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Abstract

On account of the trend of the latest microelectronic technology to become progressively

smaller, it becomes increasingly important to predict the thermal behavior of constituent

materials. Among the most promising candidates for use in microelectronics and thermal

conductors are carbon nanotubes (CNTs). Thermal properties of such small scale compo-

nents are difficult to measure experimentally. For this reason, we report the results of our

investigation on the thermal conductivities of CNTs. This study is based on an equilibrium

molecular dynamics (EMD) approach. The thermal conductivity has been calculated using

the Green-Kubo formalism from linear response theory. The molecular dynamics simula-

tions were run on a Beowulf Computing Cluster using an open source software called Large-

scale Atomic/Molecular Massively Parallel Simulator (LAMMPS). Thermal conductivity for

CNTs of various lengths has been calculated and studied. In addition, the time-dependence

characteristics of the heat flux functions have been analyzed, and will be discussed.
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Chapter 1

Introduction

Carbon nanotubes (CNTs) are robust and versatile nano-structures that have sparked

much interest in the past couple decades. These nano-scale tubes have many interesting

physical properties worthy of study. The structure of the tube can vary depending on the

position and resulting periodicity of the hexagonal carbon lattice at formation. Their tensile

strength and Young’s modulus are the highest ever recorded for any material. They can exist

in both metallic and semi-conducting forms depending on the structure. Their electrical

conduction is on par with the best known metals and their thermal conductivities are some

of the highest recorded. Once fully understood, CNTs could have a tremendous technological

impact in a multitude of fields[10]. Though CNTs have many interesting properties, for which

there are many applications, this research paper will focus only on the thermal properties of

CNTs.

Some of the most exciting prospects for CNTs are their potential use in building electronic

devices. As these devices get smaller and smaller, more heat may be dissipated in a more

compact space. In order to effectively design electronic devices that dissipate heat effectively,

the thermal properties of the constituent materials must be understood. For this reason, the

research presented in this paper seeks to predict the thermal conductivity of single-walled

CNTs (SWCNTs), using equilibrium molecular dynamics (MD) simulation.
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Similar studies have been conducted in the past. The earliest work predicted thermal

conductivities above even the highest thermal conductivity materials, such as graphite or di-

amond [1][2]. Many studies have found that the thermal conductivity of CNTs increases with

increasing length. While some studies did not find a convergent value [3][4], most found that

the thermal conductivity converges upon reaching a specific length. Typical values that have

been found via MD for the thermal conductivity vary greatly, ranging from 40 Wm−1K−1

to 6600 Wm−1K−1. For example, Hone et al. estimated that the longitudinal thermal

conductivity of SWCNTs ranges from 1750 Wm−1K−1 to 5800 Wm−1K−1 [1], Berber et

al. found the thermal conductivity at room temperature to be about 6600 Wm−1K−1 [5],

while Moreland et al. found the thermal conductivity to be 215 Wm−1K−1 for 50 nm CNTs

increasing to 831 Wm−1K−1 for 1000 nm CNTs [4]. The results of this research and that

obtained by others will be presented later on in this paper.

In the following chapters, I will focus on describing the thermal properties of CNTs. First,

I will describe the atomic structure of CNTs in terms of the atomic structure of graphene.

It is important that this topic is covered first in order to gain a basic understanding of

what CNTs are. The basic theories behind heat conduction through a material including

the Green-Kubo formulas, which are used to calculate the thermal conductivity, will be

presented after the structure has been introduced. Molecular dynamics is the method used to

perform calculations of atomic trajectories from which the thermal conductivity is obtained.

Therefore, after the theory has been reviewed, a description of molecular dynamics will follow.

This will include a description of the specifics of the method and input parameters used in

this study. Lastly, the results of this research will be presented. We may now proceed to

Chapter 2, in which the basic structure and the thermal conductivity and associated theories

will be discussed.
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Chapter 2

Review of Theory

In this chapter a brief review of the theory of thermal transport is offered. This chapter

presents the reader with the knowledge and theoretical framework which was required for

the completion of this research. First, a description of the atomic structure of a CNT is

provided. Second, the classical definition of thermal conductivity is offered. Following this,

an introduction to autocorrelation functions is presented. Basic knowledge of autocorrelation

functions is necessary in order to understand the derivation of the Green-Kubo formula from

linear response theory, which is the next item of discussion. Lastly, a very brief explanation

of phonons, as carriers of thermal energy, is offered to aid in the interpretation of the results

of this study.

2.1 CNT Structure

In order to run MD simulations on a system, one must understand and be able to describe

the system of interest. Therefore, before discussing the methods of MD simulation, it is

appropriate to first address the atomic structure of CNTs. In this section I will describe the

structural properties of CNTs such as length and radius. In addition, I shall discuss how

different classes of CNTs are defined based on these structural details.

CNTs, as their name suggest, are nano-scale sized tubes made completely of carbon. In
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Figure 2.1: A CNT may be constructed by rolling graphene into a seamless cylinder along
the chiral vector C specified by the basis vectors a1 and a2. The shaded region represents
the surface of an 8 unit cell (3,3) CNT, which is defined by a chiral vector C = 3a1 + 3a2.

order to understand the structure of a CNT, we can begin by looking at the atomic structure

of graphite, which is commonly used in pencil lead. Graphite consists of stacked sheets of

graphene, which are sheets of carbon atoms arranged in a hexagonal grid. Conceptually,

we can construct a CNT by rolling a single sheet of graphene into a seamless cylinder.

We can produce CNTs with different structures by changing the direction in which we roll

our graphene strip. In order for us to describe the structure of our CNT, we will adopt

the conventional coordinate system that has been defined for the graphene lattice. This

coordinate system is illustrated in Figure 2.1. This hexagonal lattice is generated from the
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basis vectors a1 = a(
√

3, 0) and a2 = a(
√

3/2, 3/2). Here, the length of the carbon-carbon

bond is represented by a = 1.42 Å. Carbon atoms in the lattice are located at the vertices of

the hexagonal cells. The vector along which the strip of graphene is rolled is defined using

the basis vectors by,

C = na1 +ma2 (2.1)

where the chiral indices n and m are integers. This so called circumferential, or chiral

vector represents the circumference of a CNT denoted as (n,m). The radius of the CNT

may be obtained from the chiral vector using[9],

R =
C

2π
=

√
3

2π
a
√
n2 +m2 + nm. (2.2)

The shortest CNT that we can produce is called the unit cell of CNT(n,m). We can stack

these unit cells end to end to build longer CNTs. The length of a unit cell is represented by

a translational vector given by,

T =

(
2m+ n

dR

)
a1 +

(
2n+m

dR

)
a2, (2.3)

where dR is defined using the greatest common divisor d of n and m by[10]

dR =


3d if (n−m)/3 is an integer

d if (n−m)/3 is not an integer

(2.4)

There are three general types of CNTs that have been classified based on the chiral

indices. These three types are illustrated in Figure 2.2. First, if n = m, the circumferential

vector lies exactly in between the basis vectors, and the CNT described by such indices

is said to be an armchair type CNT. This is the type of CNT that is produced from the

circumferential vector shown in Figure 2.1. This type of CNT displays metallic properties.

Second, if m = 0, the circumferential vector lies along one of the two basis vectors, and the
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Figure 2.2: Types of CNTs with different chiral indices. Illustrated here are a zigzag CNT
(a), an armchair CNT (b), and a chiral CNT (c). Zigzag and armchair CNTs are named for
the shape of the end of the nanotube.

CNT is said to be a zigzag type CNT. This type of CNT displays semi-conducting properties.

These first two types get their names from the shape of the end of the CNT. Last, a CNT

is said to be of the chiral type if n 6= m.[9] Here we have discussed the structure of what

are referred to as single-walled CNTs (SWCNTs), however, note that there are also CNTs

of another type called multi-walled CNTs (MWCNTs). These consist of SWCNTs nested

concentrically within other SWCNTs. Through the rest of this paper we shall only consider

the thermal properties of SWCNTs.

2.2 Autocorrelation Functions

In the next section I shall discuss thermal conductivity. In that section the Green-Kubo

Formalism, among other topics, will be presented. The Green-Kubo Formalism is important

in deriving formulas for transport coefficients including thermal conductivity. However,
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before an understanding of that topic can be achieved, I believe that it is first necessary to

have a basic understanding of autocorrelation functions. Indeed, the whole of the results of

my study depend on autocorrelation functions of the heat flux as shall become apparent.

Therefore, I shall provide a brief discussion of autocorrelation functions here.

Correlation functions measure how closely related the values of two quantities are to each

other. Here, we are more interested specifically in time correlation functions, since these let

us compare dynamic quantities. We can define a time correlation function by,

C (t) = lim
τ→∞

1

τ

∫ τ

0

A (t0)B (t0 + t) dt0 (2.5)

This represents an average over many time origins t0, with the quantity A being measured

at each time origin, and the quantity B being measured at some delay time t after the time

origin. It is important to note that C (t) is independent of t0 when taken from a system in

equilibrium. For this reason C is said to be stationary. We can rewrite Equation (2.5) using

bracket notation: [11]

C (t) = 〈A (t0)B (t0 + t)〉 (2.6)

If the quantities A and B have no influence on each other, then they are said to be

uncorrelated and C reduces to the product of the averages. However, if A is a cause or a

contributor of B, then the two quantities are said to be correlated, and C will differ from

the average of the products. If the two quantities A and B are different, C is called a

cross-correlation. If the quantities are the same, then C is called an autocorrelation[11].

Now, because C is stationary, it is invariant with translations of the time origin. If we

wish to translate the time origin by some time s we may write,

C (t) = 〈A (t0)B (t0 + t)〉 = 〈A (t0 + s)B (t0 + s+ t)〉 (2.7)

In the special case that s = −t, plugging −t into Equation (2.7) gives us,
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〈A (t0)B (t0 + t)〉 = 〈A (t0 − t)B (t0)〉 (2.8)

In the case of an autocorrelation function, Equation (2.8) becomes,

〈A (t0)A (t0 + t)〉 = 〈A (t0 − t)A (t0)〉 (2.9)

I shall use this fact to my advantage in the next section when deriving the Green-Kubo

formula [11].

Now let us examine the behavior of C at the limits t = 0 and t→∞. In the former case

C (0) is called the static correlation function and is just the average of the product at the

time origin. In the case of an autocorrelation this is,

C (0) = 〈A (t0)A (t0)〉 = 〈A2 (t0)〉 (2.10)

In the latter case t → ∞, as stated before C goes to the product of the averages, which in

the case of an autocorrelation gives,

C (t→∞) = 〈A〉〈A〉 (2.11)

If we are measuring a quantity such as heat flux, J(t), in a system that is in thermal

equilibrium, the autocorrelation of J(t) will go to zero at the limit t→∞. This is because

by definition of a system in thermal equilibrium, 〈J〉 = 0 [11].

Now we have equipped ourselves with knowledge of autocorrelation functions. We can

now explore the Green-Kubo formula, which I shall present at the end of the following section

of this chapter.
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2.3 Thermal Conductivity

2.3.1 Fourier’s Law

Before discussing the methods used to calculate thermal conductivity, it is useful to define

thermal conductivity. Therefore, in this section I will begin with a basic classical description

of thermal conductivity. Most individuals intuitively understand that heat flows from the

hot end of an object to the cool end. Heat itself can be described as a quantity of thermal

energy. This flow of thermal energy across an object which has a temperature gradient across

its dimensions can be described by Fourier’s law:

J = −k∇T (2.12)

Here J is the heat flux, and k is the thermal conductivity of the material. SI units of thermal

conductivity are W/m/K, thus thermal conductivity measures the quantity of heat per unit

time per unit temperature that is transported through the material. In other words, thermal

conductivity describes how easily heat is transmitted through a material [12].

Fourier’s law is what is referred to as a diffusive equation. This means that some quantity,

in the present case that quantity being heat, is being transported in a diffusive manner. As

we shall see later on it this chapter, the diffusive nature of heat transport allows the use of the

Green-Kubo formula which I have employed in the calculation of the thermal conductivity

of CNTs. However, the derivation of the heat diffusion equation, the thermal equivalent to

Fick’s second law of diffusion, is required to apply the general Green-Kubo Formula to heat

transport.

We shall start by applying Fourier’s law to a one dimensional element in which there is

a heat flux. Referring to Figure 2.3, we see that the total heat Q flowing out of the element

is given by the net heat flux J times the area A. Applying Fourier’s law to each side of the

element we have the net heat flux:
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Figure 2.3: This figure provides a simple diagram of heat flow through a one dimensional
infinitesimal element.

Jnet =

(
−k∂T

∂x

∣∣∣∣
x

+ k
∂T

∂x

∣∣∣∣
x+δx

)
δx

δx
(2.13)

which, using the definition of a derivative gives us,

Jnet = −k∂
2T

∂x2
δx. (2.14)

Thus, we have the total heat loss as

Q = −kA∂
2T

∂x2
δx (2.15)

The first law of thermodynamics for an isolated system is,

−Q =
dU

dt
= ρcA

dT

dt
δx, (2.16)

where U , c, and ρ are the internal energy, specific heat capacity, and density of the element

respectively. Combining this with Equation (2.15) we have [12],

∂2T

∂x2
=
ρc

k

∂T

∂t
δx (2.17)

Of course Equation (2.12) and Equation (2.17) only provide us with a bulk description
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of the heat flow through a system. They do not explain the mechanism behind the transfer

of heat; therefore I will now provide a brief description of phonons, which are the carriers of

thermal energy.

2.3.2 Phonons

When discussing heat transport in solids, it is helpful to include a discussion of phonons

for a more complete explanation. Phonons may be viewed as the particle-like entity of

an elastic field, which carries the energy of the field in quantized units. Phonons for an

elastic field are analogous to photons for an electromagnetic field. Phonons are responsible

for carrying thermal energy in insulators and share that responsibility with electrons in

conductors. For each different mode, a phonon carries energy given by,

Ephonon = h̄ω

Each phonon represents a traveling wave within the solid. In other words, a phonon rep-

resents a sound wave, and therefore, phonons travel at the speed of sound in the medium.

Since phonons carry thermal energy at this speed, if the speed of sound and the average mean

free path of phonons in the medium is known, one can calculate the thermal conductivity

for a specific material at a specific temperature. More specifically, one can obtain the heat

capacity from the phonon density of states in the material. The thermal conductivity is then

given by:

κ =
1

3
vcvl,

where v is the average velocity per particle, cv is the heat capacity per volume, and l is the

mean free path of phonons in the material [13].
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2.3.3 Green-Kubo Formalism

In order to describe the technique I used to find thermal conductivity, first, I must explain

the Green-Kubo relation, which comes from linear response theory. This is the formula used

to extract the thermal conductivity from a system in equilibrium. In fact, this formula

may be used to find any transport coefficients, where flux density of the transported item is

proportional to a gradient of some related quantity. I will begin with the derivation of the

generalized Green-Kubo relation.

Now, let us consider the generalized Einstein formulas. We shall start with a transport

equation in one dimension similar in form to Fick’s law.

Nẋ = −D∂N
∂x

(2.18)

where N(x, t) refers to the local volume density of the substance being transported, ẋ

is the local velocity, and D is the transport coefficient. Then Nẋ is the flux density. To

have a substance balance on a differential element of the transported item, we can obtain a

continuity equation,

∂N

∂t
+
∂ (Nẋ)

∂x
= 0 (2.19)

which can be combined with Equation (2.18) giving us,

∂N

∂t
= D

∂2N

∂x2
(2.20)

Equation (2.20) can be solve for a particular set of initial conditions. Suppose we start

with an amount N0 at x = 0, t = 0, then this leads us to the solution,

N (x, t) =
N0

2
√
πDt

e−x
2/(4Dt) (2.21)

This shows that at any time t > 0 the substance moves away from the origin in a
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Figure 2.4: Volume density of a substance as a function of x. Each curve represents concen-
trations at a different time.

diffusive manner, so that the local concentration decreases over time. The distribution of the

substance is represented by a Gaussian about the origin, which collapses as time continues

on. The Gaussian is shown for various times for arbitrary constants in Figure 2.4. The

mean-square displacement (msd) of our transported quantity from the origin is given by,

〈[x (t)− x (0)]2〉 =
1

N0

∫
x2N (x, t) dx (2.22)

Substituting Equation (2.21) into this equation and then carrying out the integration we

find,

〈[x (t)− x (0)]2〉 = 2Dt (2.23)

which applies when t is large compared to the average time between collisions of the

carriers of the transported quantity. So, we take the limit, giving us the generalized Einstein

formula,
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(a) (b)

Figure 2.5: Interchanging the integrations results in changing from accumulating horizontal
lines as in (a), to accumulation vertical lines as in (b). The result of the integration is the
same in both cases.

lim
t→∞

〈[x (t)− x (0)]2〉
2t

= D (2.24)

With the Einstein formula we can relate the transport coefficients, which describe macro-

scopic properties of our system, to microscopic quantities. From here, we can reformulate

the Einstein formula in terms of a time correlation function. This was done by Green for

thermal transport coefficients, and by Kubo for electronic transport coefficients, hence the

name Green-Kubo formula [11]. The derivation begins as follows. Let us consider some

arbitrary dynamic quantity x(t). The total time derivative is,

ẋ (t) =
dx

dt
(2.25)

At a time t the displacement of x from t = 0 is,

x (t)− x (0) =

∫ t

0

ẋ (t′) dt′ (2.26)
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Squaring both sides and averaging over time yields the msd,

〈[x (t)− x (0)]2〉 =

∫ t

0

∫ t

0

〈ẋ (t′) ẋ (t′′)〉dt′dt′′ (2.27)

Since the integrand is symmetric in t′ and t′′, we may integrate over half of t′ − t′′ space

and double the result, so we now have,

msd = 2

∫ t

0

∫ t′′

0

〈ẋ (t′) ẋ (t′′)〉dt′dt′′ (2.28)

Here, the integrand is a stationary autocorrelation function, meaning that it is an autocor-

relation which is unaffected by a shift in time origin,

C (t′′) = 〈ẋ (t′) ẋ (t′′)〉 = 〈ẋ (t′′ − t′) ẋ (0)〉 (2.29)

So, letting τ = t′′ − t′ we have,

msd = −2

∫ t

0

∫ 0

t′′
〈ẋ (τ) ẋ (0)〉dτdt′′ (2.30)

and reversing the limits gives,

msd = 2

∫ t

0

∫ t′′

0

〈ẋ (τ) ẋ (0)〉dτdt′′ (2.31)

The integral remains unchanged if we interchange our integrations. The effect of this change

is illustrated in Figure 2.5. This interchange gives us,

msd = 2

∫ t

τ

∫ t

0

〈ẋ (τ) ẋ (0)〉dτdt′′ (2.32)

msd = 2t

∫ t

0

〈ẋ (τ) ẋ (0)〉
(

1− τ

t

)
dτ (2.33)
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〈[x (t)− x (0)]2〉
2t

=

∫ t

0

〈ẋ (τ) ẋ (0)〉
(

1− τ

t

)
dτ (2.34)

Finally, taking the limits of both sides as t→∞ yields,

lim
t→∞

〈[x (t)− x (0)]2〉
2t

=

∫ ∞
0

〈ẋ (τ) ẋ (0)〉dτ (2.35)

The left side should now look familiar, and in fact it is the left side of the Einstein

formula which we derived previously as Equation (2.24). So, substituting the right hand side

of Equation (2.24) into the left hand side of Equation (2.35) we have [11],

D =

∫ ∞
0

〈ẋ (τ) ẋ (0)〉dτ (2.36)

This is the Green-Kubo formula in its most general form [11]. The dynamic quantity

x and constant D depend on the type of transport being considered. For example, if we

consider diffusion ẋ represents velocity, and for heat transport ẋ represents heat flux J . In

the case of heat transport D represents thermal conductivity κ multiplied by the Boltzmann

constant kB times the temperature T of the system squared over the volume V of the system.

Therefore, in finding the thermal conductivity, I have used the Green-Kubo formula in the

following form,

κ =
V

kBT 2

∫ ∞
0

〈J (τ) J (0)〉dτ (2.37)

where J is the heat flux through the system.

While refreshing our knowledge of the basic physics of thermal transport, we have gained

an understanding of the Green-Kubo formula. A basic theoretical background to thermal

conduction has been presented, and now we may continue to the next chapter in which I

will present Molecular Dynamics, which is a method commonly used to calculate thermal

dynamic properties.
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Chapter 3

Measuring Thermal Conductivity

with Molecular Dynamics

Molecular Dynamics Simulation (MD) is a tool often used for finding thermal conduc-

tivity, or any other dynamic property of interest, for bulk materials. This method was first

described by physicists in the 1950’s [14]. MD is the method with which I have chosen to

conduct my research. Here, I will first give a brief introduction to MD, and then I will

describe how I have applied MD in finding the thermal conductivity of carbon nanotubes.

3.1 Molecular Dynamics

MD is a computer simulation of solids, liquids, or gases, in which individual molecules or

atoms are allowed to interact over time. During the simulation the motions of these atoms

or molecules are calculated. These motions refer to the positions, velocities, and orientations

of individual molecules or atoms. The positions of the individual atoms are calculated by

simply solving Newton’s equations of motion.

Fi (t) = mr̈i (t) = −
∂U
(
rN
)

∂ri

17



This is integrated once to give atomic momenta, and once again to give atomic positions.

Several thousands to millions of these integrations will produce the atomic trajectories of

individual atoms. Many properties of the system may be extracted, including total, kinetic,

and potential energies, system pressure, or temperature, among others. Heat flux is the

property of interest in this research, since the autocorrelation of this quantity leads to the

calculation of the thermal conductivity [15].

There are three different approaches to finding the thermal conductivity of a solid using

MD. One approach is called non-equilibrium molecular dynamics (NEMD). This method of

calculating thermal conductivity is based on Fourier’s law. For NEMD, the temperature at

the two ends of the system is held constant. One end is hot relative to the other end which is

cold. The total energy added to the hot end, and the total energy removed from the cold end

over some time is measured. These two values should be equal, and they are proportional to

the heat flux. The thermal conductivity can be determined from this proportionality, since

it is thermal conductivity that represents said proportionality [15][20].

The second method often used to find thermal conductivity is called homogeneous non-

equilibrium molecular dynamics (HNEMD). In this approach to calculating thermal conduc-

tivity, an external field is applied to the system. Instead of a temperature gradient that is

physically applied to the system, as in the NEMD approach, the external field is used to

represent the effects of heat flow. This field adds a force to each atom given by,

∆Fe = (εi − 〈ε〉)Fe −
∑
j 6=i

fij (rij · Fij) +
1

N

∑
jk,j 6=k

fjk (rjk · Fe)

By taking the limit as the force Fe from this field goes to zero the thermal conductivity

can be found from, [16] [21],

κ = lim
Fe→0

lim
t→∞

〈Jz (Fe, t)〉
FeTV

The third method is called Equilibrium Molecular Dynamics (EMD), and is the method

18



Figure 3.1: This diagram illustrates the steps performed during a simulation using an equi-
librium molecular dynamics approach.

that is used in this research project. During the first step of the equilibrium method, the

system is first brought to thermal equilibrium for some temperature. This is done by con-

necting the system to a heat bath for which the temperature is held constant. This step is

referred to as NVT, where NVT are the variables which are held constant and stands for

the number of atoms in the system, volume of the system, and system temperature. Once

thermal equilibrium is achieved, the total energy of the system is held constant during the

second step of simulation. This step is referred to as NVE, where now the E replaces the T

and stands for total energy of the system. After some allowed time for the system to equi-

librate under this condition, calculations of the heat flux are recorded for each time step.

Heat flux is calculated via the following formula,

J (t) =
1

V

d

dt

N∑
i

ri (t) εi (t) , (3.1)

19



Data Collection for (10,0) CNTs

Temperature: 300 K
Time Step: 1 fs
Data Collection: Every 2 fs
Length of Sampling: 1 nm
Total Run Time: 100 ns
Correlation Length: 100 ps

No. of Microconical Samples = 100

Table 3.1: Input values that were used in every run of the simulation are displayed in this
table.

where the sum is over the ith to Nth atoms, V is the volume of the system, and εi is the total

energy of atom i given by,

εi =
1

2
miv

2 +
N∑
j 6=i

u (rij) (3.2)

Here
∑N

j 6=i u (rij) represents a many body potential. The many body potential used for this

research is given by the Tersoff potential shown below [6],

Vtersoff =
1

2

∑
ij

{fc (rij) [VR (rij)−BijVA (rij)]} (3.3)

The heat flux autocorrelation may then be calculated across a range of delay times. Using

this data with Equation (2.37) allows the calculation thermal conductivity.

3.2 Running The Simulation

To measure the thermal conductivity of various CNTs, I performed MD simulation with

open source software called Large-scale Atomic / Molecular Massively Parallel Simulator

(LAMMPS). This software was run on Ball State University’s Center for Computational

Nanoscience (CCN) Beowulf computing cluster. Certain inputs were required by LAMMPS,

such as a coordinate file, time step size, boundary conditions etc. The parameters important
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in the calculation of the thermal conductivity are shown in Table 3.1.

In choosing the time step, a value that allowed all time scales of interest to be resolved

had to be chosen [17]. Using 52 THz for the C-C vibration, one finds that the C-C vibration

period is approximately 19.2 fs [16]. Therefore, for all runs, the time step was set to one

femtosecond.

Heat flux data was collected for varying lengths of (10,0) CNTs, from 3 to 500 unit cells,

all at a temperature of 300 K. This data was used to compute the heat flux autocorrelation

function (HFAF) for each CNT that was studied. Once the HFAF was obtained, it was

integrated by the program to give a preliminary estimate of the thermal conductivity of the

CNT being studied. Later a fit was obtained for the HFAF to give a better calculation of

the thermal conductivity.

The results of thermal conductivity obtained from this research compare favorably with

results obtained by others. These results will now be discussed in the next section of this

research paper.
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Chapter 4

Results

In this chapter I present the results obtained from this research project. First, I discuss

and present the results from the thermalization step of the simulation. I then proceed to

describe the heat flux autocorrelation functions (HFAFs) that were obtained for each run.

Here, I also present the results of fitting the HFAF to a specific equation. Following this, I

briefly describe the effect that total simulation time has on the thermal conductivity. Lastly,

I display and discuss the results obtained for thermal conductivity dependence on CNT

length.

4.1 Thermalization

Before any heat flux data could be recorded, the system had to be brought to equilibrium.

During the thermalization process, system pressure, kinetic energy, potential energy, total

energy, and temperature were all recorded. The values for each of these variables are plotted

vs. time. The plots for a 21 nm (10,0) CNT are shown in Figures 4.1, 4.2, and 4.3. As

one may observe in the figures, there are large oscillations in each plotted value early in the

simulation. This signifies that the system is in a state of non-equilibrium. In the case of the

21 nm CNT, these large oscillations became less pronounced at around 3 picoseconds, after

which the system experienced small uniform oscillations about equilibrium. This signifies
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that the system had become sufficiently close to equilibrium to begin the next step in the

simulation.

The thermalization step was allowed to run for 5× 105 computational time steps, corre-

sponding to 500 picoseconds in system time, for CNTs 50 unit cells in length and up. For

shorter CNTs, the thermalization step had to be allowed to run for a longer time period,

as shorter tubes were observed to take a larger amount of time to converge to equilibrium.

A comparison of system temperature between a 5 unit cell CNT and a 50 unit cell CNT is

shown in Figure 4.4. The thermalization step was allowed to run for 106 computational time

steps corresponding to one nanosecond in system time, for all CNTs less than 50 unit cells

in length.

No additional useful data could be recorded from the second step in the simulation in

which the system becomes closed and is again allowed to equilibrate. Therefore we now

move on to the results obtained from the third step of the simulation in which the HFAF

and ultimately the thermal conductivity was obtained.

4.2 Heat Flux Autocorrelation

The Heat Flux Autocorrelation Functions (HFAF) which were obtained in this research

for (10,0) CNTs of various lengths are shown in Figures 4.5, 4.6, 4.7, and 4.8. For each CNT

the HFAF obtained decreases rapidly toward zero. This behavior is expected as the heat flux

measured at various delay times should become less correlated with J (t0) as the difference

between time origin and delay time increases. This convergence allows us to integrate the

HFAF and thus find the thermal conductivity of the CNT being simulated. A curve of the

form

A1e
−t/τ1 + A2e

−t/τ2 (4.1)
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(a)

(b)

Figure 4.1: Shown in this figure are plots of the basic system properties vs. time during the
thermalization step of the simulation. The variables for which data was recorded are system
temperature (A) and system pressure (B).
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(a)

(b)

Figure 4.2: Shown in this figure are plots of the basic system properties vs. time during
the thermalization step of the simulation. The variables for which data were recorded are
kinetic (a) and potential energy (b) of the system.
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Figure 4.3: Shown in this figure is the plot of the basic total energy of the system vs. time
during the thermalization step of the simulation.

was fitted to the HFAF as suggested by Lukes [16] and Che [18]. Thus, the thermal conduc-

tivity is given by:

κ =
V

kBT 2

∫ ∞
0

A1e
−t/τ1 + A2e

−t/τ2dt =
V

kBT 2
(A1τ1 + A2τ2) (4.2)

The values obtained for the thermal conductivity and the constants of the fit are displayed

in Table 4.1.

The constants τ1 and τ2 are determined from a best fit of the HFAF. Physically τ1 is

interpreted as half the time period for energy transfer between adjacent atoms, also called the

”local time decay”, and τ2 is half the average scattering time of phonon-phonon interactions

[16]. As Volz explains in reference [19], periodic boundary conditions induce size effects

which are a source of error in the calculation of the HFAF. These effects arise by means of

two artificial circumstances induced by the periodic conditions of the simulation cell. First,
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(a)

(b)

Figure 4.4: In this figure the system temperature over time is compared for a 5 unit cell
(2.13 nm) CNT (A) and a 50 unit cell (21.31 nm) CNT (B). As can be seen from the figure
the longer CNT tends toward equilibrium faster than the shorter CNT.
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Thermal Conductivity and Fitting Parameters of (10,0) CNTs at Temperature = 300K

Tube
Length

k A1 ∗ V τ1 A2 ∗ V τ2

(nm) (Wm−1K−1) (eV 2ps−2Å
−1

) (ps) (eV 2ps−2Å
−1

) (ps)

1.28 1116.5415 1.2184541 1.20644 0.6268507 6.27712
2.13 1732.0526 1.3728270 1.48875 0.6401667 9.90445
3.41 2067.4368 1.4540586 1.62982 0.6236111 12.2479
4.26 2282.7672 1.5605913 1.79828 0.4707241 17.5129
8.53 2210.9554 1.7366409 1.73347 0.4240217 18.1408
21.31 2365.2898 1.7144097 1.96899 0.2940692 27.4559
42.63 2484.1857 1.7075447 2.05638 0.2702714 31.5008
85.25 2803.5850 1.7141144 2.08862 0.3378361 29.5738
127.88 2599.2827 1.7418915 2.29585 0.2074828 41.3680
213.13 2550.8412 1.7295667 2.20984 0.2391378 35.6519

Table 4.1: This table displays the results obtained from this research for thermal conductivity
of CNTs of various lengths. The constants that were obtained by fitting the HFAF for each
length are also provided.

the maximum phonon wavelength is limited by the size of the simulation cell, thus less

phonons are available to carry heat energy and the heat flux obtained will be smaller than

the real value. Second, after a time equal to the time that it takes any particular phonon to

ballistically travel the length of the simulation cell, the phonon will reenter the simulation

cell and interfere with itself. This causes an artificial autocorrelation effect which is a source

of error in the calculation of the HFAF. The fitting of the HFAF is necessary to extrapolate

the thermal conductivity and avoid these artificial correlations.
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Figure 4.5: Shown here is the plot for the heat flux autocorrelation function of a (10,0) CNT of length 10 unit cells (4.26
nm).The data has been fitted to a curve of the form A1e

−t/τ1 + A2e
−t/τ2 which is shown in the plot.
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Figure 4.6: Shown here is the plot for the heat flux autocorrelation function of a (10,0) CNT of length 50 unit cells (21.31
nm).The data has been fitted to a curve of the form A1e

−t/τ1 + A2e
−t/τ2 which is shown in the plot.
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Figure 4.7: Shown here is the plot for the heat flux autocorrelation function of a (10,0) CNT of length 100 unit cells (42.63
nm).The data has been fitted to a curve of the form A1e

−t/τ1 + A2e
−t/τ2 which is shown in the plot.
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Figure 4.8: Shown here is the plot for the heat flux autocorrelation function of a (10,0) CNT of length 500 unit cells (213.13
nm).The data has been fitted to a curve of the form A1e

−t/τ1 + A2e
−t/τ2 which is shown in the plot.
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4.3 Thermal Conductivity Measurements Over Time

Figure 4.9: Shown in this figure are the thermal conductivities obtained for a (10,0) 50 unit
cell (21.31 nm) CNT. Each conductivity was calculated at the end of one simulation time
block and is averaged with the results of all previous blocks.

A sufficiently long simulation had to be allowed in order to produce good thermal con-

ductivity results. Good results, in this case, are those in which the error is thought to be

sufficiently low enough to accurately describe the system. One way to show that a satis-

factory number of time steps were included in the simulation, is to compare the thermal

conductivity measurement from early on in the simulation to thermal conductivity measure-

ments from later on in the simulation. During the earlier time steps, less HFAFs had been

obtained compared to values obtained in later time steps, thus error was large early on and

decreased later on as more HFAFs could be included in the calculation.

This trend can be seen in Figure 4.9. In the figure the thermal conductivity value is

plotted per simulation time step. Each point in the plot coincides with a time over which

33



enough heat flux data was collected to construct the HFAF. It can be easily seen from this

figure that the thermal conductivity converges on a particular value, indicating that indeed

enough HFAFs had been collected to produce confident results.

4.4 Thermal Conductivity Dependence on Length

Figure 4.10: This plot displays the length dependence of thermal conductivity in CNTs.
Here, thermal conductivity is plotted vs. length for (10,0) CNTs.

The thermal conductivity results that I obtained for CNTs of various lengths have been

plotted in Figure 4.10. The lengths of CNTs studied range from about 1 nm to about

213 nm. All thermal conductivities were measured at a temperature of 300 K. From the

graph, it appears that thermal conductivity increases as the length of the CNT increases.

This dependence on length seems to apply only for CNTs up to a certain critical length at

which point the thermal conductivity becomes relatively constant. This length dependence

is somewhat expected, and can be attributed to actual physical effects. One such effect
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Thermal Conductivity of SWNTs at Temperature = 300K

k
(Wm−1K−1)

Tube
Length
(nm)

Cross-
sectional

Area (nm2)
Chirality

Simulation
Technique

Berber et al.[5] 6600 2.5 2.9 (10,10) HNEMD
Che et al.[2] 2980 30 0.43 (10,10) EMD
Yao et al.[6] 1-4×1023 6-60 1.46 (10,10) EMD
Osman et al.[7] 1700 30 1.46 (10,10) NEMD
Padgett and Brenner[8] 40-320 20-310 1.46 (10,10) NEMD
Moreland et al.[4] 215-831 50-1000 1.46 (10,10) NEMD
Maruyama[3] 260-400 10-400 1.46 (10,10) NEMD

Results from this study 1200-2800 1.3-213 0.286 (10,0) EMD

Table 4.2: This table displays the results for thermal conductivity of carbon nanotubes that
have been obtained by other groups. For each case, the simulation technique used to find
the thermal conductivity is shown. The results obtained in this study are included at the
bottom of this table for comparison. The upper section of this table is adapted from Lukes
[16].

arises from the number of vibrational modes in the CNT, and the other effect is phonon

scattering. Additional modes of vibration are allowed for longer CNTs. With more modes

of vibration, there are more carriers available to transport heat energy, which yields a higher

thermal conductivity. The second physical mechanism that affects the length dependency

of thermal conductivity is the rate at which phonons scatter. Phonons of differing modes

have different mean free paths. As CNT length increases, it exceeds the mean free path for

an increasing number of modes, thus more phonons are scattered before reaching the other

end of the CNT. This accounts for the saturation of thermal conductivity for longer tubes,

where thermal transport behaves diffusively, as opposed to shorter tubes where thermal

transport behaves ballistically. Conversely, the fact that the convergence of the thermal

conductivity with length is present indicates that phonon-phonon interactions are present in

the simulation, adding validity to the model.

Some results obtained by various other groups are shown in Table 4.2. With one excep-

tion, it can be seen that thermal conductivities obtained by my research, and those obtained
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by others, is of the same order of magnitude, thus confirming those results.
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Chapter 5

Summary and Conclusions

The intent for this section is to summarize the information that this research paper has

presented. In Chapter 2 a brief review of theory of various thermal transport concepts was

provided. Included in this chapter was a description of the structure of CNTs including

the definition of the hexagonal graphene lattice and of the chiral vector. The chapter then

proceeded with a classical description of thermal conductivity based on Fourier’s law, which

is a diffusive description of heat transport. Next, a short description of phonons as the

carrier of heat energy is provided. The chapter then proceeded to present properties of

autocorrelation functions, which are important in this research. Autocorrelation functions

are also important in the derivation of the Green-Kubo formula, which is the final item

presented in Chapter 2.

Chapter 3 provided information about Molecular Dynamics. MD was the method used to

generate the results of this research. Three approaches to measuring the thermal conductivity

were introduced, including the EMD method which utilizes the Green-Kubo formula. A

description of the input parameters and simulation details were also provided in Chapter 3.

In Chapter 4 the results of this research were presented. It was shown that the system was

thermalized to the target temperature and that it had come sufficiently close to equilibrium to

begin collecting data from the micro-canonical ensemble. It was also shown that a sufficient
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length of sampling was allowed to obtain reasonable results for the thermal conductivity of

the system. The data obtained for the autocorrelation functions of (10,0) CNTs of various

lengths was presented, along with the values of the HFAF fitting parameters. While the high

frequency time constant varied negligibly with length, the low frequency time constant was

seen to steadily increase with length. This provided an explanation of the increase in thermal

conductivity with length, since the mean free path of a higher number of low frequency

phonons was being exceeded as the length increased. In conclusion it was ultimately shown

that the results of this research compare favorably with that of other studies.
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