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Abstract 

The subject of geometry has been around since the beginning of time. The 

first figures humans drew were lines and circles. On the other hand, dynamic 

geometry environments (DGE) have been used since the 1980 s to add a 

technological component to the age-old subject of geometry. DGE's can be used to 

assist with proving concepts, theorems, and testing hypotheses while allowing the 

operator to focus on the critical thinking and logical reasoning behind the 

constructions. Dynamic geometry environments have been proven to be particularly 

successful in assisting high school students move between van Hiele's levels of 

geometric reasoning. I have designed five activities that use the dynamic geometry 

environment Geometer's Sketchpad (GSP) to assist a class of 16 high school students 

to move between van Hiele's levels of geometric reasoning. I have included three 

samples of student work for each activity, which I subsequently analyzed to discuss 

students' experiences with the software and whether or not they were successful in 

moving between van Hiele's levels. 
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A key foundational element of geometry is the ability to prove conjectures 

and given statements. Proof is defined as "a written account of the complete thought 

process that is used to reach a conclusion. Each step of the process is supported by a 

theorem, postulate or definition verifying why the step is possible" (Roberts). It is 

important to note that proofs must be the "complete thought process" used to verify 

a theorem, postulate, or definition. In other words, there can be no gaps found in the 

argument Specific steps and subsequent logical deductions must be listed in order 

to establish the validity of ideas. Formal logical proofs are convincing to 

mathematicians, but do they convince students? Battista and Clements pose the 

following question in their article entitled "Geometry and Proof', "Do they 

[students] see it as a way to establish the validity of their ideas or ...as a set of formal 

rules unconnected to their personal mathematical activity?" For some students 

there is a disconnect between the formation of mathematical proofs and the content 

knowledge being discussed in the classroom. Beginning in the 1980's, educators 

incorporated the use of dynamic geometry environments into classroom learning 

experiences as a means of making content meaningful to students through proof (de 

Villiers). 

Dynamic Geometry Environments (DGE) are defined as, "particular 

technology tools that have been used in the learning and teaching of geometry to 

assist students in moving beyond the specifics of a single drawing to generalizations 

across figures" (Holle brands and Stohl Lee). Different types of interactive geometry 

software allow students to experiment with the meanings and limitations of various 

geometric concepts. There are over 40 different DGE's according to Hollebrands and 
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Stohl Lee. Even though all DGE programs are different, they all share common 

features. These features allow for students to explore the same concepts using a 

variety of software interfaces: "Given the changing nature of technology, it is 

important that teachers develop a model of teaching and learning that goes beyond 

the specifics of a technology tool so that they are able to make informed decisions 

about appropriate uses of technology in mathematics" (Holle brands and Stohl Lee). 

In order to be highly effective teachers, educators must be able to evaluate the 

differences in DGE's and determine which software would best suit the needs of 

students. The overall goal of DGE's is to help students improve their critical thinking 

and reasoning skills so that they can move between van Hiele's levels of geometric 

reasoning. 

Dina van Hiele-Geldorf and Pierre van Hiele, two Dutch mathematics 

educators, developed the van Hiele theory. This theory has been used to explain, 

" ... why many students have difficulty with the higher order cognitive processes, 

particularly proof..." (Usiskin). The theory identifies five distinct thought levels in 

the development of students' understanding of geometry. Levell is classified as 

"Recognition". In this level, "students visually recognize figures by their global 

appearance" (de Villiers). In other words, students can identify shapes, but they 

cannot explicitly state the properties of given figures. Level 2 is classified as 

"Analysis". Students are able to, " .. .start analyzing the properties of figures and learn 

the appropriate technical terminology for describing them, but they do not 

interrelate figures or properties of figures" (de Villiers). Students in this level have 

developed an increased understanding of the specific properties of figures, but they 
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still struggle to make broad connections between figures and properties of figures. 

Level 3 is labeled "Ordering". Students can, " ...logically order the properties of 

figures by short chains of deductions and understand the interrelationships 

between figures" (de Villiers). This is the beginning stage of proof. Students must be 

able to logically sequence and catalog different pieces of information in order to 

understand the interrelationships between figures. Level 4 is "Deduction". This level 

should occur very naturally after level 3 because students transition from ordering 

short chains of deductions to developing longer sequences of statements. It is in this 

level that students begin to truly understand the significance of deduction, 

theorems, and proof. LevelS is "Rigor". Once students reach this level they are 

capable of understanding non-Euclidean geometry and making comparisons 

between different axiomatic systems. 

Students move through the different levels of van Hiele's geometric thinking 

at different paces. There is a great deal of content and skill that must be mastered 

and understood in order for students to pass from one level to another. Each 

individual student works at a different speed and ability level: "According to the van 

Hiele model, an important characteristic of mathematical reasoning is that growth in 

age does not necessarily imply growth in a student's level of reasoning. Instruction 

plays a central role in a student's progression throughout the levels" (Gutierrez and 

Jaime). The instructional strategies of the teacher have a very large impact on the 

students' ability to progress between van Hiele's levels. In a research study 

conducted by two Greek professors, it was hypotheSized that" ... the research 

process helps students develop geometrical thinking and ascend the levels in 
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accordance with the van Hiele theory" (Patsiomitou and Emvalotis). The purpose of 

this research study was to identify how dynamic geometry environments can aide 

students in moving between van Hiele's levels by guiding students through the 

construction of knowledge: "Students cannot directly be given knowledge or 

concepts; they must construct it from their own perceptions, experience, and 

inquiry" (Patsiomitou and Emvalotis). Students' different experiences with DGE's 

encourage a sense of inquiry and constructing in-depth perceptions of the material 

being discussed. The sense of inquiry and the construction of elevated perceptions 

of the content allow students to efficiently move between van Hiele's levels of 

geometric thinking. 

Dynamic geometry environments utilize an inquiry-based learning approach. 

This transforms "traditional" static methods of proof into dynamic, exploratory

based methods of proof: " .. .inquiry-based learning improves the quality of 

mathematics learning by providing learners with multiple opportunities of raising 

and testing conjectures using multiple examples, receiving quick feedback, using 

multiple representations, and being involved in the modeling process" (Leikin and 

Grossman). Students are able to instantly experiment with and explore different 

theories and hypotheses they develop. Thus, students can receive instant feedback 

concerning whether or not their ideas are supported by the theorem/content 

material being discussed. Dynamic geometry proofs, such as those created using 

DGE's, contain a higher level of cognitive demand. Students must be able to ask 

themselves "what if...?" questions in order to recognize deeper connections within 

the content In order to raise students up to higher levels of geometric thinking, they 
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must be encouraged to apply their knowledge and challenge themselves in the 

process. For example, in Preparing to Teach Mathematics with Technology: An 

Integrated Approach to Geometry, Hollebrands and Stohl Lee compare a low

cognitive demand task with a high-cognitive demand task. A low-cognitive demand 

task would be memorization; for example, "State the triangle inequality theorem." In 

contrast, the high-cognitive demand task would be completing procedures with 

connection to meaning. For example, "Suppose the lengths of two sides of a triangle 

are 4 and S. Determine possible lengths for the third side of the triangle." High 

cognitive demand tasks" .. . are generally tasks that require students to engage in 

nonroutine problem solving or to think conceptually about mathematical ideas" 

(Hollebrands and Stohl Lee). The use of DGE's as a means of constructing proofs 

allows students to problem solve at a high cognitive level while using technology 

instead of the standard pencil and paper. 

The five activities I designed for students were completed using Geometer's 

Sketchpad (GSP). The discussion questions are included as a means of probing 

students' though processes and pushing them to think at higher cognitive levels 

than they are accustomed. The final goal was to help students reason at a higher van 

Hiele level than they previously had. These activities were given to a class of 16 

students taking second semester Geometry at a local high school. The class 

contained ten female students and six male students. Three of the students were 

African-American, two students were biracial, one student was Hispanic, and ten 

students were Caucasian. 
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Name: __________________ 

Understanding the Pythagorean Theorem 

For this activity, we will be using Geometer's Sketchpad to gain a better 
understanding of the Pythagorean theorem. 

1. 	 Construct a right triangle of any size. 

2. 	 Find the length of each side of the triangle using one of the methods listed 
below. 

a. 	 Select two pOints-7measure-7distance 

b. 	 Select a line-7measure-7length 

3. 	 Construct a square on (attached to) each side of the triangle. 

Discussion Question: How can we construct these squares? Do we have 

enough information to do this? 

4. Calculate the area of each square. 

Discussion Questions: 


1) Make predictions regarding the relationships between the areas of the 


squares. 


2) How do we compute the areas of squares? 


3) Recall the Pythagorean Theorem. What do the components of the 


formula mean? 


4) How does the Pythagorean Theorem relate to the constructions we just 


made? 


S. 	 Add the areas of the smaller two squares. 
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Discussion Questions: 

1) Does the sum of the areas of the two smaller squares equal the area of the 

larger square? Why or why not? 

2) If they aren't equal, what could that mean? 

a. 	 Is the theorem wrong? What kind of errors could have occurred? 

3) 	 Does the size of the original triangle have an affect on the truth of the 

Pythagorean theorem? 
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Samples of Student Work for Activity #1 

1. Perimeter t3.ABC = 10.65 em G 
BC =2.72 em 

BA =3.53 em 

AC=4.40 em 

mFC = 4.40 em 

GF=4.40cm 

GA=4.40cm 

BH=2.72 em 

mHI=2.72 em 

mIC=2.72 em 

mAl= 3.53 em 

mJK=3.53 em 


mKB=3.53 em 


Area AJKB =12.45 cm2 


Area BHIC =7.38 cm2 


2Area ACFG = 19.34 cm

(Area AlKB) + (Area BllIC) = 19.83 cm2 

mlJlI. =':l./J cm 
m~=9.73 emmAC=6.88 em2. m~=9.73 emm liT=6.88 em 
m liJj = 9.73 emm~=6.88 em 
ABRQ = 94.29 em2mrs = 6.88 em 


~ AISC =47.32 cm2 


R 

+ (Area COPE) = 95.14 c:m2 

1_-__ 

F 

mCB=6.92cm 

mm=6.92em 
mOP=6.92em 
mPB = 6.92 em 

Area COPB =47.82 cm2 
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http:mAC=6.88
http:mKB=3.53
http:mJK=3.53
http:mIC=2.72
http:mHI=2.72


m A11 = 4.41 em 
3. mA15=4.41 em 

m iK" = 8.04 em D......__--. m l5F= 4.41 em 

mAR= 8.04 em m F:B = 4.41 em 

mm=8.04 em Area DARE = 19.44 em' 
m1C=8.04cm 
Area AHIC =64 .69 em' 

H 

m ClJ = 9.11 em 
mIJr- ~ 9 .17 em 

m Fe = ·9.17 em 
m G(:= 9 .17 em 

Area CBFG =83.75 em' 

(Area DARE) + (Area AlIIC) = 84.13 em' 

Analysis of Student Work from Activity #1 

I have found that my students are very familiar and comfortable with the 
Pythagorean theorem; however, they simply do not understand the purpose behind 
the formula. I chose to do this activity with my students because I wanted them to 
gain an understanding of the meaning and proof behind a formula they know so 
well. Students were comfortable using Geometer's Sketchpad to perform the 
constructions and calculations. 

Once prompted in the discussions, most students were able to realize why 
the picture they constructed represented the Pythagorean theorem. This activity 
was mostly a means of connecting prior knowledge in a way that allowed deeper 
understanding of familiar material. Through the guided questions, students were 
able to recognize that are representative of the areas of the squares drawn onto the 
sides of the triangle. Students were able to recognize that the size of the original 
triangle was arbitrary. I encouraged students to play with the dimensions of the 
original triangle once all calculations had been made so that they could witness 
what effect the change in size had on the outcome. 

The three samples (above) I have selected to include all contain the same 
error. The sum of the areas of the squares on the legs of the triangle is very close to 
the area of the square on the hypotenuse. However, the sum does not equal the area 
of the square on the hypotenuse, as it should according to the Pythagorean theorem. 
During our class discussion, we identified that this may have occurred if students 
were not precise when constructing their right triangle. ApprOXimately half of the 
students did not realize/recall that the triangle indeed needed to be a right triangle 
for the Pythagorean theorem to hold true. Originally, I thought this mistake would 

11 

http:mIJr-~9.17
http:mA15=4.41


hinder students from achieving the goal of the activity, but I found that students 
learned from their error much more than I had anticipated. Thus, I concluded that in 
these cases, failing to achieve the goal of the lesson provided the same learning 
experience as those who did achieve the goal of the lesson. 

I was hoping I would have at least one student comment about why we draw 
squares on the sides of the triangle. I had a few students who I believe could have 
been capable of making this observation, but their curiosity did not reveal itself 
during this lesson. I wanted students to understand the concept well enough to 
question why it had to be squares; why couldn't it be triangles or hexagons? I 
believe my students could be prompted to investigate this portion of the 
Pythagorean theorem, but I wanted to see if they would make the leap themselves. 

The use of Geometer's Sketchpad helped students to be able to perform 
constructions and calculations they may have struggled with using pencil and paper. 
This DGE was able to take the focus off of my students drawing and computational 
skills in order to allow them to work with the material at a more conceptual level. I 
saw a level of engagement in the material that is not typically found in my students 
when it comes to learning about Geometry. The combination of the DGE and the 
guided discussion question allowed students to move between the first and second 
levels of van Hiele's geometric reasoning. In some cases, a few of my students were 
able to move from the first level to the third level based upon their comments and 
observations during our guided discussions. 
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--------------------Name: 

Areas of Rectangles and Triangles 

1. 	 Construct segmentAB. 
2. 	 Construct a perpendicular line to AB through point A. 
3. 	 Construct a perpendicular line to AB through point B. 
4. 	 Construct a point on the perpendicular line drawn through pOint B. Label 

this point C. 
S. 	 Construct a line parallel to segment AB through point C. 
6. 	 Compute the area of this rectangle. 

Discussion Question: How do we calculate the area of a rectangle? 

7. Draw one of the diagonals of the rectangle. 

Discussion Question: What shapes are formed by doing this? 

8. Calculate the areas of the two triangles formed inside the rectangle. 

Discussion Question: 
1) 	 How do we calculate the area of a triangle? 
2) 	 What do you notice about the areas of the triangles in relation to the 

area of the rectangle? 
3) How is this relationship reflected in the formulas for area of a 

rectangle and area of a triangle? 

9. Add the areas ofthe two triangles together. 

Discussion Question: Does this sum agree with the previous 
discussion? (#3 above) 
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Samples of Student Work from Activity #2 

Area ADCB:::: 68.68 cJn21. 
I 
I 

(Area 6.ACB) + (Area D.ADC) :::: 68.68 cm2 

I 
Area 6.ADC :::: 34.34 em2 


Area 6.ACB :::: 34.34 ,*2 


A 

2Area BDCA = 22.59 cm
2. 

(Area 6.DBA) + (Area 6.ACD) = 22.59 cm2 

Area 6.DBA = 11.29 cm2 

Area 6.ACD :::: 11.29 cm2 

B ------.A 

D c 
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3. t:.CDlJ) + (Area t:.CAB) = 79.35 em' 

Area ACDB =79.35 em' 
Area t:.CDB = 39.67 em' 
Area ['CAB = 39.67 em' 

Analysis of Student Work from Activity #2 

This is another activity I designed because the standards state students need 
to be able to deduce area formulas. All of my students know how to compute the 
area of a rectangle. This is prior knowledge with which they are extremely 
comfortable. Similarly, my students are very comfortable computing the areas of 
triangles. They are familiar with the formula, and know how to calculate it. 

However, when I asked students why is the formula for area of a triangle A = ~ bh,
2 

they struggled to find an explanation. I did have four students who could articulate 
the reasoning behind the formula for area of a triangle, but I thought this activity 
would still provide some worthwhile exploration for these students. 

At first, students asked why they had to be so precise when constructing the 
rectangles. They wanted to simply plot four pOints and connect them to make a 
rectangle. When this occurred, I asked students to recall the properties of rectangles 
they had discussed in first semester geometry. Students stated that there must be 
four right angles. I then asked students if they were capable of creating a precise 
right angle by arbitrarily plotting pOints. Once students realized there was a need 
for precision in this construction, they understood why they had to construct the 
rectangle in the manner outlined in the activity. 

Calculating the area of the rectangle was no issue for students. Students were 
already familiar with the construction of diagonals because this was discussed last 
semester. Most students were already aware of the fact that by constructing a 
diagonal, two triangles are formed inside the rectangle. However, there were some 
students who were unable to clearly see this occurrence until they used the polygon 
tool to individually trace the two triangles. Calculating the areas of the two triangles 
was no issue for students. I only had a two students observe that the triangles 
formed were similar. Consequently, these two students asked why it was necessary 
to calculate the area of both triangles since they were the same. I responded by 
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telling students that they had made an observation that the majority of the class had 
not realized yet. Students were asked to compute the sum of the two areas of the 
triangles to solidify the fact that the two triangles formed inside the rectangle 
indeed have the same area as the rectangle. 

The guided discussion questions and the use of the polygon tool in GSP 
assisted students in articulating how the formula for area of a triangle is deduced 
from the formula for area of a rectangle. These tools allowed students to move from 
level one of van Hiele's geometric reasoning to level four. Most students did not 
even realize they had deduced a formula until I told them that was what we 
achieved in this lesson. Students were impressed that they had formally deduced a 
formula from another formula, because they previously had the impression that 
they "hated proofs". The use of a dynamic geometry environment in this activity 
helped students travel through levels of geometric thinking without even realizing 
it, because it happened so naturally. 
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Name: __________________ 

Areas of Rectangles and Trapezoids 

1. 	 Place points A and B. 
2. 	 Drawa line through these two points. 
3. 	 Place pOints C and D on a line parallel to line AB. (These two points should 

not be perpendicular to points A and B.) 
4. 	 Draw a line through these two points. 
5. 	 Construct the lines that connect point A to point C and connect point B to 

pOint D. 
6. 	 Use the polygon tool to create the polygon formed by points A, B, C, and D. 

Discussion Question: What figure has been formed through the 
construction steps above? 

7. Calculate the area of this figure. 

Discussion Question: How do we compute the area of this figure? 

8. Select point A and the line parallel to it. Construct a perpendicular line. 
a. 	 Change this line to a different color. 

9. 	 Label the intersection of the perpendicular line with line CD as point E. 
10. Construct a line from point E to pOint D. 
11. Use the polygon tool to create the polygon formed by points D, E, and A. 

Discussion Questions: 

1) What polygon did points D, E, and A form? 

2) How do we calculate the area of this new polygon? 

3) Why do you think we constructed this new polygon? 


12. Calculate the area of this figure. 
13. Select point Cand line BA. Construct a perpendicular line. 
14. Label the intersection of the perpendicular line with line BA as point F. 
15. Construct a line from point F to point B. 
16. Use the polygon tool to create the polygon formed by points C, B, and F. 

Discussion Questions: 
1) 	 Why do you think we constructed this polygon outside of the 

quadrilateral even though we constructed the first one inside the 
quadrilateral? 

2) 	 How is this significant when computing areas of trapezoids and 
rectangles? 
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17. Calculate the area of this figure. 

Discussion Questions: 
1) What do you notice about the areas of the two triangles? 

a. 	 Were they the same or different? 
2) 	 If the areas were different, try to manipulate the figures so that they 

are the same. What does this mean? 

18. Use the polygon tool to create the polygon formed by points C, F, E, and A. 
19. Calculate the area of this figure. 

Discussion Questions: 
1) 	 What polygon does points C, F, E, and A form? 
2) 	 What do you notice about the area of this quadrilateral compared with 

the original quadrilateral we constructed? 
3) How does this relationship reveal itself in the formulas for area of 

trapezoids and rectangles? 
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Samples of Student Work from Activity #3 

1. 	 mAE = 6.03 em 

mCD=928 em 

mAC=5.06cm 
mBD =5.06 em 

2Area ACDB =36.73 cm

._---------- ....--------.... 
C 

2Area !':. ECA = 3.89 cm 
2Area !':. BFD =3.89 em

Area ECFB = 36.73 cm2 

AreaADcn =38.76 emz
2. 

Area AGCH = 38.76 emz 

~~~-----------
Area !':.DGA =6.01 cm2 


Area !':.BCH =6 .01 cm
 z I 	 '~. 
.----------4---~ 

D 

3. 
Area CRAD = 85.QJ cru2 

Area c,DAE =9.94 cm2 

Area !':, BFC = 10.11 cm2 

2Area CFAE = 84 .85 cm
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Analysis of Student Work from Activity #3 

Similar to the activity completed regarding the areas of triangles and 
rectangles, I decided to guide my students through the calculation of the areas of 
rectangles and trapezoids. I wanted students to see that trapezoids and rectangles 
are similar to each other and that their area formulas are related. 

Students enjoyed the "freedom" when constructing their trapezoids. They 
were able to play with the height and overall width of the entire figure. Students 
remarked that this made them feel like they were computing the area of "their own 
unique" trapezoid. This was what I was hoping to achieve, because if students were 
able to recognize the same connection occurred, regardless of the appearance of the 
trapezoid, they would fully understand this concept. 

The polygon tool was again, very useful in helping students visualize the 
different aspects that were present in this construction. This is one of the benefits I 
have noticed about DGE's and Geometer Sketchpad in particular: the ability to have 
the software color and compute different aspects of the constructions accordingly 
allows students to focus their problem-solving skills on the critical thinking 
required to move between van Hiele's levels. 

Some students were able to construct a triangle inside the trapezoid that had 
the same area as the triangle constructed outside of the trapezoid. This activity 
required a great deal of visual skills for students to see the rectangle formed by 
moving the triangle inside the trapezoid to the opposite side of the trapezoid. 
Students were able to use to tools of GSP to assist their visualizing abilities. Some of 
my students do not have very strong visualization skills, so this DGE allowed 
students to overcome those setbacks and be successful in this activity . . 

As can be seen in student sample #3, not all students were able to construct 
similar triangles. This led to an in-depth discussion regarding why some students 
were able to construct similar triangles while others were not. Students decided it 
could depend upon the placement of points or the straightness of parallel lines. I 
was extremely pleased with this discussion, because it would never have taken 
place without the a~sistance of GSP. There was a large improvement in terms of my 
student's level of engagement in the mathematical content during this activity. 
Students were making and testing predictions, adjusting hypotheses, and drawing 
conclusions-oJ their own accord. This indicated a jump in levels of geometric 
reasoning for many of my students, much more than usual. 
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Name: ____________________ 

Area of Regular Polygons 

1. Follow the instructions below to construct a regular pentagon. 

a. Draw a circle in which to inscribe the pentagon and mark the center 

point O. (Make this circle a solid, medium thick line). 

b. Choose a pOint A on the circle that will serve as one vertex of the 

pentagon. Draw a line through 0 and A. 

c. Construct a line perpendicular to the line OA passing through O. Mark 

its intersection with one side of the circle as the point B. 

d. Draw the line segment formed from point 0 to point B. 

e. Construct the point Cas the midpoint of the line OB. 

f. Draw a circle centered at Cthrough the point A. Mark its intersection 

with the line OB (inside the original circle) as the point D. 

g. Draw a circle centered at A through the point D. Mark its intersections 

with the original circle as the points E and F. 

h. Draw a circle centered at E through the pOint A. Mark its other 

intersection with the original circle as the point C. 

I. 	 Draw a circle centered at F through the point A. Mark its other 

intersection with the original circle as the point H. 

j. 	 Construct the regular pentagon AECHF. 

k. 	 H ide all aspects of the construction except for the original circle, the 

pentagon, the center 0, and segment ~A. 
2. 	 Construct a line from the center 0 to each of the vertices. 

Discussion Question: What shapes have been formed inside the 
01 on? 

3. ~~~~~~0-n~t~	 e~ ta~o~n~.___________,0~0~lt~0~c~r~e~a~te~fi-v~e~tr~i~a~n~l~e~s~in~s~i~d~e~t~h~e~n~
Discussion Questions: 

2) Why are five triangles formed on the inside of a pentagon? 

3) How do we calculate the area of a triangle? 


a. 	 Why might this information be useful when calculating the area of 
a. 	enta on? 

4. 	 Construct the altitude of each triangle by selecting the center point and the 
base of each triangle. Then construct-7perpendicular line 
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5. Place a point on the base where the perpendicular line intersects with the 
base of each triangle. Draw in the corresponding segment this creates. 

6. Calculate the altitude of each triangle. 
7. Calculate the base of each triangle. 
8. Calculate the area of each triangle. 
9. Calculate the sum of the area of all five triangles 

Discussion Question: Why would we want to calculate the sum of the five 
triangle areas? 

10. Use the polygon tool to create the large pentagon. 
11. Calculate the area of the pentagon. 

Discussion Questions: 
1) What do you notice about the area of the regular pentagon and the sum 

of the five triangle areas? 
2) How does this relationship reveal itself in the area formula for regular 

1 
polygons? A = - ap

2 
3) Would this same relationship hold on a hexagon? A Decagon? 
4) An 18-gon? 
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Samples of Student Work from Activity #4 

OL =4.74 em
1. OM=4.74 em ' . EON=4.74 em 


00=4.74 em 

OP=4.74 em 


mHF:: 6.89 em 


m GH= 6.89 em 


mEG =6.89 em 


mAE=6.89 em 


mFA =6.89 em 


A 

Area !::'OGE = 16.34 cm1 

Area !::'OAE:: 16.34 em2 

2Area !::'OFA = 16.34 em
2Area !::'OHF:: 16.34 cm

Area !::'OGH :: 16.34 em2 

(Area !::'OGE) + (Area !::'OAE) + (Area !::'OFA) + (Area !::'OHF) + (Area !::'OGH) = 81.71 em2 

Area GHFAE = 81.71 em2 

, 
/ 

/2. 
, 

, 
Area f::"FHO = 39£1 em' 

m m2 = 651 ,em 
Area f::"OHG ",'30.81 em2 

mcm=6.51 cm,. 
Area M:.oG = 30.81 em 2 

mOS=6.51 em " , 
ArcJl£EOA = 30.81 em· 

mm'=6.51 em H " f::" FOA =30.81 crn' 
m lfD =6.51 em 

m AE = 9.46 em 


mEG =9.46 em 

m c;n = 9.46 em 


mHF=9.46 em 

..-mFA=g:46CiD.

--- ~, ----- - " 

, 
" , 

/ 

~~/ " , 
//'/ I AreaGflFAE::;;:154 .0~(Ml2

''', 
. 
// 

(Area f::"FHO) + (Area f::" OIlG) + <fuca f::"EOG) + (Area ~OA) + (Area f::"FOA) = 154.06 e~ 
I , 
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--- ---

/ 

mOV= 1.43~3. ~Ec=2.08 em 
mOW= 1.43 em 

I / / m GH =2.08 em 

m OX =1.43 em 


- \ 

, - \ 
I 

/ 
/ / m HF = 2~08 em 


m..oy = 1.43 em \ I 

I // mFA = 2.08 em 


mVt-:::>..l43 em I 
 / / m AE = 2.08 em -- - ,, 
/ ---" " .... -- - ---- -- 

..... 
_- - -"Area liOHG =1.49 em"_.-...,_. -- 2 

Area 6.FHO =1.49 cm2 

Area f',AFO =1.49 cm1 

2Area 6. OAB =1.49 cm
" 2 .... " '- Area 6.0GE =1.49 cm,I / \ " 

/ \ " 
// \ " 


/ \ 

/ I \ ........ 


/ I \ -- "
/ 1 "

2(Area 6.0HG) + (Area 6.FHO) + (Area 6.AFO) + (Area 6.0AE) +{Area f',OGE) = 7.47 em
,i? \ " AreaEGHFA =7. 7 cm- \ .... __ -...r
I \ .... 
f \ 
I \ 
I \ 
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Analysis of Student Work from Activity #4 

After introducing the topic of area of regular polygons, I realized my students 
were struggling to comprehend and understand the formula for area of a regular 

polygon: A = .:: ap. They did not understand why we needed to find the apothem and 
2 

the perimeter of the figure. There was no conceptual understanding about what this 
meant in terms of calculating the area of the figure. Even after drawing in all 
triangles formed by the center and the vertices, students did not recognize what 
they were computing. 

I chose to provide students with the instructions to construct a regular 
pentagon, because this is not the aspect of the lesson upon which I wanted students 
to focus. I wanted there to be uniformity among the constructions in this sense so 
that students would be more likely to focus upon the area of each regular pentagon. 
I did have a few students struggle to follow the construction directions in this 
activity. I believe this is due to students not understanding and being familiar with 
the vocabulary used in this lesson. 

Once students reached step 8 in this activity, they had a pretty good idea of 
where the lesson was going. Students were already comfortable computing areas of 
triangles; they simply never connected that this is what the formula for area of a 
regular polygon was doing as well. Some of my students who struggle to substitute 
values into given formulas remarked that they greatly prefer to compute the area of 
the regular polygon using this method so that they do not need to concern 
themselves with the formula. After students realized this connection, the last 
discussion question I asked was already understood. Students were able to 
articulate that the shape of the regular polygon does not matter; this method will 
work no matter what. The only component that will change is the number of 
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triangles inside the regular polygon, and this is dependent upon the number of sides 
in the regular polygon. 

I had one student, who already functions at a high level of geometric 
thinking, remark that one could compute the area of one triangle and simply 
mUltiply its area by the number of sides in the regular polygon. The other students 
did not understand his observation right away, so I had him demonstrate it for the 
class. Once other students saw an example, they agreed that this way was easier. I 
could tell based upon comments that the majority of students did not conceptually 
understand this approach because they continued to refer to it as a "short-cut". 

In this activity, GSP helped my students make connections and observations 
they had previously been unable to make on pencil and paper. Students mostly 
moved between the first three levels of geometric reasoning during this activity. 
Through our discussion questions, students began to state the rough outlines of an 
informal proof for the formula for area of a regular polygon without even realizing 
it. This is one component of GSP that serves my students very well-they are able to 
make connections and begin to informally prove concepts without even realizing 
that is what they are doing. 
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Name: __________________ 

Exploring Surface Area 

/ i /

~--~------------------~ 

,, " /" 
1. Construct a net for the rectangular prism pictured above. 

a. Follow the steps for constructing a rectangle: 
i. Construct segment AB. 

ii. Construct a perpendicular line to AB through point A. 
iii. Construct a perpendicular line to AB through point B. 
iv. Construct a point on the perpendicular line drawn through 

point B. Label this point C. 
v. Construct a line parallel to segment AB through point C. 

vi. Compute the area of this rectangle. 
b. Repeat these steps six times total. 

Discussion Questions: 
1) What does it mean to compute the surface area of a solid? 
2) What is a net? 
3) How can nets be used to compute the surface area of a three 

dimensional figure? 

2. Compute the sum of the areas of the six rectangles that form the net of this 
rectangular prism. 

Discussion Questions: 
1) Use the surface area formula for rectangular prisms to compute 

the surface area. Do you get the same answer as you did in the 
last step? 

2) Why did you get the same answer using two different methods? 
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Samples of Student Work from Activity #5 

1. m AD = 6.06 ern mMG = 3.10 em 

mAB = 6.10 em 
mBC = 6.06 em 

mDC=6.1Oem 

A 
mFC =3.10 em 

mBC =6.06 em 

mBE = 3.10 em 

mEF=6.06em 

mNM= 6.10 em 

mNE=3.1Oem 
mEG=6.1Oem 

1 

H J 

mGI=3.1Ocm 
mlJ=6.06 em 

mlH=3.lOem 
m DC = 6.10 ern m GH= 6.06 em 
mDK=3.11 em 


mKL=6.1Ocm 

mLC=3.11 em 


Area BCFE = 18.82 cm2 

Area EFHC = 37.00 em 2 

2Area ENMC = 18.95 cm
Area CHll =18.82 cm2 

Area DKLC = 18.98 cm2 

Area CDAB = 37.00 em2 

Area ENMG) + (Area CHl!) + (Area DKLC) + (Area CDAB) + (Area BCFE) + (Area EFHG) =149.57 cm2 
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MmAE =4.27 em mHP=4.27 em2. .....--. 
mAD = 6.49 em mIT = 6.49 em m GB=6.49 em 
m DC = 4.27 em mEG=427 em mm=2.40 em 
m "CB = 6.49 em mGH=6.49 em mll =6.49 em 

mHJ=2.40 em 

A 

mBE = 2.58 em 

mMB =4.27 em 

mMN= 2.58 em 

mNE=4.27 em 

D mU=4.09 em 

In KL =2.40 em 

mHK=4.09em
mBE = 2.58 em 

mHf=2.40 em 
mEF =6.49 em 

mFC=2.58 em 
 K L 
m 'C[j =6.49 em 

J\re.., BMNE = 10.99 em' 
Area HKLI = 9.82 em2 

A=lEFHG=27.71 em' 
Area GWI = 15.57 em' 
Area ADeB =27.71 em' 
Area BCFE = 16.72 em' 

:Are. BMNE) + (Area /iKLl) + (Area EFHG) + (Area GHJl) + (Area ADCB) + (Area RCFE) = 108.51 em' 
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mAE =4.97 em 

mDA=4.69 em 

mDC=4.97 em 

m 'Cli = 4.69 em 


3. 

mGH=4_97 em 
m VA =6.00 em 
mAB =4.97 em 
mHB '" 6.00 em 

G 
 H 

m 1Il =6.00 em 
mlM =4.97 emm II =4.69 em 
mll =4.69 em mlC = 6.00 em 
m MN = 4.69 errmCB =4.69 em 
mNJ = 4.97 em 

BE 
mEA =6.00 em 
mEF=4.69 em 
mFD =6.00 em 
mDA =4.69 em 

cF D 
mOC=4 .97 em 
mDK=6.00em 

m KL=4.97 em 

mrc= 6.00 em 


K L 
Area ADCB = 23.34 em2 

Area AGHB =29.83 emz 

Area DKLC = 29.83 em2 

Area CBIJ = 28.14 em2 

Area JIMN = 23 .34 emz 

Area EFDA =28.14 em2 

(Area ADCB) + (Area AGHB) + (Area DKLC) + (Area CBIJ) + (Area JrMN) + (Area EFDA) = 162.63 em2 

Analysis of Student Work from Activity #5 

My students struggled to fully grasp the concept of surface area. No matter 
how many times I described it to them, the meaning never seemed to fully register. 
We briefly discussed nets in the first lesson on the topic, but I decided to bring them 
back for this activity. My goal was for students to recognize that the given right 
prism is formed by six rectangles enclosing a space. Students were already familiar 
with and proficient at calculating the area of rectangles, so I had students do that in 
this activity. There are no numerical values on the image students were asked to 
create a net for because I did not want students to become stuck on the 
measurements. I wanted students to gain a deeper understanding of surface area, so 
for this instance, the lengths of the respective sides were arbitrary. 

By adding the area of each rectangle together, students got a feel for what 
surface area means. Next, I had students use the formula for surface area of a right 
prism that we had discussed in class to compute the surface area of this prism. Once 
students realized that they got the same answer using the formula and using the net, 
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they were beginning to see the connection between the calculations and the figure 
itself. 

Students were given freedom to construct the net how they preferred. I did 
not want to prevent students from drawing the net the way they saw most fit. The 
polygon tool allowed students to clearly differentiate between the various 
rectangles used to compose this right prism. When calculating the areas, I had some 
questions about why there were three sets of similar areas. To answer these 
questions, I directed students' attention back to the three-dimensional picture of the 
right prism and asked them how the picture could be used to explain. Students were 
then able to see there are corresponding sides within the three-dimensional solid 
that would have the same area once the figure has been netted out. 

Using GSP for this activity greatly helped my students feel more comfortable 
with the topic of surface area. A visual element had been attached to their 
definitions of surface area. Students were again able to focus on their understanding 
of the content instead of worrying about how precisely their picture was drawn, the 
colors used in their picture, or the accuracy of their calculations. 
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Reflection 

During these GSP activities I gave my Geometry students, my role as teacher 

was primarily that of a discussion leader. I did not want students to view these 

activities as just another lecture component. I wanted students to have the freedom 

to explore the material on their own terms while I acted as a facilitator of the 

activities. Through this approach, it was reinforced for me how much students can 

retain by "discovering" different proofs for the material. I found this role beneficial 

as well, because I was able to walk around the room and observe all students' work 

very easily due to the interface of the dynamic geometry software. This allowed me 

to note which students appeared to reason in similar ways. I was available to 

answer students' questions and help them with the software if they struggled with 

any of the tools. 

I tried to break the activity sheets into sections so that I could ask students 

thought-provoking, guiding questions between meaningful tasks. I did this so that I 

could make sure I was able to lead students towards the objectives of the lessons. 

Some students would have performed fine without my discussion questions, but I 

believe a majority of the students would have struggled to travel between the van 

Hiele levels of geometric reasoning without the guiding questions. I learned 

students liked these little breaks between tasks that needed to be completed. For 

future activities, I will adjust the numbering of the activity sheets, so that the steps 

in each section start new. I did not realize that the sheer number of steps that were 

listed on the activity sheets, even though they were not all completed consecutively, 

overwhelmed students. I think it would be interesting to try this as a paired activity 
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in the future. Students might be able to take more away from the activity if one 

student is in charge of dictating the directions while the other student is in charge of 

constructing the diagrams. 

These activities may need to be slightly modified in the future, depending on 

the students in my classes. Some students may require more detailed instructions, 

while other students may benefit from more critical thinking built into the activities. 

These are considerations that will have to be made each year for every different 

class I have, because no class is the same. 

In the future, I may need to change the activities completely. These activities 

were designed based upon content that my students were struggling to understand. 

If in the future, I have students who struggle with different content, different 

activities should be designed to assist them in discovering why certain theorems, 

definitions, and formulas hold true. In addition, it would be interesting to ask 

students what specific content they would be intrigued to further explore using 

dynamic geometry environments. 

I would be very interested to carry some of what I learned from creating 

these activities into other content. I think GSP might be interesting to use while 

teaching Algebra. The grid function would benefit students while graphing various 

functions. I would need to play around with this material to see what software 

would be most beneficial for students to use, possibly GeoGebra. However, the same 

overarching goal of discovering proofs via dynamic geometry software can be 

achieved in different content. 
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Closing Remarks: 

Overall, I Can conclude that the use of dynamic geometry environments in 
these activities was very beneficial to students. Geometer's Sketchpad permitted 
students to focus on the concepts and not worry about any visualization, 
computational, or artistic barriers students may feel they have. There was a leyel of 
engagement from all students that had been previously unmatched. Increased levels 
of engagement resulted in all students moving between levels of geometric 
reasoning. Before these activities were done, there were students who did nothing 
in class. They showed no evidence of understanding the concepts discussed in 
geometry. However, once GSP was introduced to the class, there began to be 
evidence of some geometric understanding. I would love to say my goal was to lift all 
students to level five, but based upon the demographics of my class, my goal was to 
guide all students to raise at least one level. This was successful, because of the use 
of a DGE. Previous lessons had been dedicated to the same goal of raising students' 
level of geometric thinking, but they were not as successful because students were 
not actively engaged. Dynamic geometry environments encouraged student 
curiosity, fostered a sense of exploration, and inspired students to think critically 
about mathematical concepts without even realizing it. 
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