00 

n=l 

I will now compute those exponents. 
00 

~( )n+1[ 15k
2 

25k+1 75k
2 +25k+1] -x+L..,-l x 2 +x 2 

n=l 

We then revert back to Lemma 0.3 and we see that these can be recognir,ed by the cases we 
went through. 

00 

-x + L( _It+1[xw (5k+1) + xw(-(5k-I))] 

n=l 

00 

n=l 

Now, we split the equation into two sums, and we change the index of summation to achieve: 
00 00 

L(_1)51+1 X
W (51+1) + L(_1)5mHxw(-(5mH)) 

[=0 m=O 

Now, using Lemma 0.3 and Euler's Pentagonal Number Theorem again, you receive what 
we intended, which is II. 0 



Lemma 2.9. There exists a constant c such that 

Y4 = cIt, 

where Y4 is the power series in Lemma 0.5, and 

00 ¢(X2.')5 
'\"' p(5m + 4) x5m+4 = ex 4 

-'--'-,-:''';20 ¢(X5)6 

Proof. We will finally expand rr~=, (Io + I,a" + 12a2h ) to figure out V4• This expansion is 
huge, but we will only be concerned with the type 4 entries. After expanding, we see that 

Y4 = alIt + a2 IoI; 12 + a315I~. 
Using one of my previous results (1012 = -If), we find that this equation is now 

Y4 = a,It + a2( - mI; + a3( - If? 

which can be simplified easily to V4 = cIt. Now, from another result proved before, 

~ (5k 4) 5k+4 _ ¢(X
25

) IT _ 14 ¢(X
25

) 
f;;:,p + X - ¢(X5)6v4-C 1¢(X5)6' 

and since II = -X¢(X25 ), by substitution we sec that 

00 ¢( 25)5 
'\"' p( 5m + 4) x5m+4 = ex4 ,--?-:x--;-f;;20 ¢(x5)6 

Lemma 2.10. Prove that c = 5 a,nd deduce Ramanujan's identity 

00 m ¢(x5)5 
~p(5m + 4)x = 5 ¢(X)6' 

D 

Proof. We see by exponents that 2::=0 p(5m + 4)x5m+4 = 2::=0 p(5m + 4)x5mx4 and the 
x4 ,s cancel, leaving us with: 

00 5m ¢(X25 )5 
~ p(5m + 4)x = ¢(X5)6 
m=O 

Now, we let x 5 be substituted by x, giving 

00 m ¢(X5)5 
~p(5m + 4)x = ¢(X)6 . 

Expanding both sides: 

() () () 
2 m:-, (1- x5m))5 

p4 +p9x+p14x + ... =c m:=l(1-xm ))6 

2 ((1 - x5)(1 - xlO)(1 - X '5 ) ... )5 
5 + p(9)x + p(14)x + ... = c (( )( 2)( 3) )6 1 - x 1 - x 1 - x ... 

Using this right side of the equation, we can generalize this to be II~X:t~· ... multiplied with 

c. This fraction can be generalized even further to be II/:t+: .. = bo + blx + b2x2 + ... and 
this bo has to equal l. So c multiplied by this coefficient will yield the coefficient on the other 



side of the big; equation, namely p( 4) = 5. Therefore, c=5, and we have found Ramanujan's 
identity: 

3. PERSONAL PERSPECTIVE 

The Robert Bell building stairs. 

D 

The obstacle of many who choose to be a math major at Ball State University. I feel like 
I am a fit person, not a drop of alcohol or nicotine in the body, five foot eight, one hundred 
sixty-five pounds, and those stairs kill my endurance. But this trip upstairs was not to 
frequent the computer lab for Mathematica or to receive any news from the information 
office. This trip had one reason in mind. I was about to start thinking about graduation 
and how my thesis should be done. I needed to find a professor compatible with my creative 
thoughts while furthering my knowledge of the mathematics. I convinced myself that the only 
professor capable of handling me was Dr. John Lorch. I have had him for the 388 colloquium 
on 17th century mathematicians, and in the colloquium he seemed very personable, so I 
decided to make the trip up to his office. This brings me back to the stairs. Whenever I go 
up to the fourth floor I am breathing heavy. This combined with the fact that I had never 
talked to a professor on a one-to-one basis before provided the backdrop to one memorable 
moment. 

I knock twice, nervous and huffing. 
"Come in," he says. 
"Hi. (breath) I'm Milos from (breath) the 17th century class. (breath) I was wondering if 

you would like to do an honors thesis with me." 
"Sure. What were you thinking about?" 
"I was thinking about games, like go or chess." 
"Well," Dr. Lorch said, "come back next week and we can discuss all of the possibilities." 
"I will stop by then." Phew! I actually talked to him! And he was normal. At that time I 

realized that this would not only be a good time, it will be time well spent. I returned that 
next week, and we went through all the scenarios. Then he suggested one of his topics he 
had been working on before. 

"Would you like to try to do partition functions?" 
"It sounds interesting. What would I have to learn?" 
"It is very simple to grasp, just the underlying concepts arc very complex. We will have 

to learn a wide array of mathematics for this. Also, we are just focusing on one simple idea 
of the function, namely the 5m + 4 number, which Ramanujan had brought up one century 
ago." I thought to myself that this was going to be the worst thesis ever. It was going to 
be so cut and dry, with no interest at all, and that I would scrap it in no time. But I said 
to myself, "This is a chance to get more knowledge of math than many other people have 
at this time. This is your shot at being better." So I said to Dr. Lorch, "Let's try it. I've 
always been interested in numbers. And it might help me out in the long run." 

I could not have made a better decision in my life. 
Thank you to Dr. Lorch. Your commitment to me through these 2 years of research 

and work has been rewarded with two presentations and this doctrine. I would also like to 
thank the Ball State Library system, through which I have received all my materials and will 



donate this to help the cause. I thank my family for supporting me through this, and friends 
that have heard about the partition function every time they talk to me. I have learned so 
much from this and appreciate everyone on the road to the end. 
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