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Chapter 1: Introduction 

 

 

 

1.1. Aharonov-Bohm Effect 

A charged particle responds classically when placed in an electromagnetic field.  

A charged particle responds quantum mechanically, however, to an electromagnetic field 

even without encountering an electromagnetic field.  In 1959, Aharonov and Bohm 

discovered that a magnetic vector potential 𝐴  affects the quantum behavior of a charged 

particle [2].  When a charged particle, an electron for example, travels in a region where 

the magnetic field 𝐵   equals zero, the electron responds to the magnetic vector potential 𝐴 .  

Aharonov and Bohm theorized a phase shift occurs in electron interference due to an 

electromagnetic field that is not in the region of the electron’s path.  This phase shift is 

known as the Aharonov and Bohm (AB) effect. 
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Aharonov and Bohm developed an experiment in which a single coherent electron 

beam splits into two parts, shown in Fig. 1.1.1.  Each part of the split beam travels 

through one of the two arms in the devised structure.  In the experiment, an electron beam 

approaches a long solenoid, splits, and then recombines with a resulting beam phase shift.  

 

 

 

Figure 1.1.1.  Aharonov-Bohm effect.  (a) An electron beam enters the system from the left.  

When the beam realizes the vector potential 𝑨   , the beam splits in two.   One split beam 

travels around the front of the solenoid, while the other travels behind.  The vector potential 

due to a magnetic flux  through the solenoid allows for a phase difference upon beam 

recombination [3].  (b) Schematic layout of an interferometer to demonstrate the AB effect.  

The wave vector of the electron passing through the ring is labeled as 𝒌 [4]. 
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In Fig. 1.1.1 (b), the top branch shows 𝑘   and 𝐴   in opposite directions, causing an 

increase in canonical momentum 𝑝 .  This results in the phase of the electron changing 

more rapidly than in the lower branch.  The total mechanical momentum for the above 

AB-ring system gives the relations between these vectors, 

ℏ𝑘  = 𝑝 + 𝑒𝐴 .                                                          (1.1.1)     

where 𝑒 is the charge of the electron.  In the lower branch, 𝑘   and 𝐴  are in the same 

direction, causing a reduction in 𝑝  and correspondingly a slower change in the phase shift 

of the electron.  Thus, 𝐴  induces a change in phase between the two paths even though 

the electrons do not pass through the magnetic field [4]. 

An ideal representation of the AB effect requires a long solenoid carrying a steady 

current, which induces a uniform magnetic field inside the solenoid.  To characterize the 

magnetic field inside the solenoid as a uniform magnetic field and to characterize the 

magnetic field outside the solenoid as zero, the solenoid must be long compared to its 

diameter.  The beams are kept far enough away from the solenoid, allowing the beams to 

only encounter regions where the magnetic field equals zero.  Outside the solenoid, the 

magnetic field equals zero but the vector potential is non-zero, 

                                                         𝐵  = ∇   × 𝐴.                                                                   (1.1.2) 

𝐴 =
Φ

2𝜋𝑟
𝜙 ,      𝑟 > 𝑎 .                                               (1.1.3)
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where 𝑎 is the radius of the solenoid, 𝑟 is the distance of the electron from the center of 

the solenoid, 𝜙  is the direction of the magnetic flux around the solenoid, and Φ is the 

magnetic flux through the solenoid, given as, 

Φ ≡  𝐵  

𝑠𝑢𝑟𝑓𝑎𝑐𝑒

∙ 𝑑𝑎 .                                                   (1.1.4) 

Expressing the magnetic flux  in terms of the vector potential 𝐴 , Eq. (1.1.2), 

Φ =   ∇   × 𝐴  

𝑠𝑢𝑟𝑓𝑎𝑐𝑒

∙ 𝑑𝑎 .                                        (1.1.5) 

By Stoke’ theorem [5], the magnetic flux simplifies to, 

Φ =  𝐴 

𝑙𝑖𝑛𝑒

∙ 𝑑𝑙 .                                                           (1.1.6) 

For the solenoid, say of radius 𝑎, the magnetic flux  can now be expressed in terms of 

the magnetic field 𝐵  , Eq. (1.1.4), and also in terms of the vector potential 𝐴 , Eq. (1.1.6),   

Φ = 𝜋𝑎2𝐵 = 2𝜋𝑟𝐴.                                                  (1.1.7) 

The magnetic flux determines the vector potential.  In Eq. (1.1.7), the vector 

potential must be non-zero if the magnetic field is non-zero.  If the vector potential is 

non-zero, then when the split beam recombines, the beams can recombine out of phase. 

The beams recombine out of phase by the factor [6], 

𝜃 = 2𝜋
Φ

Φ𝑜
.                                                             (1.1.8) 

where Φ𝑜  is the flux quantum, 

Φ𝑜 =


𝑒
.                                                                  (1.1.9) 
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Eq. (1.1.8) will be derived mathematically later in this section.   

Upon recombination, the two parts of the split beam arrive with different phases, 

𝑔 =
𝑒

ℏ
 𝐴 ∙ 𝑑𝑟 =

𝑒Φ

2𝜋ℏ
  

1

𝑟
𝜙  ∙  𝑟𝜙 𝑑𝜙 = ±

𝑒Φ

2ℏ
.                            (1.1.10) 

where the plus sign applies when the electrons travel in the same direction as the vector 

potential 𝐴 , or equivalently, when the electrons travel in the same direction as the steady 

current in the solenoid.   The beams arrive out of phase by an amount proportional to the 

magnetic flux  their paths encircle, 

𝑝𝑎𝑠𝑒 𝑑𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑐𝑒 ∝
𝑒Φ

ℏ
.                                         (1.1.11) 

 In order to directly express Eq. (1.1.11) as the phase difference between the two 

beams, electron wavefunctions must be included in the analysis.  The time dependent 

electron wave functions, at the upper and lower structure sites in Fig. 1.1.1 (b) are, 

𝜓1
𝑜(𝑥, 𝑡) and 𝜓2

𝑜 𝑥, 𝑡 .                                  (1.1.12) 

With zero potential energy for the above wavefunctions, the electron beam wavefunction 

is a solution of the form, 

𝜓 = 𝜓1
𝑜𝑒

−𝑖𝑆1
ℏ + 𝜓2

𝑜𝑒
−𝑖𝑆2

ℏ .                                          (1.1.13) 

where the components, 𝑆1 and 𝑆2, of the phase factor, 𝑒𝑖𝑔 , are defined as, 

𝑆1 = 𝑒  𝜑1𝑑𝑡  and 𝑆2 = 𝑒  𝜑2𝑑𝑡.                         (1.1.14) 

The interference between the electrons of the split beam passing through the upper and 

lower sites depends on the phase difference, 

𝑝𝑎𝑠𝑒 𝑑𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑐𝑒 =
(𝑆1 − 𝑆2)

ℏ
.                                  (1.1.15) 
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The electrons essentially travel a circular path, which can be thought of as a closed 

circuit.  Expressing the above phase difference Eq. (1.1.15) in general terms as the 

integral around a closed circuit in space-time gives, 

𝑒

ℏ
  𝜑𝑑𝑡 −

𝐴 

𝑐
∙ 𝑑𝑥  .                                                    (1.1.16) 

Since the solenoid itself is uncharged, the scalar potential 𝜑 is zero.  Now, considering a 

path in space at time 𝑡 = 0, the above integral Eq. (1.1.16) can then be expressed as, 

𝑆1 − 𝑆2

ℏ
= −

𝑒

𝑐ℏ
 𝐴 ∙ 𝑑𝑥 . 

or in mks units as, 
𝑆1−𝑆2

ℏ
= −

𝑒

ℏ
 𝐴 ∙ 𝑑𝑥 .                            (1.1.17) 

Defined previously, the total magnetic flux inside the structure can still be expressed as, 

Φ =  𝐵  ∙ 𝑑𝑎 =  𝐴 ∙ 𝑑𝑥 .                                          (1.1.18) 

Even though the magnetic field 𝐵   is zero outside the solenoid, the vector potential 𝐴  is 

non-zero everywhere outside the solenoid since the total magnetic flux through the circuit 

equals a constant magnetic flux.  For an electron, 𝑒, moving through this region, the time 

dependent Schrödinger equation is, 

 
1

2𝑚
 
ℏ

𝑖
∇ − 𝑒𝐴  

2

+ 𝑉 𝜓 = 𝑖ℏ
𝜕𝜓

𝜕𝑡
.                         (1.1.19) 

with a solution, 

𝜓 = 𝜓1 + 𝜓2.                                                                                  (1.1.20) 

where 𝜓1 = 𝜓1
𝑜𝑒

−𝑖𝑆1
ℏ  and 𝜓2 = 𝜓2

𝑜𝑒
−𝑖𝑆2

ℏ  .                 (1.1.21) 

Combining Eq. (1.1.14), (1.1.17) and (1.1.18), the phase difference in Eq. (1.1.8) can 

now directly be expressed as the phase difference between the two beams, 
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𝜃 =
𝑆2 − 𝑆1

ℏ
=

𝑒

ℏ
 𝐴 ∙ 𝑑𝑥  

=
𝑒

ℏ
Φ = 2𝜋

𝑒


Φ = 2𝜋

Φ

Φ𝑜
.                                     (1.1.22) 

where again, the flux quantum, 

Φ𝑜 =


𝑒
= 1.33 × 10−17𝑔𝑎𝑢𝑠𝑠 𝑐𝑚 𝑠                           (1.1.23) 

Resulting in measureable interference, the phase difference 𝜃 = 2𝜋
Φ

Φ𝑜
  has been 

experimentally confirmed and validated [7] since 1960.   

In our work, we utilize the AB effect to determine and manipulate transmission 

characteristics of an electron traveling through our AB-ring interferometer.  AB 

interference is a standard mesoscopic tool for probing the degree of coherence [2].  Since 

AB-oscillations measure electron interference, the change in the transmission coefficient 

with respect to the normalized flux provides information on the coherence of the electron 

wavefunction as the electron passes through the AB-ring.  Analysis of the calculated 

transmission amplitude allows for characterization and manipulation of electron 

entanglement and interference.  We use this as a means to controllably transport specific 

electron states through our AB-ring interferometer. 
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1.2. Zeeman Effect 

The Zeeman effect is a measurable splitting of a quantum system’s energy levels 

in response to an external magnetic field.  In our work, the effect is used as a tool to 

manipulate and then characterize electronic configurations of the AB-ring interferometer.  

Electrons of the same energy level are degenerate.  Electrons’ quantum numbers may 

differ, though the electrons share the same energy state.  By introducing a perturbation to 

a system of electrons, the electrons’ degeneracy may be broken.  Magnetic fields have a 

different effect on electrons of different quantum numbers.  Thus, magnetic fields 

suspend electron degeneracy.  The presence of a magnetic field alters the electronic 

configurations by splitting the electrons’ energy levels.  Discovered by Pieter Zeeman, 

the altering of electronic configuration via a magnetic field is known as the Zeeman 

effect [8].   

A specific form of the Zeeman effect is the anomalous Zeeman effect, where spin 

characteristics factor into the electronic configuration.  The anomalous Zeeman effect can 

be explained from the Stern-Gerlach experiment, which showed that elementary particles, 

such as electrons, possess intrinsic spin characteristics.  The experiment showed that 

magnetic moments are quantized, requiring the inclusion of both the spin magnetic 

moment and the orbital magnetic moment.  Since an electron carries a non-zero spin, 

there is a corresponding magnetic dipole moment, or magnetic moment for short, 𝜇𝑆     .  

Thus, the total magnetic moment 𝜇  of an electron cannot be described by just the orbital 

magnetic moment 𝜇𝐿     , as previously thought.  With the intrinsic electron spin, a spin 

magnetic moment 𝜇𝑆      must be included in the total magnetic moment 𝜇 , 

𝜇 = 𝜇𝐿     + 𝜇𝑆      .                                                              (1.2.1) 
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Our work focuses on the spin characteristics of electrons entering the AB-ring 

interferometer.  The spin magnetic moment 𝜇𝑆      may be regarded as the total magnetic 

moment 𝜇 .  The orbital magnetic moment 𝜇𝐿      is excluded from the total magnetic moment 

equation because the orbital interaction of the electrons in the interferometer with a 

horizontal magnetic field is typically negligible [9].  The orbital motion of electrons 

entering the interferometer is confined to the plane of the interferometer’s two-

dimensional electron gas (2DEG); this solid state configuration is discussed later in 

section 1.3.  The vertical Lorentz force, associated with a horizontal magnetic field, then 

becomes superfluous.  The Lorentz force is 

𝐹 = 𝑞𝑣 × 𝐵  ,                                                                (1.2.2) 

where 𝑞 is the charge of an electron, 𝑣  is the electron velocity, and 𝐵   is the magnetic 

field.  The Lorentz force is perpendicular to the 2DEG plane, and the vertical confining 

potential impedes electron movement perpendicular to the 2DEG plane.  Thus, no 

electron motion perpendicular to the plane manifests; the orbital motion and associated 

terms, such as the orbital magnetic moment 𝜇𝐿      , may be ignored.   

To apply the results of the Stern-Gerlach experiment and the valid exclusion of 

the orbital magnetic moment 𝜇𝐿      to the AB-ring interferometer, we must relate our total 

magnetic moment 𝜇𝑆      of an electron to an energy level splitting of the quantum dots in the 

ring.  From the Stern-Gerlach experiment, we know the magnetic moment of an electron 

quantum mechanically relates the electron’s spin and its charge.  The magnetic moment 

of an electron also characterizes the response of the electron to an external magnetic 

field.  The external magnetic field, in which the electron resides, and the electron’s self-
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produced magnetism interact.   The external magnetic field then exerts a torque 𝜏  on the 

total magnetic moment 𝜇 , of the electron, 

𝜏 = 𝜇 × 𝐵  .                                                                  (1.2.3) 

Associated with this interaction is a potential energy 𝑈, 

𝑈 = −𝜇 ∙ 𝐵  .                                                               (1.2.4) 

For our work, this general potential energy formula is referred to as the Zeeman energy, 

휀𝑍.  When our AB-ring interferometer senses an external magnetic field, the quantum dot 

energy levels split by an amount determined from the Zeeman energy.  To show the 

energy level splitting caused by the associated Zeeman effect, the spin magnetic moment 

is used to define the Zeeman energy.    

 To define the Zeeman energy, we now focus on the spin magnetic moment, 

𝜇𝑆     =
−𝑒

𝑚𝑒
𝑆  .                                                               (1.2.5) 

where 𝑒 is the charge of an electron, 𝑚𝑒  is the mass of an electron, and 𝑆  is the spin 

angular momentum vector.  𝑆𝑍 is the z-component of 𝑆 , which expresses the possible 

orientations for the spin axis.  For an electron, exactly two orientations exist: spin-up and 

spin-down.  The two values for 𝑆𝑍 are, 

𝑆𝑍 = 𝑚𝑠ℏ 

= ±
ℏ

2
 .                                                          (1.2.6) 

where the spin magnetic quantum number 𝑚𝑆 is either +
1

2
 or −

1

2
.  The two values for 𝑆𝑍 

correspond to the two possible orientations for the spin angular momentum vector 𝑆 .   
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The z-axis is taken to be in the direction of the external magnetic field.  When an 

electron spin is parallel to an external magnetic field, 𝑆𝑍 is positive (spin-up).  When an 

electron spin is anti-parallel to an external magnetic field, 𝑆𝑍 is negative (spin-down).  

The spin can be either up or down so the moment is either parallel or antiparallel to the 

magnetic field [4]. 

Since the spin angular momentum and the spin magnetic moment are associated 

with one another, the spin magnetic moment may be further described from Eq. (1.2.5) 

and (1.2.6) in terms of the z-component of the spin angular momentum, 

𝜇𝑆,𝑍 =
−𝑒

𝑚𝑒
𝑆𝑍  

= ±
𝑒

𝑚𝑒
𝑚𝑠ℏ .                                              (1.2.7) 

Spin magnetic moments of electrons and other elementary particles can be 

expressed in terms of the Bohr magneton 𝜇𝐵, which is numerically    

5.7883 × 10−5𝑒𝑣 ∙ 𝑇−1.  A fundamental unit for expressing the electron spin magnetic 

moment, the Bohr magneton is, 

𝜇𝐵 =
𝑒ℏ

2𝑚𝑒
 .                                                         (1.2.8) 

To express the z-component of the spin magnetic moment in terms of the Bohr magneton, 

a factor of 
2

2
 is multiplied to Eq. (1.2.7), 

𝜇𝑆,𝑍 = ±
2

2

𝑒ℏ

𝑚𝑒
𝑚𝑆 

 = ±2𝑚𝑆𝜇𝐵  .                                                       (1.2.9) 
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 The z-component of the spin magnetic moment of an electron approximately 

equals one Bohr magneton 𝜇𝐵.  This approximation is valid when the charge-to-mass 

ratio is uniform.  If the charge-to-mass ratio is non-uniform, the above equation must be 

altered to compensate for the uneven distribution of charge-to-mass by modifying the g-

factor, which multiplies the gyromagnetic ratio.   

 The gyromagnetic ratio describes the relation between the magnetic moment and 

the angular momentum vector.  The gyromagnetic ratio can be defined as the ratio of the 

total magnetic moment 𝜇  to the orbital angular momentum vector 𝐿   , or equivalently as 

the ratio of the total magnetic moment 𝜇  to the spin angular momentum vector  𝑆 .  The 

electron’s g-factor is the amount by which the gyromagnetic ratio differs from the 

classical value of 
𝑒

2𝑚𝑒
.   

The g-factor is a dimensionless constant whose value describes the detailed 

charge-to-mass distribution.    For a free electron, the g-factor is 2.  To incorporate the g-

factor into Eq. (1.2.5), first a factor of  is multiplied, 

𝜇𝑆     =
2

2

𝑒

𝑚𝑒
𝑆  

≡ 𝑔
𝑒

2𝑚𝑒
𝑆  .                                                   (1.2.10) 

where 𝑔 is the g-factor and 
𝑒

𝑚𝑒
 is the actual measured value to factor into 𝜇 .  Our system 

media consists of confined electrons, not free electrons.  For our system, the 

heterostructure consists of GaAs, whose effective g-factor is -0.44 [10].   
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Neither the spin magnetic moment nor the spin angular momentum vector can be 

directly measured.  The z-components, however, are measurable.  So, Eq. (1.2.10) is 

written in terms of the spin z-components, 

𝜇𝑆,𝑍 = 𝑔
𝑒

2𝑚𝑒
𝑆𝑍  .                                                (1.2.11) 

Eq. (1.2.11) can be shown to equal the Bohr magneton by initially assuming the g-factor 

to equal a value of 2, 

𝜇𝑆,𝑍 =
𝑒

𝑚𝑒
𝑆𝑍  

=
𝑒

𝑚𝑒

ℏ

2
 

= 𝜇𝐵  .                                                             (1.2.12) 

As validated in Eq. (1.2.12), the z-component of the spin magnetic moment can be 

equated to the Bohr magneton for our work.  From Eq. (1.2.4), the Zeeman energy can 

now be written in terms of the z-component of the spin magnetic moment, 

휀𝑍 = −𝜇 ∙ 𝐵   

= ±𝜇𝑆,𝑍𝐵𝑍 

= ±𝜇𝐵𝐵𝑍  .                                                         (1.2.13)                                                     

For our work with Zeeman splitting, the magnetic field will be in the same direction as 

the spin magnetic moment.  No specification of the magnetic field z-component is needed 

because the entire field is in z-direction.  Eq. (1.2.13) becomes, 

휀𝑍 = ±𝜇𝐵𝐵 .                                                    (1.2.14) 
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To incorporate the g-factor for GaAs into the Zeeman energy equation, the factor of 
2

2
 is 

again multiplied into Eq. (1.2.14), 

휀𝑍 = ±
2

2
𝜇𝐵𝐵 .                                                (1.2.15) 

Since the g-factor equals a value of 2 for the free electron, the g-factor may be written in 

place of this value, 

휀𝑍 = ±
𝑔

2
𝜇𝐵𝐵 .                                               (1.2.16) 

The Zeeman energy level splitting for each quantum dot energy level may now be written 

as, 

Δ휀𝑍 =
𝑔

2
𝜇𝐵𝐵 .                                                 (1.2.17) 

For a g-factor less than zero, such as in bulk GaAs, both the spin vector 𝑆  and the 

effective magnetic moment 𝜇  of the electron are normally aligned with the external 

magnetic field for spin-up, shown in Fig. 1.2.1.   

 

Figure 1.2.1.  For a g-factor less than zero, both the spin vector 𝑺    and the effective magnetic 

moment 𝝁    of the electron are normally aligned with the external magnetic field for spin-up. 
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Since the g-factor is less than zero for GaAs, a spin-up electron has lower energy than a 

spin-down electron.  This can be seen in Fig. 1.2.2, a schematic of a quantum dot in the 

AB-ring interferometer with an external magnetic field, showing the Zeeman splitting 

taking into account the spin magnetism of the electron. 

 

Fig. 1.2.2.  A schematic of a quantum dot with spin-split energy levels.  𝜺𝟎 is the energy level 

of the quantum dot for a zero magnetic field.  𝜺𝒂 and 𝜺𝒃 are the new energy levels from the 

Zeeman effect due to a non-zero magnetic field.  The spin-split states each shift by ±𝚫𝜺𝒁. 

 

In Fig. 1.2.2, 휀𝑎  has an electron spin-state of spin-down; 휀𝑏  has an electron spin-state of 

spin-up.  Mathematically, these states are, 

휀𝑎 = 휀𝑜 −
𝑔

2
𝜇𝐵𝐵 .                                                  (1.2.18) 

휀𝑏 = 휀𝑜 +
𝑔

2
𝜇𝐵𝐵 .                                                 (1.2.19) 

Eq. (1.2.18) and (1.2.19) show that the quantum dot energy levels are split by an amount 

proportional to the magnetic field [10].  We utilize the Zeeman effect to generate spin-

split states in both the upper and lower quantum dots embedded in the ring of the AB-ring 

interferometer.  The Zeeman effect splits the energy states of the upper and the lower 

quantum dots into two levels each [11].  The initial energy values for each dot are split by 

an amount ±Δ휀𝑍, resulting in four spin-split states.   
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 The spin-split states provide new possible paths for electrons traveling through 

the AB-ring.  With the Zeeman effect, incident electrons can now have two sites in each 

quantum dot with which to potentially resonate.  In our work, we utilize the Zeeman 

effect to gain a greater degree of electronic manipulation.  We use this enhanced 

electronic configuration to manipulate the transmission into spin-polarized states. 

 

1.3. System Environment: the Heterostructure and 2DEG 

A heterostructure is a low-dimensional system, composed of different 

semiconductor layers, where the composition of a semiconductor can be changed on the 

nanometer scale.  A heterostructure essentially confines electronic motion.  Electrons 

behave as though they are free to move in only two or fewer free dimensions.  Thus, 

incorporating heterostructures into technological devices allows for greater means of 

control and manipulation on the nanoscale. 

Heterostructures are formed from multiple heterojunctions.  A heterojunction 

forms when two different materials in a heterostructure meet.   

 

Figure 1.3.1.  Two dissimilar semiconductors with different bandgaps joined to form a 

heterojunction.  Representing the unrestricted motion parallel to the interface, the curves 

are 𝑬 versus 𝒌, where 𝑬 is the energy and 𝒌 is the wave vector of a confined electron [12]. 
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Each material has its own conduction and valence bands, with corresponding bandgaps.  

At the junction, bandgaps from different materials create a discontinuity in either the 

conduction or the valence band, where 𝑧 is the dimension perpendicular to the 

heterostructure layers.  The discontinuity causes there to be a strain at the heterojunction 

interface, an important factor in the formation of a usable heterostructure. 

A heterostructure consists of two or more different semiconductor layers, i.e. 

heterojunctions, grown coherently with one common crystalline structure.  The 

heterostructure of interest consists of three layers, AlGaAs/GaAs/AlGaAs.  In Fig. 1.3.2, 

a thin layer of GaAs is sandwiched between thick layers of AlGaAs. 

 

 

Figure 1.3.2.  An AlGaAs/GaAs/AlGaAs layered heterostructure and the in-plane motion of 

the charge carrier, an electron [12]. 

 

Trapped in the GaAs layer, an electron can only move in the plane of the layers.  

The electron’s wave vector 𝑘   describes the electron’s momentum 𝑝 , 

𝑝 = ℏ𝑘   .                                                             (1.3.1) 

The heterostructure thus confines electronic motion to the 𝑥- and 𝑦-components of the 

wave vector, and correspondingly the momentum.  Essentially, this confinement allows 
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for the manifestation of a two-dimensional electron gas (2DEG).  A 2DEG is the basis for 

the majority of electronic devices in heterostructures [4]. 

The AlGaAs/GaAs/AlGaAs heterostructure is commonly used since it is such a 

good candidate for a 2DEG, due to the extreme similarity between the materials’ lattice 

constants.  In short, a lattice constant is the distance between lattice sites in crystalline 

structures.  Lattice constants of different semiconducting materials can be used to assess 

their structural compatibility.  The lattice constant of GaAs is 5.653Å and that of AlAs is 

5.660 Å [13].  The difference in these lattice constants is only 0.1%.  With such a small 

difference, the lattice spacing in the AlGaAs/GaAs/AlGaAs heterostructure can be 

considered constant.  The strain, formed at heterojunctions, may be ignored for our 

system [12]. 

Material bandgaps describe electron behavior in a heterostructure.  A 

semiconductor comprises two distinct energy bands, defined by the energy versus wave 

vector curves for an electron, Fig. 1.3.3.  Almost devoid of electrons, the upper band 

represents excited electron states.  These states are occupied by electrons promoted from 

localized covalent bonds into extended states in the body of the crystal.  Readily 

accelerated by an applied electric field, these electrons contribute to current flow.  

Accordingly, this band is known as the conduction band.  Almost full of electrons, the 

lower band conducts by movement of the empty states, i.e. holes.  This lower band 

originates from valence electron states, which constitute the covalent bonds holding the 

atoms together in a crystal [12].  The lower band is known as the valence band.  The 

bandgap is the energy difference between the conduction and valence bands.   
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Figure 1.3.3.  The energy versus wave vector (a) curve for an electron in a vacuum (b) 

curves for an electron in the conduction band and a hole in the valence band of GaAs.  𝑬𝒈𝒂𝒑 

is the energy bandgap [12]. 

 

The bandgap of AlGaAs is wider than that of GaAs.  Therefore, the Fermi energy EF in 

AlGaAs is higher than 𝐸𝐹  in GaAs.  𝐸𝐹  in the wide gap is higher than 𝐸𝐹  in the narrow 

gap.  As seen in Fig. 1.3.4, the different bandgap energies essentially establish quantum 

well barriers.  The AlGaAs/GaAs/AlGaAs sandwich behaves as a quantum well since the 

conduction band energy 𝐸𝑐  is higher in AlGaAs than in GaAs.  Δ𝐸𝑐  is the difference in 

𝐸𝑐
𝐺𝑎𝐴𝑠  and 𝐸𝑐

𝐴𝑙𝐺𝑎𝐴𝑠  and provides the barrier that confines the electrons.  Its role as a 

discontinuity will be addressed later in this section. 
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Figure 1.3.4.  Schematic of a quantum well formed by a layer of GaAs surrounded by 

AlGaAs.  The potential well in the conduction and valence bands show two bound states 

each, with their corresponding bandgap energy.  The bandgap energy for GaAs, labeled 

𝑬𝒈
𝑮𝒂𝑨𝒔, is measured from top of the valence band energy 𝑬𝒗 to the bottom of the conduction 

band energy 𝑬𝒄 at the GaAs well.  The bandgap energy for AlGaAs, labeled 𝑬𝒈
𝑨𝒍𝑮𝒂𝑨𝒔, is 

measured from the bottom of the 𝑬𝒗 to the top of the 𝑬𝒄 at the AlGaAs barrier [4]. 

 

Heterostructures, such as that in Fig. 1.3.4, rely on modulation doping to confine 

electrons to two dimensions and to produce a functioning heterosystem.  In modulation 

doping for our system, negatively charged donor electrons are doped in the barrier region, 

labeled now as n-AlGaAs.  Though the doping is grown in the n-AlGaAs region, the 

carrier electrons subsequently migrate to the undoped GaAs region, forming a 2DEG.  

Fig. 1.3.5 shows this process.   

 

Figure 1.3.5.  Conduction band around a heterostructure between n-AlGaAs and undoped 

GaAs, showing how electrons are separated from their donors to form a 2DEG.  (a) The 

difference in 𝑬𝒄
𝑨𝒍𝑮𝒂𝑨𝒔 and 𝑬𝒄

𝑮𝒂𝑨𝒔 is labeled as 𝚫𝑬𝒄.  (b) The resulting electron wavefunction 

confined in the accumulation layer (2DEG) is labeled as 𝜺𝟏 [4].   
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When the material is neutral everywhere and the bands are flat, the carrier electrons will 

sit on their donors, as seen in Fig. 1.3.5 (a).  In response to the discontinuity Δ𝐸𝑐  at the 

heterojunction, the Fermi energies of the two different regions try to align.  Following 

Poisson’s law, the undoped GaAs region 𝐸𝐹  raises up to, but not above, the bottom of the 

conduction energy band in the n-Al/Ga/As region.  Consequently, the carrier electrons 

migrate to the undoped GaAs region where they lose energy and become trapped since 

they cannot climb the barrier from Δ𝐸𝑐 .  The discontinuity of Δ𝐸𝑐  prevents electrons from 

returning to their donors.  In Fig. 1.3.5 (b), the electrons are forced to squeeze together 

against the interface where they become trapped in a roughly triangular potential well, 

known as the accumulation layer (2DEG).  

In summary, the bottom energy level of both conduction bands re-arranges at the 

heterojunction interface, resulting in a distortion of the conduction band.  In an attempt to 

compensate for the bandgap difference at the interface, electrons pool at the interface.  

The distorted conduction band with modulation doping resembles a quantum well.  The 

well goes below the Fermi energy, allowing electrons to pile into a narrow region at the 

interface.  The result is the formation of a 2DEG in the AlGaAs/GaAs/AlGaAs 

heterostructure.  Due to a large donor concentration, electron mobility increases in a 

2DEG.  The greater electron mobility allows for another element of flexibility in 

fabricating semiconductor nanostructures [14].  
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GaAs and AlGaAs juxtaposition form a heterojunction; GaAs sandwiched 

between AlGaAs form a heterostructure; modulation doping of the heterostructure forms 

a 2DEG, finalizing the structural system environment.  Now capable of supporting 

current flow and resonance tunneling, our system environment is ready for the AB-ring 

interferometer to be placed inside. 

 

1.4. Application of Electric and Magnetic fields 

Electric and magnetic fields serve as valuable tools to understand and analyze 

properties of an electronic quantum device.  In an experiment, applied electric voltages 

establish device parameters; electric current measurements probe devices for their 

transmission properties.  With such a delicate system as an electric quantum device, a 

theoretical framework must be established and implemented before initiating an 

experiment.  In our work, this necessary theory is conducted by analyzing Mathematica 

program results.  In the program, a magnetic field probes and modifies the electron wave-

function in the AB-ring interferometer.  Other studies have observed attainable spin-

polarization in a modified AB-ring interferometer via the AB effect and the Zeeman 

effect [15].  Measurements of spin-polarization for GaAs QDs have also been reported 

[14].  Our work theoretically could produce similar results to those producible in the 

laboratory, where voltages at quantum point contacts (QPCs) would be used to produce 

an externally applied electric field.  Fig. 1.4.1 gives a simplified example of a typical 

QPC.  Fig. 1.4.2 is an application of QPCs on an actual AB-ring. 
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Figure 1.4.1.  Layout of a typical quantum point contact, a short constriction defined by 

patterned metal gates on the surface of a heterostructure [4]. 

 

 
 

Figure 1.4.2.  An AB-ring with QDs of ~200 nm by 200 nm.  The white arrow points to the 

2DEG region, the majority of the area on the ring.  The triangles are the QPCs for the 

voltage terminals; the circles are the QPCs for the gate voltages.  A QD is on each arm of 

the ring where the three lower QPCs meet and where the three upper QPCs meet [16]. 

 

Introducing an electric field to a heterostructure generates lateral electron 

confinement within a 2DEG, further restricting degrees of freedom.  Electron motion 

parallel to the heterostructure layers is generally unaffected, allowing electrons to remain 

free in those directions.  Fig. 1.4.3 shows the effect of an applied electric field on the 
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confined energy levels within a quantum well.  For our theoretical work, an applied 

external magnetic field affects the confined energy levels within our system in the same 

manner. 

 

Figure 1.4.3.  The ground state quantum well wavefunction of the zero-field potential (solid 

line) and the corresponding potential at an electric field of 10 kVcm
-1

 (dashed line) [12]. 

 

A magnetic field produces shifts in the electron energy levels through the Zeeman 

effect and phase shifts in the electron’s wavefunction through the AB effect.  In our 

work, a magnetic field applied parallel to the heterostructure layers produces different 

results than a magnetic field applied perpendicular to the heterostructure layers.  A 

perpendicular magnetic field, confined to the center of the ring, only causes AB-

oscillations in transmission.  The AB-ring interferometer, however, can also be used to 

study the Zeeman effect.  The Zeeman effect occurs not only when an external magnetic 

field is perpendicular to the ring plane, but also when a field is parallel to the ring plane.   

When the magnetic field is perpendicular to the entire ring plane, the AB-effect 

and the Zeeman effect can together produce results. Both Zeeman energy level splitting 

and AB effects occur with a perpendicular magnetic field which penetrates the entire AB-

ring and QD structure.  When the effects are studied together in a perpendicular magnetic 
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field, the AB-ring interferometer is denoted as “coupled.”  The AB-effect and the 

Zeeman effect are also studied individually, in which case the AB-ring interferometer is 

described as “de-coupled.”  The de-coupled case occurs when a field is applied parallel to 

the ring plane, and the perpendicular field is taken as restricted to only the interior of the 

ring.  A parallel magnetic field provides splitting of the QD energy levels without causing 

an AB effect.  Zeeman splitting of QD electron spin energy states can be used to produce 

spin-polarized currents. 

Fig. 1.4.5 compares the two cases with schematics superimposed on the 

photograph of an actual AB-ring with QDs of ~200 nm by 200 nm [16].  The green 

circles represent the upper and lower QDs.  Part (a) is the de-coupled case, where the 

perpendicular magnetic field, represented by perpendicular yellow arrows, is confined to 

the interior of the ring and the parallel magnetic field goes through the entire ring plane.  

Part (b) is the coupled case, where the only field is a perpendicular magnetic field, 

represented by yellow arrows, which goes through the entire ring plane.  Section 2 of 

Chapter 3 further addresses this comparison.   
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Figure 1.4.4.  Decoupled and coupled configurations.  The green circles represent the upper 

and lower QDs.  (a) De-coupled AB-ring configuration.  Parallel white arrows represent the 

magnetic field parallel to the entire ring plane.  Perpendicular yellow arrows represent the 

perpendicular magnetic field confined to the solenoid.  (b) Coupled AB-ring configuration.  

Yellow arrows perpendicular to the ring plane represent the magnetic field perpendicular 

through the entire ring plane.   

 

Heterostructures with applied electric and magnetic fields are commonly utilized 

theoretically and experimentally.  They serve as tools to control a nanometer sized 

device, within the bounds of quantum mechanics and low dimensional semiconductors.  

The fabrication and manipulation of quantum dots, and thus quantum devices like the 

AB-ring interferometer, require extremely sensitive control in the nanometer regime.  

Assistance from technology, such as quantum dot systems, is needed to harness low-

dimensional systems for transport. In this popular area of study, current investigations of 

quantum dots include utilization in semiconductor lasers, quantum computation, and 

spintronics [17].   
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1.5. System Design and Method of Analysis 

The AB-ring interferometer description begins with explaining a quantum dot 

(QD) and the lattice ring structure.  Then, the AB-ring interferometer fabrication and 

method of analysis will be discussed.  Semiconductor quantum fabrication requires a 

heterostructure within which a QD is constructed.  Confined in three dimensions, the 

electrons within the QD can be utilized for a vast array of devices and measurements in 

nanotechnology.  The goal in our work is to measure the transmission probability of a 

single electron through two QDs, each embedded in one arm of an AB-ring.  The spin 

effects will also be considered for applications to spintronics. 

A QD is a small electronic structure of quasi zero-dimension.  A small number of 

electrons can be confined within a quantum dot, defined in a planar region of the 

heterostructure.  The dimension perpendicular to the confined area is only about a 

nanometer region of a semiconductor.  Electrons are confined in a conducting material at 

the boundary layer, GaAs in our work, which is surrounded on all sides by an insulating 

material, AlGaAs.  As shown in Fig. 1.5.1, a QD manifests from the electron confinement 

produced by the 2DEG in the heterostructure.   
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Figure 1.5.1.  A single free standing pillar containing a QD and an expanded view which 

shows schematically the removal of all degrees of freedom for the electron momentum [12]. 

 

When the conducting material volume is small enough, and the insulating material 

is strong enough, then confinement induces electron energy quantization. A QD contains 

a discrete number of electrons; as in a real atom, a QD has a discrete spectrum of energy 

levels. From this resemblance, a QD is regarded as an artificial atom.  The confining 

potential of a QD replaces the potential of a nucleus [18].  A more complex structure, the 

AB-ring interferometer with a QD in each arm is regarded as an artificial molecule.   

Each QD in the AB-ring can be initially described as two potential barriers in a 

waveguide through which an incoming electron tunnels.  Each QD is a double barrier 

resonant structure (DBRS) within which an incident electron can resonate.  Two barriers 

allow a narrow peak in transmission when the energy of the incident electron matches 

that of a resonant quasi-bound state between the barriers.  The higher the potential 

barriers are, the narrower the peak will be in the transmission.   

A nano-scale AB-ring interferometer, with a QD embedded in each arm of the 

ring is investigated analytically to provide electron transmission characteristics. The arms 

of the ring are thought of as quantum wires [19], where a confined electron is free to 
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move in only one direction.  Fig. 1.5.2 and 1.5.3 show quantum wire (QW) fabrication 

and schematics.  A 2DEG is formed at the interface of AlGaAs and GaAs; A QW is 

formed in the GaAs, which is not a part of the actual 2DEG. 

 

Figure 1.5.2.  Fabrication of quantum wires [12]. 

 

 

Figure 1.5.3.  A single wire and an expanded view schematically showing the single degree 

of freedom in the electron momentum [12]. 

 

 With our AB-ring structure, it is possible to precisely study the transmission of 

resonant tunneling through quasi-bound states in a QD.  Each QD is designed to have a 

single energy level: 휀𝑈  for the upper QD and 휀𝐿 for the lower QD.  With a ring, two 

interacting QDs can be studied together.  Working with double QDs in a ring, instead of 

just one QD on a line, produces phase coherent tunneling with interference effects.  
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The AB-ring interferometer basically consists of one QD on each arm of the ring, 

with a one-dimensional (1D) periodic lattice attached to the left (input) and right (output) 

sites.  Shown in Fig. 1.5.4, the 1D periodic lattice uniformly connects to the input and 

output of the ring. 

 

Figure 1.5.4.  General schematic of the AB-ring interferometer.  A 1D periodic lattice 

attaches to ring input and output at lattice sites 𝒏 = −𝟏 and 𝒏 = 𝟏.  1D periodic lattice sites, 

labeled by ±𝒏 from the ring, have a lattice constant value of  𝒂.  Coupling parameters 

between the 1D periodic lattice sites are 𝑽𝒐.  Attached to the ring, the upper and lower QD 

energy values are labeled 𝜺𝑼 and 𝜺𝑳.  The coupling parameters between the QDs and the 

ring input/output lattice sites are 𝑽𝑼 for the upper and 𝑽𝑳 for the lower.  A magnetic flux 𝚽 

goes through the ring. 

 

  A current of electrons enter through the ring’s input.  Entering electrons are 

called incident electrons.  After traversing through the 1D periodic lattice, an incident 

electron can travel through the ring in a variety of ways.  The AB-ring interferometer is 

symmetric when the upper and lower QDs on the ring have the same energy.  The 

interferometer is asymmetric when the QDs have different energy values. 

The AB effect is studied in the ideal case by placing an infinitely long solenoid 

though the middle of the ring, perpendicular to the ring plane, as discussed in section 1.1.  

The solenoid encloses a uniform magnetic field which produces a magnetic vector 

potential in the region of the electron path around the ring.  An incident electron’s 

wavefunction can thus split in two, half traveling through the upper ring arm while the 
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other half travels through the lower arm.    The split incident electron wave amplitudes 

can interfere with each other after traveling through the two arms and recombining at the 

output junction.  The waves can also scatter when encountering a QD.  This interference 

and scattering can result in phase shifts of the incident electron’s wavefunction.  Phase 

shifts are measured when the recombined incident electron exits the ring into the output 

1D periodic lattice.   

The lattice sites 휀𝑜  in Fig. 1.5.4 have corresponding single bound wavefunctions 

and potential functions.  For example, the lattice site of energy 휀𝑜  at the ring input is 

numbered 𝑛 = −1.  The single bound wavefunction for this site is 𝑐𝑛𝜑𝑛  and the potential 

function is 𝑣𝑛 .  The wavefunction of the incident electron in the 1D periodic lattice is, 

𝜓 𝑥 =  𝑐𝑛𝜑𝑛

𝑛

 𝑥  .                                       (1.5.1) 

where                                                           𝜑𝑛 𝑥 = 𝜑𝑜 𝑥 − 𝑛𝑎  .                                      (1.5.2)  

is periodic with the lattice.  The Hamiltonian of the lattice is, 

𝐻 =
𝑝 2

2𝑚
+  𝑣(𝑥 − 𝑛𝑎)

𝑛

.                                 (1.5.3) 

𝐻 =
𝑝 2

2𝑚
+  𝑣𝑛

𝑛

 .                                                (1.5.4) 

In the 1D periodic lattice, we only recognize that a site interacts with its two nearest 

neighbors.  Since we consider only nearest-neighbor interactions, i.e. overlapping 

integrals, the Schrödinger equation can be written as, 

 
𝑝 2

2𝑚
+ 𝑣𝑛−1 + 𝑣𝑛 + 𝑣𝑛+1 𝜓 𝑥 = 𝐸𝜓 𝑥  .                             (1.5.5) 

where                                            𝜓 𝑥 = 𝑐𝑛−1𝜑𝑛−1 + 𝑐𝑛𝜑𝑛 + 𝑐𝑛+1𝜑𝑛+1 .                     (1.5.6) 
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and                                                 
𝑝 2

2𝑚
+ 𝑣𝑛 𝑐𝑛𝜑𝑛 = 휀𝑛𝑐𝑛𝜑𝑛  .                                            (1.5.7) 

Substituting Eq. (1.5.6) and (1.5.7) into (1.5.5) for 𝜓 gives, 

 휀𝑛−1𝑐𝑛−1𝜑𝑛−1 + 휀𝑛𝑐𝑛𝜑𝑛 + 휀𝑛+1𝑐𝑛+1𝜑𝑛+1 + 𝑐𝑛𝑣𝑛−1𝜑𝑛 + 𝑐𝑛+1𝑣𝑛−1𝜑𝑛+1

+ 𝑐𝑛−1𝑣𝑛𝜑𝑛−1 + 𝑐𝑛+1𝑣𝑛𝜑𝑛+1 + 𝑐𝑛−1𝑣𝑛+1𝜑𝑛−1 + 𝑐𝑛𝑣𝑛+1𝜑𝑛

= 𝐸 𝑐𝑛−1𝜑𝑛−1 + 𝑐𝑛𝜑𝑛 + 𝑐𝑛+1𝜑𝑛+1  .                                                     (1.5.8) 

Now, the 𝜑𝑛(𝑥) functions are orthonormal, 

 𝜑𝑛𝜑𝑚𝑑𝑥 = 𝛿𝑛𝑚 .                                              (1.5.9) 

Multiplying Eq. (1.5.8) by 𝜑𝑛(𝑥) and integrating over the lattice gives, 

휀𝑛𝑐𝑛 + 𝑐𝑛 𝑣𝑛−1 𝑛 ,𝑛 + 𝑐𝑛−1 𝑣𝑛 𝑛 ,𝑛−1                                                                    

+ 𝑐𝑛+1 𝑣𝑛 𝑛 ,𝑛+1 + 𝑐𝑛 𝑣𝑛+1 𝑛 ,𝑛 = 𝐸𝑐𝑛                                                  (1.5.10) 

where              𝑐𝑛 𝑣𝑛 𝑛 ,𝑛−1 = 𝑐𝑛  𝜑𝑛 𝑥 𝑣𝑛 𝑥 𝜑𝑛−1 𝑥 𝑑𝑥 , 𝑒𝑡𝑐.                               (1.5.11) 

We only want to include nearest-neighbor interaction terms.  Accordingly, the 

terms are dropped for which the overlap integral involves a wavefunction which is not a 

nearest-neighbor to the potential.  In Eq. (1.5.10), let 

휀𝑛 +  𝑣𝑛−1 𝑛 ,𝑛 +  𝑣𝑛+1 𝑛 ,𝑛 ≡ 휀 𝑛  .                              (1.5.12) 

−𝑉𝑛 ,𝑛+1 ≡  𝑣𝑛 𝑛 ,𝑛+1 .                                           (1.5.13) 

−𝑉𝑛 ,𝑛−1 ≡  𝑣𝑛 𝑛 ,𝑛−1 .                                           (1.5.14) 

𝑐𝑛 ≡ 𝜓𝑛  .                                                       (1.5.15) 

so that Eq. (1.5.10) becomes the main result, 

− 𝑉𝑛 ,𝑛−1𝜓𝑛−1 + 𝑉𝑛 ,𝑛+1𝜓𝑛+1 + 휀 𝑛𝜓𝑛 = 𝐸𝜓𝑛  .                                 (1.5.16) 
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Eq. (1.5.16) is our Schrödinger equation in the tight-binding approximation.  The term in 

parenthesis can be extended to include multiple nearest-neighbors of site 𝑛 for two-

dimensional systems.   

 Citing Bloch’s theorem, we propose the wavefunction of an electron placed in a 

periodic potential, such as that in Eq. (1.5.16), can be written as a solution of the form, 

𝜓𝑛 = 𝐴𝑒𝑖𝑘𝑎𝑛 ≡ 𝐴𝑒𝑖𝜃𝑛                                                  (1.5.17) 

with   𝜃 = 𝑘𝑎 .                                                      (1.5.18)  

where 𝐴 is a periodic Bloch function with the same periodicity as the periodic potential 

and 𝑒𝑖𝜃𝑛  is a plane wave envelope function.  Substituting Eq. (1.5.17) into Eq. (1.5.16) 

gives, 

− 𝑉𝑛 ,𝑛−1𝐴𝑒𝑖𝜃 𝑛−1 + 𝑉𝑛 ,𝑛+1𝐴𝑒𝑖𝜃  𝑛+1  + 휀 𝑛𝐴𝑒𝑖𝜃𝑛 = 𝐸𝐴𝑒𝑖𝜃𝑛  

and                     𝐸 = − 𝑉𝑛 ,𝑛−1𝑒
−𝑖𝜃 + 𝑉𝑛 ,𝑛+1𝑒

𝑖𝜃 + 휀 𝑛  .                  (1.5.19) 

For a uniform lattice, 

𝑉𝑛 ,𝑛−1 = 𝑉𝑛 ,𝑛+1 ≡ 𝑉𝑜  .                                                  (1.5.20) 

Eq. (1.5.20) into Eq. (1.5.19) describes the electron energy in a uniform lattice for 1D 

uniform leads, 

𝐸 = −2𝑉𝑜 cos 𝜃 + 휀 𝑛  .                                              (1.5.21) 

Eq. (1.5.21) is called the dispersion relation.  The spread of electron energy levels is thus 

4𝑉𝑜 . 

We next consider the effect of a magnetic flux Φ through a loop, such as the ring 

in our AB-ring interferometer.   
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Figure 1.5.5.  Schematic diagram of an AB-ring, simplified version of Fig. 1.5.4.  1D site 

lattices are numbered by ±𝒏 with coupling parameters of 𝑽𝒐.  The coupling parameters of 

the upper and lower ring arms are 𝑽𝑼 and 𝑽𝑳. 

 

In Fig. 1.5.5 let us introduce 

𝜑 =
2𝜋Φ

Φ𝑜
 .                                                          (1.5.22) 

Without magnetic flux, the ring coupling parameters 𝑉𝑈 and 𝑉𝐿 are the overlap integrals 

between the lattice sites 𝑛 = −1 and 𝑛 = 1 in the upper and lower arms, respectively.  

An electron can travel through the ring in four different ways.  When the electron travels 

from lattice site number 𝑛 = −1 to 𝑛 = 1, the coupling parameter is labeled 𝑉−1,1.  

Likewise, when the electron travels from lattice site number 𝑛 = 1 to 𝑛 = −1, the 

coupling parameter is labeled 𝑉1,−1.  For both 𝑉−1,1 and 𝑉1,−1 the electron can travel 

clockwise (cw) or counterclockwise (cc), 

𝑉−1,1
𝑐𝑤 = 𝑉𝑈𝑒−

𝑖𝜑
2  .                                                      (1.5.23) 

𝑉−1,1
𝑐𝑐 = 𝑉𝐿𝑒

𝑖𝜑
2  .                                                        (1.5.24) 

𝑉1,−1
𝑐𝑐 = 𝑉𝑈𝑒

𝑖𝜑
2  .                                                       (1.5.25) 

𝑉1,−1
𝑐𝑤 = 𝑉𝐿𝑒

−
𝑖𝜑
2  .                                                     (1.5.26) 
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Revisiting Fig. 1.5.4, the general schematic for the AB-ring interferometer, 

assume all site energies are zero, 휀 𝑛 = 0, except the QD site energies 휀𝑈  and 휀𝐿.  We next 

set the ring coupling parameters between sites in the leads to a value of 1, i.e. unity.  

From Eq. (1.5.17), we can now write the incident electron wavefunctions at sites 𝑛 ≤ −1 

as, 

𝜓𝑛 = 𝑒𝑖𝜃𝑛 + 𝑟𝑒−𝑖𝜃𝑛  .                                                 (1.5.27) 

and at sites 𝑛 ≥ 1, 

𝜓𝑛 = 𝑡𝑒𝑖𝜃𝑛  .                                                                 (1.5.28) 

We will solve for the upper and lower QD wavefunctions at the sites 휀𝑈  and 휀𝐿 of the 

ring.  We will additionally obtain the reflection amplitude 𝑟 and the transmission 

amplitude 𝑡 of the incoming electron.  Fig. 1.5.6 (a) shows our AB-ring interferometer 

with the incoming (inc), transmission (out) and reflection (refl) wavefunctions for, 

𝜓𝑖𝑛𝑐 = 𝑒𝑖𝑛𝜃  .                                                            (1.5.29) 

𝜓𝑜𝑢𝑡 = 𝑡𝑒𝑖𝑛𝜃  .                                                          (1.5.30) 

𝜓𝑟𝑒𝑓𝑙 = 𝑟𝑒−𝑖𝑛𝜃 .                                                       (1.5.31) 

 

Part (b) represents our AB-ring interferometer as a double barrier resonant structure 

(DBRS) for the incoming electron of energy 𝐸 traversing the upper QD.  The barrier 

height of a QD is inversely proportional to the corresponding coupling parameter.  This 

relation will further be discussed in section 2.2. 
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Figure 1.5.6 (a) AB-ring interferometer schematic including incoming electron 

wavefunctions.  (b) Interferometer shown as a DBRS for an incoming electron through the 

upper QD. 

 

 To incorporate the Zeeman effect in our calculations, the ring structure in the 

general schematic for our AB-ring interferometer must be modified to provide additional 

coupling parameters to each split QD energy level, shown in Fig 1.5.7. 
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Figure 1.5.7.  Schematic for the AB-ring interferometer, with QD energy level splitting due 

to the Zeeman effect.  The upper QD energy 𝜺𝑼 splits into two states, 𝜺𝒂 and 𝜺𝒃.  The lower 

QD energy 𝜺𝑳 splits into two states, 𝜺𝒄 and 𝜺𝒅.  To correspond with the split QD energy 

levels, the ring coupling parameters split from 𝑽𝑼 and 𝑽𝑳 to 𝑽𝒂, 𝑽𝒃, 𝑽𝒄 and 𝑽𝒅. 

 

For each segment of the ring, the flux phase factor is 𝑒
−𝑖𝜑

4  for clockwise traversals and is 

𝑒
𝑖𝜑

4  for counterclockwise traversals.  The QD wavefunctions corresponding to the split 

energy levels are 𝜓𝑎 , 𝜓𝑏 , 𝜓𝑐  and 𝜓𝑑 . 

We use Eq. (1.5.16), the Schrödinger equation for the tight-binding 

approximation, and Eq. (1.5.2) the dispersion relation, for site numbers -1,1,a,b,c, and d 

to obtain six equations from which we can obtain our six unknowns: 𝑟, 𝑡, 𝜓𝑎 , 𝜓𝑏 , 𝜓𝑐  and 

𝜓𝑑 . 

For 𝑛 = −1 →  

−𝑉𝑜 𝑒−2𝑖𝜃 + 𝑟𝑒2𝑖𝜃 − 𝑉𝑎𝑒
−𝑖𝜑

4 𝜓𝑎 − 𝑉𝑏𝑒
−𝑖𝜑

4 𝜓𝑏 − 𝑉𝑐𝑒
𝑖𝜑
4 𝜓𝑐 − 𝑉𝑑𝑒

𝑖𝜑
4 𝜓𝑑 + 휀𝑜 𝑒−𝑖𝜃 + 𝑟𝑒𝑖𝜃 

− 𝐸 𝑒−𝑖𝜃 + 𝑟𝑒𝑖𝜃 = 0 .                                                                            (1.5.32) 

For the upper level of the upper QD, 𝑛 = 𝑎 →  

−𝑉𝑎𝑒
𝑖𝜑
4  𝑒−𝑖𝜃 + 𝑟𝑒𝑖𝜃  − 𝑉𝑎𝑒

−𝑖𝜑
4 𝑡𝑒𝑖𝜃 +  휀𝑈 + Δ휀 𝜓𝑎 − 𝐸𝜓𝑎 = 0 .                            (1.5.33) 
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For the lower level of the upper QD, 𝑛 = 𝑏 →  

−𝑉𝑏𝑒
𝑖𝜑
4  𝑒−𝑖𝜃 + 𝑟𝑒𝑖𝜃  − 𝑉𝑏𝑒

−𝑖𝜑
4 𝑡𝑒𝑖𝜃 +  휀𝑈 − Δ휀 𝜓𝑏 − 𝐸𝜓𝑏 = 0 .                           (1.5.34) 

For the upper level of the lower QD, 𝑛 = 𝑐 →  

−𝑉𝑐𝑒
−𝑖𝜑

4  𝑒−𝑖𝜃 + 𝑟𝑒𝑖𝜃  − 𝑉𝑐𝑒
𝑖𝜑
4 𝑡𝑒𝑖𝜃 +  휀𝐿 + Δ휀 𝜓𝑐 − 𝐸𝜓𝑐 = 0 .                              (1.5.35) 

For the lower level of the lower QD, 𝑛 = 𝑑 →  

−𝑉𝑑𝑒
−𝑖𝜑

4  𝑒−𝑖𝜃 + 𝑟𝑒𝑖𝜃 − 𝑉𝑑𝑒
𝑖𝜑
4 𝑡𝑒𝑖𝜃 +  휀𝐿 − Δ휀 𝜓𝑑 − 𝐸𝜓𝑑 = 0 .                           (1.5.36) 

For 𝑛 = 1 →  

−𝑉𝑎𝑒
𝑖𝜑
4 𝜓𝑎 − 𝑉𝑏𝑒

𝑖𝜑
4 𝜓𝑏 − 𝑉𝑐𝑒

−𝑖𝜑
4 𝜓𝑐 − 𝑉𝑑𝑒

−𝑖𝜑
4 𝜓𝑑  

−𝑉𝑜𝑡𝑒2𝑖𝜃 + 휀𝑜𝑡𝑒𝑖𝜃 − 𝐸𝑡𝑒𝑖𝜃 = 0 

𝑡 −𝑉𝑜𝑒𝑖𝜃 − 𝐸 𝑒𝑖𝜃 = 𝑡𝑉𝑜  .                               (1.5.37) 

 

Eq. (1.5.32)-(1.5.37) are the ring structure equations.  Since we have set the site energies 

휀 𝑛 = 0, except for the QD site energies, we then have from the dispersion relation, 

𝐸 = −2𝑉𝑜 cos 𝜃 + 휀 𝑛  

𝐸 = −2𝑉𝑜 cos 𝜃                                                                         

𝐸 =  −𝑒𝑖𝜃 − 𝑒−𝑖𝜃 𝑉𝑜  .                                            (1.5.38) 

The dispersion relation gives an energy window of  −2, 2 . 

We can now form a coefficient matrix, Eq. (1.5.39), from the above set of ring 

structure equations [20].  Eq. (1.5.38) is used to simplify the ring structure equations.  

The row labels for the coefficient matrix are arbitrarily arranged as 𝑛 = −1, 𝑎, 𝑏, 𝑐, 𝑑, 1 
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and the column labels are the coefficients from the six ring structure equations for 

𝑟, 𝑡, 𝜓𝑎 , 𝜓𝑏 , 𝜓𝑐 , 𝜓𝑑 , 

. 

(1.5.39) 

From the same six ring structure equations, we can form a column matrix, Eq. (1.5.40) 

whose elements are the constant terms for each of the ring structure equations.  The row 

labels are 𝑛 = −1, 𝑎, 𝑏, 𝑐, 𝑑, 1, 

(1.5.40) 

. 
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A constant term is the only term in a ring structure equation not multiplied by one of our 

six unknowns: 𝑟, 𝑡, 𝜓𝑎 , 𝜓𝑏 , 𝜓𝑐  and 𝜓𝑑 .  The unknowns make a column matrix, 

(1.5.41) 

. 

The coefficient matrix multiplied by the column matrix of unknowns equals the column 

matrix of constant terms.   

A transformation matrix describes incident electron wavefunctions to the right of 

a QD as a function of those on the left.  The most fundamental is the S-matrix, which 

describes “what comes out” as a function of “what goes in”.  The standard S-matrix 

equation is, 

𝑆 ⋅ 𝑣 = 𝑐  .                                                                (1.5.42) 

where 𝑆  is the coefficient matrix Eq. (1.5.39), 𝑐  is the constant vector Eq. (1.5.40), and 𝑣  

is the solution vector Eq. (1.5.41).  We invert matrix 𝑆  to obtain the solution vector, 

𝑣 = 𝑆 −1 ⋅ 𝑐  .                                                           (1.5.43) 

From the solution vector 𝑣 , the transmission amplitude 𝑡 is obtained.  We now are able to 

calculate the transmission coefficient T, 

𝑇 =  𝑡 2  .                                                             (1.5.44)  

which is plotted in Mathematica as a function of both incoming electron energy 𝐸 and 

magnetic flux Φ for varying values of coupling parameters and site energies.   
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The full mathematical calculations for the transmission coefficient of an incident electron 

through our AB-ring interferometer are shown in the program source codes, in Appendix 

A and Appendix B.  

Using Wolfram Mathematica software, our program was written to 

mathematically emulate how our AB-ring interferometer with embedded QDs operates 

with the AB-effect and the Zeeman effect.  The goal of the program is to simulate an AB-

ring interferometer as a spin-polarizer.  The weighted spin-polarization function is then 

calculated and presented as a function of magnetic field and electron energy.   

Based on the tight-binding approximation, the program generates electron 

transmission characteristics; the program allows us to identify specific system parameters 

to be placed back into the program to simulate clear electron-polarization and spin-

filtering.  Ideal system configurations for desired output are implemented back into the 

program to test theory and predictions. Incident electron energy, perpendicular magnetic 

flux, parallel magnetic field strength, coupling parameters, QD energies, and lattice site 

energies are user input parameters.  The effects of input parameter modifications on 

electron transmission and spin-polarization are studied ceterus paribus and in 

combination.  

The AB effect, Zeeman effect, coupled AB-Zeeman effects, and de-coupled AB-

Zeeman effects are analyzed from program output as plots.  Such plots are in the form of 

single and combined line plots, manipulate plots and contour plots.  A single line plot 

graphs a function versus one input parameter.  For example, a single line plot can graph 

incident electron transmission versus incident electron energy, 𝑇 𝑣𝑠. 𝐸.  A combined plot 

graphs two or more functions versus one input parameter.  A manipulate plot graphs a 
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function against one or more input parameters, where one or more input parameter may 

be altered in real time by the user.  In a manipulate plot, the user slides a manipulate bar 

which changes plotted parameter values.  This alters the plot to graph the newly assigned 

parameter values.  A contour plot graphs two parameters against each other to produce a 

topological range for a given function.  A contour plot can be thought of as a bird’s eye 

view of multiple general line plots in series.  For example, on a contour plot of the 

weighted polarization function with magnetic flux versus electron energy, we can see 

where a system configuration reaches 100% polarization and the various percentages in 

between via a specified color scheme.   

With these various plots, we can analyze the AB and Zeeman effects to develop 

optimal configurations.  We can determine degrees of electron interference since AB-ring 

oscillations measure electron interference.  The AB-effect and the Zeeman effect measure 

phase and spin coherence; plots incorporating both effects allow us to investigate electron 

phase coherency and spin-polarization of the transmission. 

Zeeman splitting of the QD energy levels generates regions of parameter space in 

which incident electron transmission becomes highly spin-polarized.  Our goal is to 

discover the input parameters needed to produce optimal configurations and then 

generate optimal configurations where electron transmission is highly spin-polarized, 

where electron interference and phase coherence allow for maximum electron 

transmission, and where the transmission is easily controlled and/or manipulatable. 
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In summary, the Mathematica program evaluates system configurations for 

electron transport through QDs in AB-rings based on the tight-binding approximation.  

Specifically, the equation used is a modified form of the tight-binding approximation, the 

Schrödinger tight-binding equation, 

−  𝑉𝑛 ,𝑚𝜓𝑚

𝑚

+ 휀𝑛𝜓𝑛 = 𝐸𝜓𝑛  .                                            (1.5.45) 

This method provides the analytical expressions for the AB-oscillations and the Zeeman 

energy splitting.  These effects on the incident electron transmission and spin states will 

generate information that characterizes our device’s functionality with regards to 

quantum mechanical qualities.   

 

1.6. Energy Scales 

This section defines the Zeeman energy scales for the Mathematica program 

parameters.  We are assuming that the QDs in our device are made with bulk GaAs, 

which has a corresponding g-factor of −0.44 [21].   Defining an AB-ring radius of 

approximately 200 𝑛𝑚 [11], for the perpendicular magnetic field we relate the Zeeman 

energy splitting Δ휀𝑍 to the normalized flux 
Φ

Φ𝑜
 as Δ휀𝑍 = 0.42

Φ

Φ𝑜
 𝜇𝑒𝑉.  Typically, single-

level QD energy equals 110 𝜇𝑒𝑉 [22].  Our energy window is scaled from −2.0 < 𝐸 <

2.0.  Correspondingly, for the results in this thesis, the energy scale on the plots is a 

normalized energy with respect to 𝑉𝑜  which we set as 𝑉𝑜 = 1𝜇𝑒𝑉.  In Fig. 2.2.1 for 

example, the x-axis representing incident electron energy 𝐸 has the unit of 𝜇𝑒𝑉. 
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1.7. Applications to Spintronics 

Short for spin-electronics, spintronics utilizes spin degrees of freedom in 

artificially synthesized materials.  A spintronic device uses the spin of a particle to 

produce electronic or logic operations.  The spin degree of freedom of electrons has great 

potential as a carrier of classical information [23].  Spintronic devices could potentially 

create unique use of coherent quantum states, thus allowing for coherent spin 

manipulation.  Such devices could feasibly address problems computationally intractable 

with classical electronic components.   

A new scheme of devices and electronics evolve from spintronics.  Implementing 

spintronics into current technology allows for continuation and augmentation of existing 

electronic systems. For example, an excellent advantage of utilizing spin in a 

semiconductor is that is can be embedded into a transistor structure, lending itself to 

large-scale integration of a quantum information processor [21].   

The common goal in spintronics is to maximize the spin detection sensitivity to 

the extent that devices detect either the changes in a spin-state or a spin-state itself.  Spin 

detection generally relies on sensing changes in the signals caused by the presence of 

non-equilibrium spin in the system.  To understand and manipulate the interaction 

between the particle spin and its solid-state environment is the crux of spintronic study. 

In our work, the interacting particle is the incident electron.  The solid-state 

environment is the AB-ring interferometer, with applied uniform magnetic fields.  The 

AB-ring interferometer is studied to generate results focusing on spin-related properties.  

Device applications for our AB-ring interferometer include spin-polarizers and spin-
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filters, used to generate and measure electric currents consisting primarily of a single spin 

state.  Our work focuses on spin-polarization.   

The widespread applications of spintronics range from the sensors in mainstream 

hard drives [24] to the theoretical work presented in this thesis.  Spin-polarized transport 

has been observed in systems similar to our AB-ring interferometer [25].  An electron 

spin-filter has been demonstrated by directly measuring the spin polarization of emitted 

current from a quantum dot in an in-plane magnetic field [14].  Spin-polarizers can be 

operated as an efficient spin-filter or used for spin-memory [10].  A large and diverse 

range of spintronic applications may allow spintronics to provide an avenue for the 

enhancement of conventional electronics.  
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Chapter 2: AB-oscillations and Resonances in a Double Quantum Dot Ring 

 

 

 

2.1.  Expected Results 

 We expect the AB-ring interferometer to function as a viable means for quantum 

electron transport.   With appropriate input parameters, electron wavefunctions should 

propagate and maintain desired phase coherence.  Displayed in various plots, electron 

transmission fluctuations due to only the AB effect should show oscillations with flux 

periodicity of  


𝑒
  [26], that is, a periodicity of 

Φ

Φ0
.   

Due to a unique parameter regime in which the AB-oscillations show extreme 

sharpening [1], the electron transmission can be tuned to produce spin-polarized currents 

which can be switched and controlled by small changes of external fields.  The AB-ring 

interferometer is expected to exhibit this extreme sensitivity to externally induced 

changes in the electron wavefunction via an applied magnetic field perpendicular to the 

ring plane.  We expect to feasibly show that this magnetic field sensitivity can be used to 

controllably characterize and manipulate electron transmission.   
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2.2.  Symmetric AB-ring 

 The symmetric ring configuration means the upper and lower QD energies are 

equal.  Appropriate input parameters tell the program to generate results based on an 

electron traveling through a symmetric ring system.  Since the AB effect is decoupled in 

this chapter, as we are studying just the AB effect, the program code includes a magnetic 

field applied perpendicular to the ring plane only through the middle of the ring which 

may be implemented via an infinitely long solenoid.   

The effect of the magnetic flux on the transmission is shown in Fig. 2.2.1, where 

100% transmission of an incident electron occurs at an integer value of normalized 

magnetic flux.  The ratio of the magnetic flux Φ to the flux quantum, Φ𝑜 , is the 

normalized flux Φ𝑛 , 

Φ𝑛 =
Φ

Φ𝑜
 .                                                            (2.2.1) 

Unless specified otherwise, the normalized flux will be referred to as flux for short.  The 

dips at 𝐸 = 0.3 for 
Φ

Φ𝑜
= 1.25 and for  

Φ

Φ𝑜
= 1.8 can be explained by dispersion 

interference effects.  Further description of this characteristic of the curves may be found 

in reference [1]. 
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Figure 2.2.1.  Symmetric AB-ring plot of transmission amplitude versus incident electron 

energy 𝑻 𝒗𝒔 𝑬, showing the effect of magnetic flux on transmission through a symmetric 

ring.  An incident electron of energy 𝑬 = 𝟎. 𝟑 resonates with the QD site energies, giving 

100% transmission for integer flux.   The input parameters are 𝑽𝑼 = 𝑽𝑳 = 𝜺𝑼 = 𝜺𝑳 = 𝟎. 𝟑.   

 

 

Two observed AB-oscillation examples of integer periodicity are shown in Fig. 2.2.2, 

where  parts (a) and (b) are contour plots.  The white areas in the contour plots represent 

resonance peaks where maximum transmission occurs.   

Figure 2.2.2 shows how resonance peaks are dependent on the electron energy 

and perpendicular flux.  The changes in the countour plots of part (a) compared with part 

(b) occur as 휀𝑈  and 휀𝐿 increase from 0.0 (a) to 0.3 (b).  In part (a), the periodic AB-

oscillations fluctuate with the flux symmetrically about the incident electron value 𝐸 = 0.  

In part (b) the oscillations fluctuate with flux asymmetrically about the value 𝐸 = 0.3.  

The asymmetry in part (b) occurs because AB-oscillations can only arise within an 

energy window of ±2𝑉𝑜 .  Shown in Eq. (1.5.38), this energy window is due to the 

dispersion relation.  When the oscillations are about a point other than the center 𝐸 = 0, 

the transmission is offset to compensate and to maintain the energy window.  Both 

contour plots verify that sharp resonance peaks develop on integer values of flux.  The 
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contour plots further show that sharp resonance peaks develop when the incident electron 

energy approaches the QD energy values.   

 

Figure 2.2.2.  Contour plots showing observed examples of AB-oscillation periodicity for 

every integer value of flux.  (a) 𝜺𝑼 = 𝜺𝑳 = 𝟎. 𝟎 and 𝑽𝑼 = 𝑽𝑳 = 𝟎. 𝟑;  (b) 𝜺𝑼 = 𝜺𝑳 = 𝟎. 𝟑 and 

𝑽𝑼 = 𝑽𝑳 = 𝟎. 𝟑. 

 

When the incident electron energy is very close to a QD energy, the incident 

electron resonates with the QD.  This resonance is shown in Fig. 2.2.3 (a), where 

narrower AB transmission peaks develop on integer values of 
Φ

Φ0
.  The spikes result from 

a resonance near the quasi-bound QD site energy [1].   
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Figure 2.2.3.  Plot of AB-oscillations exhibiting periodicity in a symmetric ring.  The 

transmission for four incident electrons with different energy values are shown having 

traversed a ring with the same following input parameters:                                                                                                

𝑽𝑼 = 𝑽𝑳 = 𝜺𝑼 = 𝜺𝑳 = 𝟎. 𝟑.  Resonance sharpening is evident for the electron transmission 

shown with the black curve that peaks around 100% transmission.  The black curve shows 

sharpened AB-oscillations occur on integer values when the normalized flux 𝚽𝒏 equals an 

integer value.  (a) Incident electron energy E: Black spike = 0.2999; blue dots = 0.0; short 

green dashes = 0.4; long pink dashes = 0.6.  (b) Zoomed-in view of the narrowest 

transmission peak, 𝑬 = 𝟎. 𝟐𝟗𝟗𝟗.   An incident electron with this energy resonates most 

sharply with the QD. 

 

Incident electron transmission can therefore be made very sensitive to changes in flux 
Φ

Φ0
.  

With QD energies and the incident electron energy approximately equal, that is 휀𝑈 =

휀𝐿 = 0.3 and 𝐸 = 0.2999,  the correlation between small changes in flux and 

transmission is best seen.  A zoomed-in view of the sharpest peak, shown in Fig. 2.2.3 

(b), displays the peak quickly dropping from approximately 100% transmission to 0% 

transmission.  This drop occurs within a flux window of ±0.03. With this proven 
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sensitivity to changes in flux, we utilize resonance sharpening to produce sensitive 

electron transmission which will help us achieve the main goal for this thesis, spin-

polarized transmission.  Spintronics and polarization will be further addressed in 

proceeding chapters. 

 When the coupling parameters 𝑉𝑈 and 𝑉𝐿 decrease by about a factor of ten, integer 

values of normalized flux permit incident electron transmission through the 

interferometer.  Fig. 2.2.4 gives two examples of resonance sharpening formed by 

adjusting ring QD coupling parameters 𝑉𝑈 and 𝑉𝐿.  This type of resonance sharpening is 

used once other parameters are set and is shown in plots of transmission versus flux for 

one appropriate incident electron value.  This helpful method is used later to determine 

optimal system configurations for spin-polarization.   

 

Figure 2.2.4.  Resonance sharpening formed by increasing ring QD coupling parameters.  

Other input parameters are set as: 𝜺𝑼 = 𝜺𝑳 = 𝟎. 𝟑 and 𝑬 = 𝟎. 𝟐𝟗𝟗𝟗.  (a) 𝑽𝑼 = 𝑽𝑳 = 𝟎. 𝟎𝟏. 

(b) 𝑽𝑼 = 𝑽𝑳 = 𝟎. 𝟎𝟕, incident electrons of other energy values can be seen with close 

inspection at very small transmission probabilities. 

 

 

A wider AB-oscillation peak of slightly lower transmission probability allows for a more 

controllable system in Fig. 2.2.4 (a).  A narrower AB-oscillation peak with higher 

transmission probability allows for a more manipulatable system in Fig. 2.2.4 (b).  Small 

QD coupling parameters, yielding narrower resonances in the energy window, require a 
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closer match between incident electron energy 𝐸 and the QD site energies in order to 

attain resonance sharpening in the AB-oscillations.   

The correlation between transmission probability and ring QD coupling 

parameters can further be explained by Heisenberg’s uncertainty principle, 

∆𝐸∆𝑡 ≥
ℏ

2
 .                                                            (2.2.2) 

where Δ𝐸 is the width of the resonance peak on a 𝑇 𝑣𝑠. 𝐸 plot and Δ𝑡 is the lifetime of the 

incident electron inside a QD.  Recall from Chapter 1 that the upper and lower QDs on 

the AB-ring can be interpreted as double barrier resonance structures (DBRSs).  

Accordingly, the barrier height of a QD is inversely proportional to the corresponding 

coupling parameter.  Larger ring coupling parameters generate smaller QD barriers 

resulting in weak confinement.  An incident electron has a shorter lifetime Δ𝑡 in the QD, 

which is represented by a wider peak on a 𝑇 𝑣𝑠 𝐸 plot.  Logically, smaller ring coupling 

parameters generate larger QD barriers resulting in stronger confinement, in which an 

incident electron has a long QD lifetime represented by a narrower peak on a 𝑇 𝑣𝑠 𝐸 plot.  

The width of a resonance peak ∆𝐸 is inversely proportional to the electron lifetime ∆𝑡.  

Correspondingly, a shorter ∆𝑡 is proportional to larger ring QD coupling parameters.  

This correlation also applies to anti-symmetric AB-ring configurations. 
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2.3.  Anti-symmetric AB-ring 

Anti-symmetric ring configurations exhibit fundamental AB-oscillation 

characteristics as explained above for symmetric configurations.  Both symmetric and 

anti-symmetric configurations display periodic AB-oscillations with integer values of 

flux, produce high transmission probabilities when the incident electron energy resonates 

with the QDs, and can determine resonance widths and electron lifetimes from Eq. 2.2.2, 

Heisenberg’s uncertainty principle.  An anti-symmetric ring, however, allows for a 

broader range of control and analytical techniques. 

Part (b) of Fig. 2.3.1 reveals why anti-symmetric rings are special.  Only one 

incident electron energy value attains reduced transmission in this plot of 𝑇 𝑣𝑠 
𝚽

𝚽𝒐
.  

Reduced transmission is a characteristic defining when an incident electron has 0% 

transmission; the electron is completely reflected.  The anti-symmetric ring displays 

reduced transmission at integer values of flux in 𝑇 𝑣𝑠 
𝚽

𝚽𝒐
 plots at a particular 𝐸 value. 

In part (b) of Fig. 2.3.1, only the dotted blue curve attains periodic reduced 

transmission.  The dotted blue curve plots an incident electron energy of 𝐸 = 0 on 

𝑇 𝑣𝑠 
Φ

Φ𝑜
.  The zero energy value is equivalent to the average of the upper and lower QD 

energy values, 

𝐸 =
 휀𝑈 + 휀𝐿 

2
=  휀  .                                                 (2.3.1) 

𝐸 =
 0.3 +  −0.3  

2
= 0 .                                       (2.3.2) 

Reduced transmission is observed when the incident electron energy 𝐸 approaches that of 

the average QD energy 휀 .  Though transmission probability only reaches about 80% 
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between the periodic reduced transmission points, the blue dotted curve is the preferable 

energy because it exhibits the sharpest peaks.  The blue dotted curve demonstrates the 

most flux sensitivity, thus allowing for a comparably greater means of system control and 

manipulation.   

 

 

 
Figure 2.3.1.  Anti-symmetric AB-ring with input parameters 𝑽𝑼 = 𝑽𝑳 = 𝟎. 𝟑, 𝛆𝑼 =
𝟎. 𝟑,  𝜺𝑳 = −𝟎. 𝟑; (a) Transmission probability 𝑻 versus incident electron energy 𝑬 plotted 

with four different flux 
𝚽

𝚽𝒐
 values.  (b) 𝑻 𝒗𝒔.

𝚽

𝚽𝒐
 plotted with four different 𝑬 values.  (c) 

Corresponding 3D plot of  𝑻 𝒗𝒔 𝑬 𝒗𝒔 
𝚽

𝚽𝒐
.  
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According to Eq. (2.3.1), reduced transmission occurs when 𝐸 ≅ 휀 .  This applies 

to ring configurations for which 휀 ≠ 0.  QD energies simply require differing values.  

Examples are shown in Fig. 2.3.2, where Eq. (2.3.1) is used to calculate the values for 

𝐸 ≅ 휀 .  Parts (a), (b), and (c) of Fig. 2.3.2 all show periodic reduced transmission for 

differing system configurations.  Parts (b) and (c) give identical transmission curves even 

though the overall system configurations differ.  Despite different QD energy values, the 

graphs produce the same transmission curves because the average QD energy value is the 

same for both graphs.   

 

 

Figure 2.3.2.  Reduced transmissions for varying incident electron energy 𝑬 values, shown 

to occur when 𝑬 approaches the average QD energy.  (a) 𝑬 =  
𝜺𝑼+𝜺𝑳

𝟐
 = 𝟎. 𝟎𝟖 ;  (b) 𝑬 =

 
𝜺𝑼+𝜺𝑳

𝟐
 = 𝟎. 𝟐;  (c) 𝑬 =  

𝜺𝑼+𝜺𝑳

𝟐
 = 𝟎. 𝟐.  The transmission curves in part (c) and (b) are the 

same since the average QD energy 𝜺  is the same.   
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The condition determining if graphs from different system configurations are 

identical is if the average of the upper and lower QD energies are the same.  The two 

different system configurations in part (b) and (c) have in common the average of their 

two QD energies.  Thus, we can observe identical AB-oscillations with tuned incident 

electron energy values as long as the condition is met that the energy level average of the 

two QDs is equivalent.  The QD energy values themselves are also important since 

resonance peaks are dependent on energy states bound in a QD, as is summarized below. 

In the previous two sections discussing symmetric and anti-symmetric ring 

configurations, we have verified the expected results for AB-oscillations.  For both 

symmetric and anti-symmetric ring configurations, AB-oscillations are periodic with 

integer values of flux.  Resonance peaks develop at the QD energy values where a phase 

change in the AB-oscillations of an incident electron occurs.  Resonance peaks depend on 

QD energy values.  Ring QD coupling parameters also characterize resonance properties.  

Smaller ring coupling parameters generate narrower Δ𝐸 resonance peaks, resulting in a 

more manipulatable tuned system.  Larger ring coupling parameters generate wider Δ𝐸 

resonance peaks, resulting in a more controllable tuned system.  Used as an analytical 

tool to characterize system configurations, reduced transmission occurs in anti-symmetric 

rings when 𝐸 ≅ 휀 .  In conclusion, we have verified that the AB-effect is an efficient 

means to control and manipulate our AB-ring interferometer for quantum electron 

transport. 
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2.4.  Inter-dot Coupling  

 AB-oscillations can be affected by yet another factor, the inter-dot coupling 

parameter 𝑉𝑗 .  By coupling the upper and lower QDs in our AB-ring interferometer, the 

QDs interact with each other.  Fig. 2.4.1 shows a schematic of our interferometer with the 

𝑉𝑗  modification. 

 

Figure 2.4.1.  AB-ring interferometer schematic including the inter-dot coupling parameter 

𝑽𝒋.  As in Fig. 1.5.4, a 1D periodic lattice attaches to ring input and output lattice sites 

𝒏 = −𝟏 and 𝒏 = 𝟏.  The distance between the 1D lattice sites is the lattice constant 𝒂.  

Coupling parameters between 1D periodic lattice sites are of energy 𝑽𝒐.  The ring coupling 

parameters between the QDs and the ring input/output lattice sites are 𝑽𝑼 and 𝑽𝑳.   

 

The inter-dot coupling parameter 𝑉𝑗  provides a variable means of QD interaction.  When 

𝑉𝑗  equals a value of zero, the quantum wire (QW) supplying the medium for inter-dot 

coupling may be ignored.  A zero 𝑉𝑗  effectuates the same result as if no QW existed.  

With zero 𝑉𝑗 , the QDs are isolated from each other.  As 𝑉𝑗  increases, this quasi-bound 

state isolation between the upper and lower QDs diminishes.   

Seen in Fig. 2.4.2, 𝑉𝑗  affects both energy resonance peaks and flux periodicity.  

The four sets of plots in Fig. 2.4.2 only differ by a progressively increasing value of 𝑉𝑗 ; 

all other input parameters remain constant.  When 𝑉𝑗  is zero, the energy resonance peak is 

symmetric and centered about the QDs values 휀𝑈 = 휀𝐿 = 0.3 on the 𝑇 𝑣𝑠. 𝐸 plot.  The 



58 
 

corresponding 𝑇 𝑣𝑠.
Φ

Φ𝑜
 plot shows integer flux periodicity in AB-oscillations.  As 𝑉𝑗  

increases from 0.0 to 0.3, the energy resonance peak shifts to the right on the 𝑇 𝑣𝑠. 𝐸 

plot.  On the 𝑇 𝑣𝑠.
Φ

Φ𝑜
 plot, the flux periodicity increases by a factor of two as 𝑉𝑗  increases 

from zero.  The AB-ring is effectively cut in half with the inter-dot coupling 𝑉𝑗  providing 

an additional pathway for electron interference.  

The more 𝑉𝑗  increases, the more the QDs interact.  Verified experimentally, the 

upper and lower QDs gradually behave as one effective QD by increasing 𝑉𝑗  [27].  

Comparing the 𝑉𝑗 = 0.0 to 0.9 increase on the 𝑇 𝑣𝑠. 𝐸 plots, the energy resonance width 

decreases.  This verifies the expected behavior governed by Heisenberg’s uncertainty 

principle, Eq. (2.2.2).  A larger ring QD coupling parameter, 𝑉𝑈 and/or 𝑉𝐿, is proportional 

to a shorter lifetime of the electron in the QD, Δ𝑡.   The width of the energy resonance Δ𝐸 

is inversely proportional to Δ𝑡.  A wider Δ𝐸 corresponds to a larger ring QD coupling 

parameter.  𝑉𝑗  decreases the individual effect of 𝑉𝑈 and 𝑉𝐿 since the QDs can eventually 

be regarded as one QD with a large enough 𝑉𝑗 .  Accordingly, 𝑉𝑗  is inversely proportional 

to the ring QD coupling parameters, 𝑉𝑈 and 𝑉𝐿.  Thus, a larger 𝑉𝑗  decreases the width of 

the energy resonance Δ𝐸. 
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Figure 2.4.2.  Four sets of  𝑻 𝒗𝒔 𝑬 and 𝑻 𝒗𝒔.
𝚽

𝚽𝒐
 plots showing the effect of an increasing 

inter-dot coupling parameter 𝑽𝒋 from 𝟎. 𝟎 to 𝟎. 𝟗.  All other input parameters are held 

constant: 𝜺𝑼 = 𝜺𝑳 = 𝑽𝑼 = 𝑽𝑳 = 𝟎. 𝟑; 
𝚽

𝚽𝒐
= 𝟏. 𝟎 for the 𝑻 𝒗𝒔. 𝑬 plots; 𝑬 = 𝟎. 𝟐𝟗𝟗𝟗 for the 

𝑻 𝒗𝒔.
𝚽

𝚽𝒐
 plots.  Shown on the 𝑻 𝒗𝒔. 𝑬 plots, an increasing 𝑽𝒋 shifts the energy resonance 

peaks to the right and decreases 𝚫𝑬. 
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Chapter 3: Results for Zeeman and AB Effects 

 

 

 

 The manipulation of electron spin in nanostructures has significantly grown in 

interest over the past decade within the international physics community [28].  Electron 

spin provides a new degree of freedom to be utilized in novel devices requiring a spin-

polarized electrical current [15].  The spin dependence of electron transmission for such 

quantum devices originates from the Zeeman effect.   

Discussed in Chapter 2, our AB-ring interferometer is sensitive to small changes 

in electron energy shifts with respect to our energy window −2 < 𝐸 < 2.  Since electron 

energy shifts in a QD are spin dependent in the presence of an external magnetic field, we 

modify transmission calculations in our Mathematica program to include the Zeeman 

effect.  The AB effect controls electron transmission resonances.  The Zeeman effect also 

controls transmission probabilities as functions of incident electron energy and flux 

through the AB-ring.  Unlike the AB-effect, however, the Zeeman effect controls spin 

dependent transmission resonance.  With both the Zeeman effect and the AB effect, we 

can observe electron and spin dependent transmission characteristics.  We apply the 

Zeeman and AB effects to our AB-ring interferometer for coupled and decoupled 

configurations to prove we can utilize our interferometer for spin-polarization. 
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3.1.  De-coupled Zeeman and AB Effects   

Fig. 3.1.1 schematically compares our interferometer’s response to both effects.  

In Fig. 3.1.1 (a), a perpendicular flux Φ⊥ is confined to the interior of the AB-ring and 

only the AB effect is realized. The upper and lower QDs have one energy state each, 

represented by the purple lines.  In Fig. 3.1.1 (b), a confined perpendicular flux Φ⊥ and a 

parallel flux Φ∥ from an external magnetic field applied parallel to the ring plane affect 

our interferometer.  The Zeeman effect is realized by the QD energy states responding to 

the parallel magnetic field.  The spin states of the electrons in the QDs align themselves 

with the magnetic field.  A spin-up state electron aligns parallel to the field, while a spin-

down state electron aligns anti-parallel to the field.  The QDs result in having two energy 

spin-states each.  The red lines represent spin-up states; the blue lines represent spin-

down states. 
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Figure 3.1.1.  AB-ring interferometer schematics comparing the (a) AB effect realization via 

a confined perpendicular flux 𝚽⊥ with the (b) realization of the AB effect via a confined 𝚽⊥ 

and the Zeeman effect via a flux 𝚽∥ parallel to the ring plane.  The Zeeman spin-state 

splitting is represented by the red lines for the spin-up states and by the blue lines for the 

spin-down states, given the negative g-factor of GaAs. 

 

Fig. 3.1.1 (b) is an example of a de-coupled ring configuration due to the Zeeman 

energy level splitting caused by the parallel magnetic field only.  There is no splitting as a 

function of the perpendicular magnetic field because the solenoid through the ring 

confines the perpendicular magnetic field, resulting only in AB-oscillations in 

transmission.  The magnetic field parallel to the ring only causes the Zeeman energy level 
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splitting in the QDs.  The other configuration scenario is the coupled case, where a 

perpendicular magnetic field goes through the entire AB-ring interferometer and not just 

through the solenoid.  The coupled case will be addressed in section 3.2, later in this 

chapter. 

The relationship between QD energy states and Zeeman energy splitting affects 

incident electron behavior.  The set of contour plots in Fig. 3.1.2 shows that as the 

Zeeman energy increases, resonant transmission peaks increasingly span the incident 

energy axis in a symmetric fashion.  The ring is anti-symmetric with 휀𝑈 = 0.5 and 

휀𝐿 = −0.5.  In part (a), there is no Zeeman energy.  Only two resonant transmission 

peaks develop, oscillating about the upper and lower QD energy values 휀𝑈  and 휀𝐿.  Parts 

(b), (d) and (e) verify the expected energy level splitting from the Zeeman energy Δ휀𝑍, by 

showing four resonant transmission peaks oscillating about the four corresponding spin-

split states 휀𝑎 , 휀𝑏 , 휀𝑐   and 휀𝑑 .  In part (c) the Zeeman energy Δ휀𝑍 equals  휀𝑈 − 휀𝐿 /2 

resulting in an overlap of the spin-up state of 휀𝑈  with the spin-down state of 휀𝐿, and 

giving periodic reduced transmission points along 𝐸 = 0.0 as a function of flux. When 

spin-states overlap, they become spin-mixed states. 
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Figure 3.1.2.  Five  
𝚽

𝚽𝒐
 𝒗𝒔.  𝑬 contour plots for varying amounts of Zeeman splitting 𝚫𝜺𝒁 via 

a parallel magnetic field.  The white lines represent the highest incident electron 

transmission probability; the lighter the area, the higher the transmission.  All five plots 

have coupling parameters of 𝟎. 𝟐 and have an anti-symmetric ring configuration with 

𝜺𝑼 = 𝟎. 𝟓 and 𝜺𝑳 = −𝟎. 𝟓. (a) 𝚫𝜺𝒁 = 𝟎. 𝟎, no Zeeman splitting.  (b) 𝚫𝜺𝒁 = 𝟎. 𝟐, no spin-

mixed states.  (c) 𝚫𝜺𝒁 = 𝟎. 𝟓, reduced transmission develops on periodic values of flux at 

𝑬 = 𝟎. 𝟎.  (d) 𝚫𝜺𝒁 = 𝟎. 𝟕, crossing of spin-states result in spin-split states out of sequence.  

(e) 𝚫𝜺𝒁 = 𝟏. 𝟎, well defined transmission resonance at spin-split states, also out of sequence. 

 

 A Zeeman energy Δ휀𝑍 greater than that which induces reduced transmission 

causes inner spin-split state interference; this correlation is applied later for spin-

polarization.  The spin states cross each other and go from mixed states to spin-split states 

out of sequence.  Fig. 3.1.2 (b) shows the spin-split states 휀𝑎 , 휀𝑏 , 휀𝑐   and 휀𝑑  

corresponding to decreasing resonant transmission energies.  Fig. 3.1.2 (d) and (e) show 

spin-split states out of sequence from that in part (b).  Progressing from highest to lowest 

energy, the spin-split states in part (d) and (e) are now ordered from highest to lowest 
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energy as  휀𝑎 , 휀𝑐 , 휀𝑏  and 휀𝑑 .  By changing the sequence of spin-split states, we can 

manipulate our AB-ring interferometer to function as a device which transmits electrons 

of predetermined spin-state energy values.   

Detailed spin-crossing is shown in Fig. 3.1.3 for two contour plots Δ휀𝑍  𝑣𝑠.  𝐸 

where a finite flux is confined to the ring solenoid at values of (a)  Φ⊥ =
Φ

Φ𝑜
= 0.0 and (b)  

Φ⊥ =
Φ

Φ𝑜
= 0.3.  The amount of energy splitting from the Zeeman energy Δ휀𝑍 is 

determined by the magnetic field parallel to the ring plane 𝑩∥, 

Δ휀𝑍 =
1

2
𝑔𝜇𝐵𝑩∥                                                       (3.1.1. ) 

The system configuration is the same as above, a de-coupled anti-symmetric AB-ring 

with coupling parameters of 0.2 and QD energy values 휀𝑈 = 0.5 and 휀𝐿 = −0.5.   

 

Figure 3.1.3.  Transmission contour plots for Zeeman energy 𝚫𝜺𝒁  𝒗𝒔.  𝑬  exhibiting (a) a 

spin-mixed state at the transmission resonance crossings for  𝚽⊥ =
𝚽

𝚽𝒐
= 𝟎. 𝟎 and (b) a spin-

mixed state at reduced transmission anti-crossing for 𝚽⊥ =
𝚽

𝚽𝒐
= 𝟎. 𝟑.  Both (a) and (b) have 

coupling parameters of 𝟎. 𝟐 and have an anti-symmetric ring configuration with 𝜺𝑼 = 𝟎. 𝟓 

and 𝜺𝑳 = −𝟎. 𝟓. 
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Finite flux creates a crossing and an anti-crossing due to interference of the 

overlapping spin-split levels.  This can more easily be analyzed in Fig. 3.1.4 by 

comparing the 𝑇 𝑣𝑠. 𝐸 line plots corresponding to the pink lines at Δ휀𝑍 = 0.429 and 

Δ휀𝑍 = 0.5 for the finite flux values Φ⊥ =
Φ

Φ𝑜
= 0.0 and Φ⊥ =

Φ

Φ𝑜
= 0.3 which correspond 

to the above contour plots.   

 

Figure 3.1.4.  Spin polarization via a de-coupled anti-symmetric AB-ring including the 

Zeeman effect.  Both plots have coupling parameters of 𝟎. 𝟐 and have an anti-symmetric 

ring configuration with 𝜺𝑼 = 𝟎. 𝟓 and 𝜺𝑳 = −𝟎. 𝟓. For the blue curve, 𝚫𝜺𝒁 = 𝟎. 𝟒𝟐𝟗 which 

corresponds to a parallel magnetic field 𝑩∥ = 𝟑𝟑. 𝟖 𝒎𝑻.  For the violet curve, 𝚫𝜺𝒁 = 𝟎. 𝟓 

which corresponds to 𝑩∥ = 𝟑𝟗. 𝟒 𝒎𝑻.  (a) Three spin-states: spin-up, spin-mixed and spin-

down.  The 𝟓. 𝟔 𝒎𝑻 difference in 𝑩∥ between the blue and violet curves results in the blue 

curve having a spin-up and spin-down state, and the violet curve having a spin-mixed state.  

(b) The blue curve changes from two distinct spin-states to a spin-mixed state when 𝑩⊥ 

increases from 0 to 𝟏𝟎 𝒎𝑻. 

 

 

From Eq. (3.1.1), the parallel magnetic field 𝑩∥ corresponding to Δ휀𝑍 = 0.429 is 

33.8 𝑚𝑇 and for Δ휀𝑍 = 0.5 is 39.4 𝑚𝑇.  The blue curves in Fig. 3.1.4 correspond to the 

pink lines at Δ휀𝑍 = 0.429 in Fig. 3.1.3; the violet curves in Fig. 3.1.4 correspond to the 

pink lines at Δ휀𝑍 = 0.5 in Fig. 3.1.3.  The transmission at Δ휀𝑍 = 0.429 (blue curve) 

changes from spin-split to spin-mixed as the perpendicular flux Φ⊥ changes from 0.0 
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(Fig. 3.1.4 a) to 0.3 (Fig. 3.1.4 b) due to the perpendicular magnetic field 𝑩⊥ increasing 

from 0.0 𝑚𝑇 to 10 𝑚𝑇.    

By analyzing just Fig. 3.1.4 (a), we see that the transmission at Δ휀𝑍 = 0.5 (violet 

curve) changes from a spin-mixed state to spin-split states at Δ휀𝑍 = 0.429 (blue curve) 

when 𝑩∥ decreases by 5.6 𝑚𝑇 from 39.4 𝑚𝑇 to 33.8 𝑚𝑇.  Thus, we can configure our 

AB-ring interferometer to produce spin-polarization by changing either 𝑩∥ or 𝑩⊥.  Fig. 

3.1.5 shows transmission contour plots with other finite flux values which could just as 

easily be used with each other to attain spin-polarization as described above by changing 

either 𝑩∥ or 𝑩⊥.   

 

 

Figure 3.1.5.  Transmission contour plots for Zeeman energy 𝚫𝜺𝒁  𝒗𝒔.  𝑬.  Plots (a)-(c) have 

coupling parameters of 𝟎. 𝟐 and have an anti-symmetric ring configuration with 𝜺𝑼 = 𝟎. 𝟓 

and 𝜺𝑳 = −𝟎. 𝟓.  (a) 𝚽⊥ =
𝚽

𝚽𝒐
= 𝟎. 𝟏;  (b) 𝚽⊥ =

𝚽

𝚽𝒐
= 𝟎. 𝟕𝟓;  (c) 𝚽⊥ =

𝚽

𝚽𝒐
= 𝟏. 𝟎. 
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3.2.  Coupled Zeeman and AB Effects 

 The Zeeman effect can split the QD energy levels with a magnetic field parallel to 

the ring plane, in the de-coupled case, or with a magnetic field perpendicular to the entire 

ring plane, in the coupled case.  Electrons naturally align themselves according to the 

direction of the magnetic field.  Whether the field is parallel or perpendicular, the 

electrons in the QDs will still undergo spin splitting.  In the coupled case, a perpendicular 

magnetic field goes through the entire AB-ring interferometer.  The same perpendicular 

magnetic field which causes the Zeeman energy-level splitting in the QDs also causes the 

AB-oscillations in the incident electron transmission.  In the coupled case, we only 

consider this perpendicular magnetic field; there is no parallel magnetic field.  The 

equation defining the amount of energy an electron splits via the Zeeman effect for the 

coupled AB-ring configuration is, 

Δ휀𝑍 =
1

2
𝑔𝜇𝐵𝑩⊥  .                                                      (3.2.1) 

 Fig. 3.2.1 distinguishes the two separate cases with schematics superimposed on 

the photograph of an actual AB-ring interferometer with QDs of ~200 nm by 200 nm 

[16].  The green circles represent the upper and lower QDs.  Part (a) is the de-coupled 

case, where the perpendicular magnetic field, represented by perpendicular yellow 

arrows, is confined to the interior of the ring and the parallel magnetic field goes through 

the entire ring plane.  Part (b) is the coupled case, where the only field is a perpendicular 

magnetic field, represented by yellow arrows, which goes through the entire ring plane.  
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Figure 3.2.1.  Decoupled and coupled configurations.  The green circles represent the upper 

and lower QDs.  (a) De-coupled AB-ring configuration.  Parallel white arrows represent the 

magnetic field parallel to the entire ring plane.  Perpendicular yellow arrows represent the 

perpendicular magnetic field confined to the solenoid.  (b) Coupled AB-ring configuration.  

Yellow arrows perpendicular to the ring plane represent the magnetic field perpendicular 

through the entire ring plane.  There is no parallel magnetic field in the coupled 

configuration.   

 

 The coupled AB-ring configuration has similar 𝑇 𝑣𝑠. 𝐸 plots as those for the de-

coupled configuration.  The Zeeman effect splits the QD energy levels into spin-split 

states in the same manner.  Figure 3.2.2 gives four plots exemplifying the similar Zeeman 

splitting characteristics for a coupled AB-ring configuration.  The AB-ring is anti-

symmetric with 휀𝑈 = 0.5 and 휀𝐿 = −0.5.  The flux Φ⊥ =
Φ

Φ𝑜
= 1.0, and the ring 

coupling parameters are set to 0.2.  In part (a) the Zeeman energy level splitting Δ휀𝑍 =

0.0 resulting in no QD energy state splitting.  The same result applies to the de-coupled 

case.  With no Zeeman energy level splitting, only two resonant energy transmission 

peaks occur on the 𝑇 𝑣𝑠. 𝐸 plot.  The two resonant energy transmission peaks develop as 

the energy of an incoming electron approaches the energy level of one of the QDs.  

Incident electrons very close to energies of ±0.5 resonate with one of the QDs, reaching 

the highest transmission probability.   
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In parts (b), (c) and (d) of Fig. 3.2.2, the Zeeman energy is non-zero, and four 

resonant energy transmission peaks develop from the spin-split states.  As the Zeeman 

energy increases, the inner peaks become less sharp and difference in the four resonant 

energy widths decreases.  As in the de-coupled case, the resonant energy peaks occur 

about the four spin-split QD energy values.   

 

 
 
Figure 3.2.2.  Four 𝑻 𝒗𝒔. 𝑬 plots exemplifying effects of increasing Zeeman energy splitting 

𝚫𝜺𝒛 with all other input parameters held constant: 𝜺𝑼 = 𝟎. 𝟓, 𝜺𝑳 = −𝟎. 𝟓, ring coupling 

parameters are 𝟎. 𝟐.  (a) No Zeeman energy splitting at 𝚫𝜺𝒛 = 𝟎. 𝟎.  The two resonant 

energy transmission peaks indicate that the upper QD and the lower QD have one energy 

state each.  (b)  Four resonant energy transmission peaks develop with a small change of the 

𝚫𝜺𝒛 from 0.0 to 0.1.  The resonant energy widths 𝚫𝚬 are comparatively different between 

the spin-up and spin-down states.  (c) The difference between the resonant energy widths 

𝚫𝚬 of the four peaks begins to decrease as the spin-split states separate.  (d) The difference 

between the resonant energy widths 𝚫𝚬 of the four peaks decreases even further.   
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 Transmission vs. perpendicular flux characteristics for the coupled configuration 

do not resemble those for the de-coupled configuration as similarly.  The transmission 

becomes non-periodic in flux with the perpendicular magnetic field going through the 

entire ring plane.  The Zeeman effect for a coupled symmetric AB-ring is shown in Fig. 

3.2.3, demonstrating the flux non-periodicity, the Zeeman splitting, and the incident 

electron energy transmission.  The ring coupling parameters equal 0.2.  The QD energy 

levels are 휀𝑈 = 휀𝐿 = 0.5.  The Zeeman energy level splitting ΔεZ  is caused by the flux 

and is not directly a separate input parameter.  In part (a) the Zeeman energy level 

splitting ΔεZ = 0.1 is caused by the flux of 0.24.   

 

Figure 3.2.3.  Demonstration of flux non-periodicity for a coupled symmetric AB-ring 

configuration.  The ring coupling parameters equal 𝟎. 𝟐 and the QD energy levels are 

𝜺𝑼 = 𝜺𝑳 = 𝟎. 𝟓.  (a) 𝑻 𝒗𝒔. 𝑬 plot shows that four resonant energy transmission peaks form 

with 
𝚽

𝚽𝒐
=. 𝟐𝟒 giving 𝚫𝛆𝐙 = 𝟎. 𝟏; the asymmetrical peaks show resonance interference 

effects.  Resonance zeros form at 𝜺𝑸𝑫 and 𝜺𝑸𝑫 ± 𝚫𝜺𝒁, similarly for the de-coupled 

symmetric configuration.  (b) 𝑻 𝒗𝒔.
𝚽

𝚽𝒐
 plot showing non-periodic transmission as a function 

of flux. 

 

The 𝑇 𝑣𝑠. 𝐸 plot in part (a) of Fig. 3.2.3 shows that four resonant energy transmission 

peaks form with ΔεZ  from 
Φ

Φ𝑜
= .24; the asymmetrical peaks show resonance interference 

effects due to a combination of Zeeman and AB-effects.  Resonance zeros form at 휀𝑄𝐷  
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and 휀𝑄𝐷 ± Δ휀𝑍, similarly for de-coupled symmetric configurations.  The 𝑇 𝑣𝑠.
Φ

Φ𝑜
 plot in 

part (b) of Fig. 3.2.3 shows non-periodic flux dependence, due to the Zeeman shifting of 

the QD energy levels with flux.  In part (b) resonance zeros form at the flux values which 

shift the QD energy level 휀𝑄𝐷  to the value of the incident electron energy.   

 For coupled anti-symmetric AB-ring configurations, AB-oscillations become non-

periodic with flux also.  Fig. 3.2.4 shows this non-periodicity for the configuration with 

ring coupling parameters of 0.2 , QD energy levels of 휀𝑈 = 0.5 and 휀𝐿 = −0.5 and 

Δ휀𝑧 = 0.424
Φ

Φ𝑜
. 

 
 

Figure 3.2.4.  Coupled anti-symmetric AB-ring configurations with ring coupling 

parameters of 𝟎. 𝟐, 𝚫𝜺𝒛 = 𝟎. 𝟒𝟐𝟒
𝚽

𝚽𝒐
  and QD energy levels of 𝜺𝑼 = 𝟎. 𝟓 and 𝜺𝑳 = −𝟎. 𝟓.  The 

oscillation patterns on the 𝑻 𝒗𝒔.
𝚽

𝚽𝒐
 plots for (a) 𝑬 = 𝟎. 𝟓 and (b) 𝑬 = 𝟎. 𝟎 shows that the AB-

oscillations become non-periodic with flux for the coupled AB-Zeeman case. 
 

 

Fig. 3.2.5 gives other examples of flux non-periodicity.  Fig. 3.2.5 is a series of 

transmission line plots for coupled anti-symmetric AB-ring configurations exemplifying 

the manifestation of non-periodic transmission as a function of flux.  Non-split QD 

energy levels are 휀𝑎 = 휀𝑏 = 0.5 and 휀𝑐 = 휀𝑑 = −0.5.  The Zeeman energy Δ휀𝑍 =

0.424
Φ

Φ𝑜
.  𝑉1 represents the ring coupling parameters and differs in some plots.  Parts (a), 
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(b), and (h) are plots of  𝑇 𝑣𝑠.
Φ

Φ𝑜
  for different values of 𝑉1 and 𝐸.  Parts (c), (d), and (e) 

are plots of  𝑇 𝑣𝑠.
Φ

Φ𝑜
  for different values of 𝐸, only.  Parts (f) and (g) are plots of 𝑇 𝑣𝑠. 𝐸. 

 

Figure 3.2.5.  Plots for coupled anti-symmetric AB-ring configurations exemplifying the 

manifestation of non-periodic flux-dependence.  Anti-symmetric QD energy levels are 

𝜺𝒂 = 𝜺𝒃 = 𝟎. 𝟓 and 𝜺𝒄 = 𝜺𝒅 = −𝟎. 𝟓.  The Zeeman energy 𝚫𝜺𝒁 = 𝟎. 𝟒𝟐𝟒
𝚽

𝚽𝒐
.  𝑽𝟏 represents 

the ring coupling parameters. (a) 𝑽𝟏 = 𝟎. 𝟑;  (b)  𝑽𝟏 = 𝟎. 𝟑;  (c) 𝑽𝟏 = 𝟎. 𝟓;  (d) 𝑽𝟏 = 𝟎. 𝟓;  

(e) 𝑽𝟏 = 𝟎. 𝟓;  (f) 𝑽𝟏 = 𝟎. 𝟓;  (g) 𝑽𝟏 = 𝟎. 𝟓; (h) 𝑽𝟏 = 𝟎. 𝟏. 
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In Fig. 3.2.5 (c), more non-periodic oscillations develop when the ring coupling 

parameter 𝑉1increases to 𝑉1 = 0.5 from that in part (a) where 𝑉1 = 0.3.  Parts (d) and (h) 

more obviously display the direct correlation between larger coupling parameters and 

increasing non-periodicity.  In part (d), the coupling parameter 𝑉1 = 0.5, compared with  

𝑉1 = 0.1 in part (h).  Smaller coupling parameters produce narrow resonances at specific 

energy and flux values.  Non-periodic AB-oscillations manifest smaller visibility in part 

(e) than in part (c) or (d); each of these plots have the same 𝑉1 = 0.5.  In (e), the incident 

electron energy 𝐸 = 0.1 and in part (d) 𝐸 = 0.2.  As the incident electron energy 

approaches the average QD value, AB-oscillations attain higher visibility.  

 Parts (f) and (g) of Fig. 3.2.5 show the development of reduced transmission.  Part 

(f) has a small flux 
Φ

Φ𝑜
= 0.15 and the corresponding dips in transmission are small and 

narrow.  Though the dips correspond to incident electron energy values matching non-

split QD values, they do not attain full reduced transmission because they do not reach 

the incident electron energy axis.  Part (g) attains full reduced transmission when flux 

increases to 
Φ

Φ𝑜
= 0.5.  Noting that there are four spin-split energy states total in the QDs, 

the reduced transmission seen in part (g) occurs at incident electron values which 

resonate with the non-split QD values.   

Fig. 3.2.6 is a series of 3D graphs, which more visibly show the connections 

between the trends in Fig. 3.2.5.  The 3D graphs in Fig. 3.2.6 show that as the ring 

coupling parameter 𝑉1 decreases, the resonant transmissions become clearer and the 

crossings which cause spin-mixed states become more detectable. 



77 
 

 

Figure 3.2.6.  Coupled anti-symmetric AB-ring configurations shown in 3D plots with 

varying ring coupling parameters 𝑽𝟏.  Non-split QD energy levels are 𝜺𝒂 = 𝜺𝒃 = 𝟎. 𝟓 and 

𝜺𝒄 = 𝜺𝒅 = −𝟎. 𝟓.  The Zeeman energy 𝚫𝜺𝒁 = 𝟎. 𝟒𝟐𝟒
𝚽

𝚽𝒐
.  (a) 𝑽𝟏 = 𝟎. 𝟕; (b) 𝑽𝟏 = 𝟎. 𝟓;  (c) 

𝑽𝟏 = 𝟎. 𝟒;  (d) 𝑽𝟏 = 𝟎. 𝟑;  (e) 𝑽𝟏 = 𝟎. 𝟐𝟓;  (f) 𝑽𝟏 = 𝟎. 𝟐𝟎. 
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The more detectable crossings and spin-mixed states for smaller ring coupling 

parameter values can also be shown in contour plots.  Fig. 3.2.7 is a series of transmission 

contour plots for 
Φ

Φ𝑜
𝑣𝑠. 𝐸 .  These contour plots resemble bird’s eye views of the 3D plots 

in Fig. 3.2.6.  The contour plots also have a coupled anti-symmetric AB-ring 

configuration with non-split QD energy levels 휀𝑎 = 휀𝑏 = 0.5 and 휀𝑐 = 휀𝑑 = −0.5.  The 

Zeeman energy Δ휀𝑍 = 0.424
Φ

Φ𝑜
.  𝑉1 represents the ring coupling parameters and differs 

in each plot.  Fig. 3.2.7 (a) shows the most distinct resonant transmission peaks and spin-

state crossings due to the smallest coupling parameter 𝑉1 = 0.1 among the other contour 

plots.  Part (f) shows the least distinctive resonant transmission peaks and spin-state 

crossings due to the largest coupling parameter 𝑉1 = 0.7 among the other contour plots.   

The series of contour plots for coupled anti-symmetric AB-ring configurations in 

Fig. 3.2.7 is analogous to the contour plots for de-coupled anti-symmetric AB-ring 

configurations in Fig. 3.1.5.  For the coupled case, however, the AB-oscillations show 

greater visibility as the ring coupling parameter increases. 
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Figure 3.2.7.  Transmission contour plots with a coupled anti-symmetric AB-ring 

configuration.  Split QD energy levels 𝜺𝒂 = 𝜺𝒃 = 𝟎. 𝟓 and 𝜺𝒄 = 𝜺𝒅 = −𝟎. 𝟓.  The Zeeman 

energy 𝚫𝜺𝒁 = 𝟎. 𝟒𝟐𝟒
𝚽

𝚽𝒐
.  𝑽𝟏 represents the ring coupling parameters and differs for each 

plot.  (a) 𝑽𝟏 = 𝟎. 𝟏;  (b)  𝑽𝟏 = 𝟎. 𝟐;  (c) 𝑽𝟏 = 𝟎. 𝟑;  (d) 𝑽𝟏 = 𝟎. 𝟒;  (e) 𝑽𝟏 = 𝟎. 𝟓;  (f) 𝑽𝟏 =
𝟎. 𝟕. 
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Fig. 3.2.8 is a series of contour plots for the coupled case with a symmetric AB-

ring, instead of an anti-symmetric AB-ring as is shown in Fig. 3.2.7.  The coupled 

symmetric AB-ring configuration has QD non-split energy values of 휀𝑎 = 휀𝑏 = 휀𝑐 =

휀𝑑 = 0.5 and a Zeeman energy of Δ휀𝑍 = 0.424
Φ

Φ𝑜
.  𝑉1 represents the ring coupling 

parameters and differs in each plot.   

 

Figure 3.2.8.  Transmission contour plots with coupled symmetric AB-ring configurations.  

The non-split QD energy levels are 𝜺𝒂 = 𝜺𝒃 = 𝜺𝒄 = 𝜺𝒅 = 𝟎. 𝟓 and the Zeeman energy 

𝚫𝜺𝒁 = 𝟎. 𝟒𝟐𝟒
𝚽

𝚽𝒐
.  𝑽𝟏 represents the ring coupling parameters and differs for each plot.  (a) 

𝑽𝟏 = 𝟎. 𝟏;  (b)  𝑽𝟏 = 𝟎. 𝟑;  (c) 𝑽𝟏 = 𝟎. 𝟓;  (d) 𝑽𝟏 = 𝟎. 𝟕. 
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The direct correlation between larger ring coupling parameters with increasingly non-

periodic AB-oscillation is verified again with Fig. 3.2.8.  Part (a) shows the most distinct 

resonant transmission peaks and spin-state crossings due to the smallest ring coupling 

parameter 𝑉1 = 0.1 among the other contour plots.  Part (d) shows the least distinctive 

resonant transmission peaks and spin-state crossings due to the largest ring coupling 

parameter 𝑉1 = 0.7 among the other contour plots.  As the ring coupling parameter 

increases, the corresponding contour plots display decreasing visibility. 

 Parts (b), (c) and (d) of Fig. 3.2.8 show a unique characteristic of non-periodic 

oscillatory reduced transmission points occurring on the black areas in the transmission 

contour plots.  As was discussed in Chapter 2, we can use reduced transmission as an 

analytical tool to characterize system configurations.  In Chapter 2, reduced transmission 

was realized only for anti-symmetric AB-ring configurations.  In section 3.1, reduced 

transmission was realized for decoupled anti-symmetric AB-ring configurations.  In this 

section, we have proven that reduced transmission can be realized for a symmetric AB-

ring configuration, as well, when we couple the Zeeman and AB effects.   

 Further analysis shows how coupled configurations can be used for spin-

polarization.  Fig. 3.2.9 is a zoomed-in view of the transmission contour plot in Fig. 3.2.8 

(a) with a corresponding 3D plot.   
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Figure 3.2.9.  Plots for a coupled symmetric AB-ring configuration.  The non-split QD 

energy levels are 𝜺𝒂 = 𝜺𝒃 = 𝜺𝒄 = 𝜺𝒅 = 𝟎. 𝟓, the Zeeman energy 𝚫𝜺𝒁 = 𝟎. 𝟒𝟐𝟒
𝚽

𝚽𝒐
 and the 

ring coupling parameter 𝑽𝟏 = 𝟎. 𝟑.  (a) Transmission contour plot shows the spin-up and 

spin-down transmission splits in energy as flux increases, with additional modulation due to 

the AB effect.  The whiter areas represent higher transmission and the black represent 

reduced transmission points.  (b) Corresponding 3D plot. 

 

The diverging branches in the transmission contour plot, Fig. 3.2.9 (a), indicate that the 

same perpendicular magnetic field causing AB-oscillations also causes the Zeeman 

splitting of the QD energy levels.   Thus, by changing only the perpendicular magnetic 

field, we can utilize our AB-ring interferometer as an electron spin-polarizer for coupled 

system configurations. 

 Fig. 3.2.10 shows the formation of spin-polarization in three 𝑇 𝑣𝑠. 𝐸 plots with 

increasing Zeeman energy values.  The system configuration is a coupled anti-symmetric 

AB-ring with upper and lower QD energy values 휀𝑈 = 0.5 and 휀𝐿 = −0.5.  The ring 

coupling parameters is a small value of  𝑉1 = 0.1.  In part (a) the Zeeman energy is 

lowest at Δ휀𝑍 = 0.466 , caused by the perpendicular magnetic flux 
Φ

Φ𝑜
= 1.1.  In part (b), 

the Zeeman energy Δ휀𝑍 = 0.513 is the middle value of the three plots.  The 
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perpendicular magnetic flux 
Φ

Φ𝑜
= 1.21.  In part (c), the Zeeman energy Δ휀𝑍 = 0.551 is 

the highest value of the three plots.  The perpendicular magnetic flux 
Φ

Φ𝑜
= 1.30.  Lower 

perpendicular magnetic flux values correspond to lower Zeeman energy values.  Small 

changes in the flux and incident energy can change the spin-polarization state.   

 
Fig. 3.2.10.  The formation of spin-polarization in three 𝑻 𝒗𝒔. 𝑬 plots with increasing 

Zeeman energy values due to small changes in the perpendicular magnetic field.  The 

system configuration is a coupled anti-symmetric AB-ring with upper and lower QD energy 

values 𝜺𝑼 = 𝟎. 𝟓 and 𝜺𝑳 = −𝟎. 𝟓.  The ring coupling parameter is a small value of  𝑽𝟏 = 𝟎. 𝟏.  

(a) Zeeman energy 𝚫𝜺𝒁 = 𝟎. 𝟒𝟔𝟔;  (b) Zeeman energy 𝚫𝜺𝒁 = 𝟎. 𝟓𝟏𝟑;  (c) Zeeman energy 

𝚫𝜺𝒁 = 𝟎. 𝟓𝟓𝟏. 

 

 In Fig. 3.2.10 (a) the middle two peaks are spin-up (right) and spin-down (left), 

taking into account the negative g-factor of GaAs.  The outer two peaks are spin-up (left) 

and spin-down (right).  In Fig. 3.2.10 (b), we see that by adjusting the perpendicular 
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magnetic flux slightly, by changing only the perpendicular magnetic field, the Zeeman 

energy level splitting increases so that the inner two peaks now overlap.  This spin-state 

overlap produces a spin-mixed state.  The two outer peaks remain spin-polarized.  In part 

(c), we see that by another slight change in perpendicular magnetic flux, we can 

selectively transmit either or both spin orientations though our AB-ring interferometer.  

In other words, the additional slight increase in the perpendicular magnetic field reverses 

the spin-polarization of the inner two peaks.  The left peak transmits spin-up state 

electrons, while the right peak transmits spin-down state electrons.  According to Eq. 

(3.2.1), the small changes in the perpendicular magnetic field can be calculated from the 

Zeeman energy.  For part (c) the small perpendicular magnetic flux change corresponds 

to a perpendicular magnetic field change of 3.2 𝑚𝑇. 

The three 𝑇 𝑣𝑠. 𝐸 plots in Fig. 3.2.10 verify that small changes in perpendicular 

magnetic flux induce and manipulate spin-polarization.  When the perpendicular 

magnetic flux increases, the Zeeman energy also increases.  Different spin-split states 

manifest for different Zeeman energy level splitting.  We can tune our interferometer to 

produce states whose resonant energy transmission peaks are close together, allowing us 

to generate different spin-state polarization.  In conclusion, we can utilize our 

interferometer as a spin-polarizer by slightly changing the flux, which allows us to 

selectively transmit either (or both) spin orientations through our AB-ring interferometer 

in a narrow energy window. 
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Chapter 4: Spin-polarization 

 

 

 

4.1.  Weighted Spin-polarization   

The overall goal in our work is to characterize the AB-ring interferometer as a 

device for producing spin-polarized current.  We determine the degree of electron spin 

polarization by calculating and plotting the weighted spin-polarization functions as a 

function of incident electron energy 𝐸 and flux  
Φ

Φ𝑜
.  The weighted spin-polarization 

functions are 𝑃𝑜𝑙𝑢𝑝  and 𝑃𝑜𝑙𝑑𝑛 , abbreviations for the polarization of spin-up electrons and 

for the polarization of spin-down electrons.  The change in polarization Δ𝑃𝑜𝑙 is also 

useful for visualizing optimal spin-polarization regions of parameter space.   

To attain spin-polarization, we must find optimal system configurations of 

parameter space allowing us to either easily control the system or to easily manipulate the 

system.   For easy control over spin-states, we seek broad regions of parameter space 

where 𝑃𝑜𝑙𝑢𝑝  and 𝑃𝑜𝑙𝑑𝑛  are nearly a maximum value of one.  For easy manipulation of 

spin-states, we seek regions of parameter space where small changes in system 

parameters completely switch the spin-state.  These system parameters which can be 

manipulated are the incident electron energy 𝐸, the parallel magnetic field 𝑩∥ or the 

magnetic flux 
Φ

Φ𝑜
.   
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Effective spin-polarization requires high transmission of a specified filtered spin 

component [29].  For this reason, we multiply the spin-polarization term with the spin-

dependent transmission probabilities to obtain weighted spin-polarizations, 

𝑃𝑜𝑙𝑢𝑝 =  
𝑇𝑢𝑝 − 𝑇𝑑𝑛

𝑇𝑢𝑝 + 𝑇𝑑𝑛
 𝑇𝑢𝑝  .                                      (4.1.1) 

𝑃𝑜𝑙𝑑𝑛 =  
𝑇𝑢𝑝 − 𝑇𝑑𝑛

𝑇𝑢𝑝 + 𝑇𝑑𝑛
 𝑇𝑑𝑛  .                                      (4.1.2) 

where 𝑃𝑜𝑙𝑢𝑝  is the weighted spin-polarization for a spin-up incident electron, 𝑃𝑜𝑙𝑑𝑛  is 

the weighted spin-polarization for a spin-down incident electron, the factor  
𝑇𝑢𝑝 −𝑇𝑑𝑛

𝑇𝑢𝑝 +𝑇𝑑𝑛
  is 

the spin-polarization term, 𝑇𝑢𝑝  is the transmission probability of a spin-up incident 

electron, and 𝑇𝑑𝑛  is the transmission probability of a spin-down incident electron.    

We use the weighted spin-polarizations because the spin-polarization term may 

have a magnitude on the order of unity, even if 𝑇𝑢𝑝  and 𝑇𝑑𝑛  are both small.  The spin-

polarization term is a ratio that, when factored into a spin-state transmission, extracts the 

degree of spin-state transmission.  In other words, 𝑃𝑜𝑙𝑢𝑝  and 𝑃𝑜𝑙𝑑𝑛  range between values 

of zero and one; they give the degree to which the transmission through our AB-ring 

interferometer consists of spin-up or spin-down electrons, respectively. 

From our weighted spin-polarizations Eq. (4.1.1) and (4.1.2), we can calculate our 

final equation for the change in spin-state weighted polarization, 

Δ𝑃𝑜𝑙 = 𝑃𝑜𝑙𝑢𝑝 − 𝑃𝑜𝑙𝑑𝑛  .                                           (4.1.3) 

where  Δ𝑃𝑜𝑙 is the change in the weighted spin-polarization between the two spin-states, 

𝑃𝑜𝑙𝑢𝑝  is the weighted spin-polarization for a spin-up incident electron and 𝑃𝑜𝑙𝑑𝑛  is the 

weighted spin-polarization for a spin-down incident electron.  Δ𝑃𝑜𝑙 = 1.0 when the spin-
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state transmission is polarized spin-up, meaning spin-up incident electrons transmit 

through our AB-ring interferometer.  Conversely, Δ𝑃𝑜𝑙 = −1.0 when the spin-state 

transmission is polarized spin-down, meaning spin-down incident electrons transmit 

through our interferometer.   

 

4.2.  Optimal Configurations 

 Spin-polarization can be attained for both coupled and decoupled system 

configurations.   In the de-coupled system configuration, only a parallel magnetic field 

causes the Zeeman energy level splitting.  The de-coupled configuration gives complete 

control over spin-polarization as a function of incident electron energy.  The coupled 

system configuration, with a perpendicular magnetic field causing both the AB effect and 

Zeeman splitting, provides sensitive control over spin states as well as broad regions of 

polarization.   

We focus on the coupled system configuration in this chapter for the realization of 

spin-polarization.  The coupled case provides for both types of optimal configurations: 

sensitive system control (easily manipulatable) and easy system control.  Sensitive 

control over spin-polarization states is available in the parameter space where the 

resonance peaks nearly overlap.   Broadly separated spin-polarization peaks represent an 

easily controlled system.  Both optimal configuration cases, sensitive system control and 

easy system control, can be attained by changing flux and/or by changing incident 

electron energy.  
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Coupled system configurations can give both types of optimal configurations 

because broadly separated spin-polarization peaks can form as the Zeeman split 

resonances diverge, shown in Fig. 4.2.1. 

 
 

 
Figure 4.2.1.   Spin-polarization with coupled AB and Zeeman effects via a perpendicular 

magnetic field.  The anti-symmetric ring has QD energy level values 𝜺𝑼 = 𝟎. 𝟓𝟐 and 

𝜺𝑳 = 𝟎. 𝟒𝟖.  The ring coupling parameter is 𝑽𝟏 = 𝟎. 𝟎𝟕.  In the line plots, the solid blue 

curves represent spin-up polarization and the dotted black curves represent spin-down 

polarization.  (a) Contour plot showing that broadly separated spin-polarization peaks form 

as the Zeeman split resonances diverge.  (b)  𝑷𝒐𝒍𝒖𝒑, 𝑷𝒐𝒍𝒅𝒏 𝒗𝒔. 𝑬 plot shows an optimal 

configuration for an easily controlled system.  (c) 𝑷𝒐𝒍𝒖𝒑, 𝑷𝒐𝒍𝒅𝒏 𝒗𝒔.
𝚽

𝚽𝒐
 plot also shows an 

optimal configuration for an easily controlled system. 
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In Fig. 4.2.1, spin-polarization is shown to occur with coupled AB and Zeeman effects 

via a perpendicular magnetic field.  The anti-symmetric ring has QD energy level values 

휀𝑈 = 0.52 and 휀𝐿 = 0.48.  The ring coupling parameter 𝑉1 = 0.07.  In the line plots, the 

solid blue curves represent spin-up polarization and the dotted black curves represent 

spin-down polarization.  In Fig. 4.2.1 (a) the contour plot shows broadly separated spin-

polarization peaks form as the Zeeman split resonances diverge.  In part (b) a 

𝑃𝑜𝑙𝑢𝑝 , 𝑃𝑜𝑙𝑑𝑛  𝑣𝑠. 𝐸 plot shows an optimal configuration for an easily controlled system 

due to the 100% polarization peaks which are widely separated on the energy axis.  With 

the other listed input parameters, this optimal configuration occurs for a flux 
Φ

Φ𝑜
= 0.49.  

This flux value corresponds to the pink horizontal line on the contour plot.  It should be 

noted that the contour plot is a function of Δ𝑃𝑜𝑙 and the two line plots in parts (b) and (c) 

are functions of the weighted polarizations for spin-up and spin-down.  In part (c) a 

𝑃𝑜𝑙𝑢𝑝 , 𝑃𝑜𝑙𝑑𝑛  𝑣𝑠.
Φ

Φ𝑜
 plot also shows an optimal configuration for an easily controlled 

system due to the 100% polarization peaks which are widely separated on the flux axis.  

With the other listed input parameters, this optimal configuration occurs for an incident 

electron energy 𝐸 = 0.3.  This energy value corresponds to the pink vertical line on the 

contour plot. 

 On the same contour plot in Fig. 4.2.1 (a), sensitive system control can be found 

in the region where the resonance peaks nearly overlap near the origin.  Figure 4.2.2 

shows the same contour plot, but focuses in the region where sensitive system control 

occurs.  This easily manipulatable system is sensitive to small changes in incident 

electron energy and flux due to small axis windows.  In Fig. 4.2.2 (b), the polarization 
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peaks occur within a very small window of about 𝐸 = 0.5 ± 0.02.  In part (c), the 

polarization peaks occur within a small flux window of about  
Φ

Φ𝑜
= 0 ± 0.05.  With such 

small windows, a small change in either incident electron energy or flux would result in 

spin-state manipulation of an optimal configuration. 

 
 

Figure 4.2.2.   Spin-polarization with coupled AB and Zeeman effects via a perpendicular 

magnetic field.  The anti-symmetric ring has QD energy level values 𝜺𝑼 = 𝟎. 𝟓𝟐 and 

𝜺𝑳 = 𝟎. 𝟒𝟖.  The ring coupling parameter is 𝑽𝟏 = 𝟎. 𝟎𝟕.  In the line plots, the solid blue 

curves represent spin-up polarization and the dotted black curves represent spin-down 

polarization.  (a) Contour plot showing that sensitive control over the spin-polarization state 

is available in the region where the resonance peaks nearly overlap.  (b)  𝑷𝒐𝒍𝒖𝒑, 𝑷𝒐𝒍𝒅𝒏 𝒗𝒔. 𝑬 

plot shows an optimal configuration for a sensitive system control.  (c) 𝑷𝒐𝒍𝒖𝒑, 𝑷𝒐𝒍𝒅𝒏 𝒗𝒔.
𝚽

𝚽𝒐
 

plot also shows an optimal configuration for a sensitive system control. 

 

 

In Fig. 4.2.2, spin-polarization is shown to occur with coupled AB and Zeeman effects 

via a perpendicular magnetic field.  The anti-symmetric ring has QD energy level values 

휀𝑈 = 0.52 and 휀𝐿 = 0.48.  The ring coupling parameter 𝑉1 = 0.07.  In the line plots, the 



91 
 

solid blue curves represent spin-up polarization and the dotted black curves represent 

spin-down polarization.  In Fig. 4.2.2 (a) the contour plot shows sensitive control over the 

spin-polarization state is available in the region where the resonance peaks nearly 

overlap.  In part (b) a 𝑃𝑜𝑙𝑢𝑝 , 𝑃𝑜𝑙𝑑𝑛  𝑣𝑠. 𝐸 plot shows an optimal configuration for 

sensitive system control due to the high polarization peaks of narrower widths which are 

closely spaced on the energy axis.  With the other listed input parameters, this optimal 

configuration occurs for a flux 
Φ

Φ𝑜
= −0.022.  This flux value corresponds to the pink 

horizontal line near the zero flux on the contour plot.  It should be reiterated that the 

contour plot is a function of Δ𝑃𝑜𝑙 and the two line plots in parts (b) and (c) are functions 

of the weighted polarizations for spin-up and spin-down.  In part (c) a 

𝑃𝑜𝑙𝑢𝑝 , 𝑃𝑜𝑙𝑑𝑛  𝑣𝑠.
Φ

Φ𝑜
 plot also shows an optimal configuration for a sensitive system 

control due to the nearly 100% polarization peaks of narrower widths which are closely 

spaced on the flux axis.  With the other listed input parameters, this optimal configuration 

occurs for an incident electron energy 𝐸 ≈ 0.5.  The pink vertical line on the contour plot 

in Fig. 4.2.2 (a) is at 𝐸 = 0.493 and corresponds to the polarization line plot in part (c). 

 Fig. 4.2.3 connects the same contour plot with Δ𝑃𝑜𝑙 𝑣𝑠.
Φ

Φ𝑜
 line plots.  The same 

system configuration parameters apply.  The anti-symmetric ring has QD energy level 

values 휀𝑈 = 0.52 and 휀𝐿 = 0.48.  The ring coupling parameter 𝑉1 = 0.07.  The line plots 

of Δ𝑃𝑜𝑙 at the different specified energy values exhibit complete control over spin-

polarization as a function of external magnetic flux; the perpendicular magnetic field 

applied to the ring plane causes the AB-effect and the Zeeman effect.   
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Figure 4.2.3.   Spin-polarization with coupled AB and Zeeman effects via a perpendicular 

magnetic field.  The anti-symmetric ring has QD energy level values 𝜺𝑼 = 𝟎. 𝟓𝟐 and 

𝜺𝑳 = 𝟎. 𝟒𝟖.  The ring coupling parameter is 𝑽𝟏 = 𝟎. 𝟎𝟕.  (a) Contour plot with vertical pink 

lines at 𝑬 = 𝟎. 𝟒𝟗𝟑 and 𝑬 = 𝟎. 𝟑 corresponding to 𝚫𝑷𝒐𝒍 line plots.  (b) 𝚫𝑷𝒐𝒍 𝒗𝒔.
𝚽

𝚽𝒐
 plot 

shows sensitive system control due to narrower peaks at 𝚫𝑷𝒐𝒍 = ±𝟏. 𝟎 for 𝑬 = 𝟎. 𝟒𝟗𝟑.  (c) 

𝚫𝑷𝒐𝒍 𝒗𝒔.
𝚽

𝚽𝒐
 shows easy system control due to broader peaks at 𝚫𝑷𝒐𝒍 = ±𝟏. 𝟎 for 𝑬 = 𝟎. 𝟑. 

 

 

From analyzing the contour plot and the line plots in Fig. 4.2.3 (a), we have verified that 

at the given incident electron energy values represented by the vertical pink lines at 

𝐸 = 0.493 in part (b) and 𝐸 = 0.3 in part (c), the system configuration allows for 

complete control over spin-polarization as a function of external magnetic flux. 

 In Fig. 4.2.4, very narrow resonances are shown to develop when the ring 

coupling parameter decreases to a value of  𝑉1 = 0.01 from the previous configurations 

with 𝑉1 = 0.07.   
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Figure 4.2.4.  Spin-polarization with coupled AB and Zeeman effects via a perpendicular 

magnetic field.  The anti-symmetric ring has QD energy level values 𝜺𝑼 = 𝟎. 𝟓𝟐 and 

𝜺𝑳 = 𝟎. 𝟒𝟖.  The smaller ring coupling parameter is 𝑽𝟏 = 𝟎. 𝟎𝟏.  In the line plots, the solid 

blue spikes represent spin-up polarization and the dotted black spikes represent spin-down 

polarization.  (a) Contour plot showing even more sensitive control over the spin-

polarization states.  (b)  𝑷𝒐𝒍𝒖𝒑, 𝑷𝒐𝒍𝒅𝒏 𝒗𝒔. 𝑬 plot shows an optimal configuration for a 

sensitive system control.  With the other listed input parameters, this optimal configuration 

occurs for a flux of 
𝚽

𝚽𝒐
= 𝟎. 𝟎𝟒.  (c) 𝑷𝒐𝒍𝒖𝒑, 𝑷𝒐𝒍𝒅𝒏 𝒗𝒔.

𝚽

𝚽𝒐
 plot also shows an optimal 

configuration for a sensitive system control.  With the other listed input parameters, this 

optimal configuration occurs for an incident electron energy value of 𝑬 =. 𝟒𝟕𝟕. 

 

The four above figures in this section show that full spin-state polarization control 

is attainable by changing either the magnetic field perpendicular to the entire ring plane 

and/or by changing the incident electron energy.  By decreasing the ring coupling 

parameter, we can further tune our system to exhibit sensitive system control for spin-

polarization.  We have shown that our AB-ring interferometer can function as a spin-

polarizer for optimal configurations.  We can identify optimal configurations by 
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analyzing Δ𝑃𝑜𝑙 contour plots and corresponding line plots for parameter settings that 

cause a Δ𝑃𝑜𝑙 magnitude value of unity.  Further examples of contour plots applicable for 

spin-polarization analysis are given in Fig. 4.2.5 and Fig. 4.2.6. 
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Fig. 4.2.5.  Series of polarization contour plots for a coupled anti-symmetric AB-ring 

configuration with varying ring coupling parameters 𝑽𝟏. Upper and lower QD energy level 

values 𝜺𝑼 = 𝟎. 𝟓𝟏 and  𝜺𝑳 = 𝟎. 𝟒𝟗.  (a) 𝑽𝟏 = 𝟎. 𝟎𝟏;  (b) 𝑽𝟏 = 𝟎. 𝟎𝟐;  (c) 𝑽𝟏 = 𝟎. 𝟎𝟑;  (d) 

𝑽𝟏 = 𝟎. 𝟎𝟒;  (e) 𝑽𝟏 = 𝟎. 𝟎𝟓;  (f) 𝑽𝟏 = 𝟎. 𝟎𝟔;  (g) 𝑽𝟏 = 𝟎. 𝟎𝟕;  (h) 𝑽𝟏 = 𝟎. 𝟎𝟖;  (i) 𝑽𝟏 = 𝟎. 𝟎𝟗. 
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Fig. 4.2.6.  Series of polarization contour plots for a coupled anti-symmetric AB-ring 

configuration with varying ring coupling parameters 𝑽𝟏. Upper and lower QD energy level 

values 𝜺𝑼 = 𝟎. 𝟓𝟐 and  𝜺𝑳 = 𝟎. 𝟒𝟖.  (a) 𝑽𝟏 = 𝟎. 𝟎𝟏;  (b) 𝑽𝟏 = 𝟎. 𝟎𝟐;  (c) 𝑽𝟏 = 𝟎. 𝟎𝟑;  (d) 

𝑽𝟏 = 𝟎. 𝟎𝟒;  (e) 𝑽𝟏 = 𝟎. 𝟎𝟓;  (f) 𝑽𝟏 = 𝟎. 𝟎𝟔;  (g) 𝑽𝟏 = 𝟎. 𝟎𝟕;  (h) 𝑽𝟏 = 𝟎. 𝟎𝟖;  (i) 𝑽𝟏 = 𝟎. 𝟎𝟗. 
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Chapter 5: Summary 

 

 

 

In our work, we utilized the AB effect and the Zeeman effect to determine and 

manipulate transmission characteristics of an electron traveling through our AB-ring 

interferometer to attain spin-polarization.  Since AB-ring oscillations measure electron 

interference, the change in the transmission coefficient with respect to the normalized 

flux provided information on the electron wavefunction.  Analysis of the calculated 

transmission amplitude allowed us to characterize and manipulate electron wavefunction 

interference.  We used this as a means to controllably transport information through our 

AB-ring interferometer. 

 We utilized the Zeeman effect to generate spin-split states in the both the upper 

and lower quantum dots embedded in the ring of the AB-ring interferometer.  The 

Zeeman effect split the energy states of the upper and the lower QDs into two levels each.  

The initial energy values for each dot split by an amount ±Δ휀𝑍, which resulted in four 

spin-split states.   

The spin-split states provided new possible paths for electrons traveling through 

the AB-ring.  With the Zeeman effect, incident electrons were shown to have two sites in 

each quantum dot with which to potentially resonate.  We utilized the Zeeman effect to 
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gain a greater degree of electronic manipulation.  We used this enhanced electronic 

configuration to manipulate the transmission into spin-polarized states. 

A magnetic field was shown to produce shifts in the electron energy levels 

through the Zeeman effect and phase shifts in the electron’s wavefunction through the 

AB effect.  When the magnetic field is perpendicular to the entire ring plane, the AB 

effect and the Zeeman effect together produced results. Combined Zeeman energy level 

splitting and AB effects occurred with a perpendicular magnetic field which penetrated 

the entire AB-ring and QD structure.   

When the effects were studied together in a perpendicular magnetic field, the 

system configuration was coupled.  When the AB effect and the Zeeman effect were 

studied individually, the AB-ring interferometer system configuration was de-coupled.  

The de-coupled case occurred when a field was applied parallel to the ring plane, and the 

perpendicular field was taken as restricted to only the interior of the ring.  A parallel 

magnetic field provided splitting of the QD energy levels without causing an AB effect.  

Zeeman splitting of QD electron spin energy states was used to produce spin-polarized 

currents.   

Using Wolfram Mathematica software, our program was written to 

mathematically emulate how our AB-ring interferometer operates with the AB-effect and 

the Zeeman effect.  We achieved the goal of the program, that is, to simulate an AB-ring 

interferometer as a spin-polarizer.  The weighted spin-polarization function was 

calculated and presented as a function of magnetic field and electron energy.  Through 

various output plots, we analyzed the AB and Zeeman effects and characterized optimal 

system configurations for spin-polarization.   



100 
 

AB-ring oscillations measured electron interference.  Zeeman splitting of the QD 

energy levels generated regions of parameter space in which incident electron 

transmission becomes highly spin-polarized.  We defined the input parameters needed to 

produce optimal configurations where electron transmission was highly spin-polarized, 

where electron interference and phase coherence allowed for maximum electron 

transmission, and where the transmission was easily controlled and manipulated. 

We showed that spin-polarization can be attained for both coupled and decoupled 

system configurations.   The coupled system configuration, with a perpendicular 

magnetic field causing both the AB effect and Zeeman splitting, provided sensitive 

control over spin states as well as broad regions of polarization.  The coupled case 

showed provision for both types of optimal configurations: sensitive system control 

(easily manipulatable) and easy system control.  Both optimal configuration cases, 

sensitive system control and easy system control, were attained by changing flux and also 

by changing incident electron energy. 

In conclusion, we have verified that the AB-effect and the Zeeman effect can be 

utilized to efficiently control and manipulate our AB-ring interferometer for quantum 

electron transport.  With both the Zeeman effect and the AB effect, we observed electron 

and spin dependent transmission characteristics.  Our AB-ring interferometer can be 

utilized as a spin-polarizer via slight changes in flux and/or slight changes in incident 

electron energy.  Our AB-ring interferometer can function as a spin-polarizer for optimal 

configurations.  We can thus conclude that spin-polarization is attainable for our device.    
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APPENDIX A: 

Sample Mathematica Program for Coupled Configurations 
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APPENDIX B:  

Sample Mathematica Program for De-coupled Configurations 
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