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Abstract
Carbon Nanotubes (CNTs) are extremely versatile and robust with their high electrical
and thermal conductivity and mechanical strengths. They might be metallic and/or
semiconducting depending on their chirality. This study focuses mainly on thermal properties of
Single Walled Carbon Nanotubes (SWCNTs), which can be characterized by the shape of their
edges, armchair, zigzag or chiral type.
The theoretical analyses for the phonon dispersion (DISP) and density of states (DOS)
are based on Green Function molecular dynamics (GFMD). The dispersion relation contains all
information about different phonon branches. DOS integrates over DISP and indicates the
number of phonon modes per unit energy at any energy
Thermal conductivity and heat flux autocorrelation function are obtained using GreenKubo formalism. The formalism is a statistical and computational solution of phonon transport
equation. The Nose Hoover thermostat and the Tersoff potential are incorporated in the
simulator.
Three open source codes have been used in this investigation. These include: Visual
Molecular Dynamics (VMD), Large-scale Atomic/Molecular Massively Parallel Simulator
(LAMMPS), and Dynamical matrix code. The numerical computation for the thermal
conductivity is based on equilibrium molecular dynamics (EMD) technique. Ball State Beowulf
Cluster and Wolfram Mathematica serves as a platform on which all results are obtained.
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Chapter 1: Introduction
In the first chapter, I will discuss general ideas of Graphene and its derivative, Single Walled
Carbon nanotubes (SWCNTs) and why they are important in the development of new technology
and materials. The chapter also serves as a big picture of this thesis and gives the first glance of
the thesis’s general structure.

1.1 Carbon Nanomaterials for Technology Advancement
Carbon materials have wide range of applications in many fields. Carbon is the 15th most
abundant element in the Earth’s crust [1] and serves as the root of almost all organic biological
structure. Among many Carbon Nanostructures, Carbon Nanotubes possess unique mechanical,
optical and electrical properties which are taken advantage in various fields.
CNTs have significant mechanical properties in comparison to other materials. Armchair and
zigzag SWCNTs have shear modulus of 0.94 TPa [2] in comparison to that of Stainless Steel
0.186-0.214 TPa. As a result, CNTs are tougher than steel and are very resistant to physical
forces. This property of CNT makes it very useful as probe tips for very high solution scanning
probe microscopy [10].
CNTs thermal conductivity is superior to other materials. At room temperature, 300 Kelvin, their
conductivity is more than 3500 𝑊𝑚−1 𝐾 −1 [5] making it almost ten times higher than that of
Copper (385 𝑊𝑚−1 𝐾 −1 ) , three times higher than Carbon Fiber (1000 𝑊𝑚−1 𝐾 −1 ) [9]. These
properties imply huge applications in nanoscale electronics, sensing and actuating devices etc.
CNTs optical properties are also applied in fabricating the blackest black materials [11].
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With the extraordinary properties, CNTs are considered as a promising and auspicious material
in the early twenty first century. Studying the material computationally is extremely important in
developing the material since it would serve as blueprints for other experimental studies.

1.2 Graphene
Although Graphene was early predicted and named [2] [3], it was not until 2004 Andre Geim
and Konstantin Novoselov et al [4] at University of Manchester discovered and characterized the
material that its existence was confirmed. Graphene is a semi- infinite 2-D structure of carbon
being packed in a hexagonal lattice.

Figure 1: Graphene Sheet

The distance between two carbon atoms in a unit cell is 𝑎 = 1.42 Å. Besides, the two primitive
√3 −1
)
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lattice vectors are ⃑⃑⃑⃑
𝑎1 = 𝑎 ( 2 ,

√3 1

and ⃑⃑⃑⃑
𝑎2 = 𝑎 ( 2 , 2). These two vectors play an extremely

important role in analyzing the structure of Single Walled Carbon Nanotubes since SWCNTs are
rolled in the direction of their linear combinations.

1.3 Single Walled Carbon Nanotubes
In compared to Graphene, CNTs were invented much earlier. The credit was granted to Sumio
Ijima in 1991 as the first time CNTs are synthesized and determined their crystal structure [7].
5

As mentioned, SWCNTs can be thought of as rolled Graphene sheets with the directions
determined by two lattice vectors of Graphene. Consequently, we obtain a 1-D structure from the
two dimensional material. Since the diameter of the tube which is in the order of angstroms is
relatively small in compare to the tube’s length that can reach to half of a meter [6], CNTs are
mostly considered one dimensional.

Major
Axis

Figure 2: CNTs as a Rolled Graphene Sheet, one dimensional structure

Thermal analysis is mostly done with respect to the major axis of the tubes [5]. Heat flux and
phonon scattering phenomenon are studied mainly in the major axis although the other two
dimensions may contribute negligibly [5]. Although the tubes are considered one dimensional,
the edge shape of SWCNTs classifies them into categories: Chiral, Zigzag and Armchair [8].

Figure 3: Three Types of SWCNTs [11]
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1.4 Thesis Preview
This thesis consists of 5 chapters. Chapter 2 is dedicated to the geometry and structure of
SWCNTs, and since computational works play a major role in the research, the chapter also
describes how the geometry is implemented in the computational simulations. Chapter 3
discusses the Green’s function molecular dynamics method that leads to results in phonon
dispersion relation and density of States of SWCNTs. This chapter also explains the
computational process to introduce the results. Chapter 4 is about Green- Kubo formalism as a
statistical tool to analyze heat flux in the one-dimensional SWCNTs and how to apply the
formalism in describing the phonon transport process. Chapter 5 will show the results obtained
using the theories mentioned in chapter 3 and chapter 4. This chapter also discusses the
implications of the results and thermal properties of SWCNTs. The last chapter serves as a
conclusion and suggest future works.
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Chapter 2: SWCNTs’ Structural Geometries
The structural geometries of SWCNTs play an extremely important role in computer simulating
the material. Although Graphene was invented (in 2004) almost thirteen years after the first
CNTs (1991) were, material scientists already proposed theories of CNT structures based on
Graphene in the middle of the 90s [8]. The theory discussed in this chapter is purely theoretical
since the CNTs had never really been produced using the rolled Graphene when the theories
were first proposed. However, the structures described are very accurate and serve as a blueprint
for any computational simulation in the preceding chapters. The major topics discussed in this
chapter are physical unit cell structure including: Chiral vectors and CNT’s indexes,
Translational vectors, and Carbon atoms number in a unit cell, and unit cell in momentum space.

2.1 Chiral Vectors and CNTs’ indexes
As discussed in the previous chapter, the SWCNTs can be considered as rolled two-dimensional
Graphene sheets to form one dimensional structure. However, this rolling process follows
general rules which comes from the chiral vector defined on the Graphene sheets. Besides, the
rolling process is not purely a mechanical issue, the indexes associating with the process can
determine if the tubes are metallic or semi-conducting [8].
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Figure 4: Chiral Vector and primitive vectors [8]
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A linear combination or a basis formed from the two primitive vectors, ⃑⃑⃑⃑
𝑎1 = 𝑎 ( 2 ,

and

√3 1

𝑎2 = 𝑎 ( 2 , 2), gives us Chiral vector 𝐶ℎ :
⃑⃑⃑⃑
⃑⃑⃑⃑
𝐶ℎ = 𝑛 ⃑⃑⃑⃑
𝑎1 + 𝑚 ⃑⃑⃑⃑
𝑎2 , where 𝑚, 𝑛 ∈ 𝑁
The chiral vector indicates the direction that we roll the Graphene sheet to form a SWCNT.

Figure 5: CNTs formed by rolling Graphene sheet in direction of Chiral Vector [12]
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Consequently, the indexes 𝑚 and 𝑛 determines the chirality of a CNT, so a CNT is identified by
the indexes and its length in general cases.
The chirality determines the edge shape of a CNT, which plays a very important role in
categorizing a CNT. Generally, three scenarios are come up with regarding different
combinations of the indexes:
a) 𝑚 = 𝑛: Armchair edge shape

Figure 6: Armchair CNT [13]

b) 𝑚 = 0: Zigzag edge shape

Figure 7: Zigzag CNT [13]

𝑚≠𝑛
c) {
𝑚, 𝑛 ∈ 𝑁 ∗

Figure 8: Chiral CNT [13]
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Chiral angle is defined as the angle of ⃑⃑⃑⃑
𝐶ℎ makes with ⃑⃑⃑⃑
𝑎1 . The physical meaning of the angle is
the tilt angle of the hexagons with respect to the direction of the tube axis [14], or in other words,
it shows spiral symmetry of CNTs. We can find the angle using the definition of the dot product
between ⃑⃑⃑⃑
𝐶ℎ and ⃑⃑⃑⃑
𝑎1 :

𝐶𝑜𝑠(𝜃) =

⃑⃑⃑⃑
𝐶ℎ ⃑⃑⃑⃑
𝑎1
2𝑛 + 𝑚
=
⃑⃑⃑⃑ℎ | 2√𝑛2 + 𝑚2 + 𝑛𝑚
|𝑎
⃑⃑⃑⃑1 ||𝐶

Since ⃑⃑⃑⃑
𝑎1 ’s direction also specifies the (n,0) zigzag tube, so the chiral angle is zero for zigzag type
and 60° for the armchair. Besides, the chiral vector can be thought of an indicator of the
difference between a given CNT type and zigzag type.
Since the Graphene sheets are rolled in the direction of the chiral vector ⃑⃑⃑⃑
𝐶ℎ , the circumference of
the tube is also the length of the vector. Although the nanotubes are mainly considered as onedimensional structure, the analysis that considers their three-dimensional nature is critical in
computational simulations and building up a solid unit vector geometry for the tubes. The
circumference of CNTs, or in other words the length of ⃑⃑⃑⃑
𝐶ℎ , is given by [14]:
⃑⃑⃑⃑ℎ | = √⃑⃑⃑⃑⃑
𝐿 = |𝐶
𝐶ℎ . ⃑⃑⃑⃑
𝐶ℎ = 𝑎√𝑛2 + 𝑚2 + 𝑛𝑚
The radius of the nanotubes are then determined using the given circumference [14]:

𝑅𝑡 =

𝐿
𝑎√𝑛2 + 𝑚2 + 𝑛𝑚
=
2𝜋
2𝜋

Using 𝑅𝑡 , we can obtain the cross-section area of the tube:
𝐴 = 𝜋𝑅𝑡

2

𝑎2 (𝑛2 + 𝑚2 + 𝑛𝑚)
=
4𝜋
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This plays very important part in computational simulation, since we consider the tube to be a
three-dimensional structure with a finite volume. The multiplication of the length specified by
tube builder software and the calculated cross section area gives us the tube’s volume. How a
cross section area is defined plays a fundamental role in computationally measuring various
quantities such as heat flux, thermal conductivity, etc. In fact, different definitions of the area
may lead to different results [5], and these results are verified only when an experimental result
is published. This costs time spent on running simulations and credibility of models and also
confuses researchers in the field [5].
Besides, the two indexes also are used to determine the electronic properties of CNTs:
The condition for metallic Nanotubes is [8]:
2𝑛 + 3𝑚 = 3𝑞, or

𝑛−𝑚
3

= 𝑞, where 𝑞 ∈ 𝑁

As a result, the armchair nanotubes denoted by (n,n) are always metallic, and the zigzag tubes
(n,0) are metallic only when n divides 3 [8].
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Figure 9: Red, solid points represent metallic CNTs, while open circles indicate semiconductor nanotubes [8]

Statistically, one third of nanotubes approximately are metallic, while nearly two third are
semiconducting [14]

2.2 Translational Vectors and CNTs’ unit cell
Chiral vector ⃑⃑⃑⃑
𝐶ℎ gives the direction to roll a Graphene sheet into a cylinder, which is the desired
SWCNTs; however, it only serves as a vector that defines the circumference and the cross
section of CNTs. In order to obtain a complete structure of CNTs’ unit cell in both experimental
works and simulations, we need another vector that defines the “height” of a unit cell. This
vector is parallel to the major axis of CNTs and has the length of the CNTs’; furthermore, it also
⃑.
is perpendicular to chiral vector, ⃑⃑⃑⃑
𝐶ℎ . This vector is called translational vector, 𝑇
⃑ can be expressed in terms of two primitive vectors ⃑⃑⃑⃑
Translational vector 𝑇
𝑎1 and ⃑⃑⃑⃑
𝑎2 of
Graphene[15]:
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⃑ = 𝑡1 ⃑⃑⃑⃑
𝑇
𝑎1 + 𝑡2 ⃑⃑⃑⃑
𝑎2 ≡ (𝑡1 , 𝑡2 ), where 𝑡1 , 𝑡2 ∈ 𝑁
The indexes 𝑡1 , 𝑡2 are given by [14]:
𝑡1 =

2𝑚+𝑛
𝑑𝑅

𝑎𝑛𝑑 𝑡2 = −

2𝑛+𝑚
𝑑𝑅

𝑑𝑅 is defined to be the greatest common divisor (gcd) of (2𝑚 + 𝑛) and (2𝑛 + 𝑚). However, this
expression may cause confusion and cost time in finding 𝑑𝑅 since besides 𝑚 and 𝑛, we have to
deal with their linear combinations. Therefore, relating 𝑑𝑅 with the two indexes is tried.
Introducing 𝑑 as the gcd (𝑚, 𝑛) and using Euclid’s law for both (2𝑚 + 𝑛) and (2𝑛 + 𝑚), in
which the latter is subtracted into the former [14], we have:
𝑑𝑅 is related to 𝑚 and 𝑛 by the fact that [14]:
𝑑 𝑖𝑓 (𝑛 − 𝑚) ≠ 3𝑑, 𝑑 ∈ 𝑁 ∗
𝑑𝑅 = {
3𝑑 𝑖𝑓 (𝑛 − 𝑚) 𝑖𝑓 (𝑛 − 𝑚) ≠ 3𝑑, 𝑑 ∈ 𝑁 ∗
⃑ is also the “height” of one unit cell of CNT:
The length of the translational vector 𝑇
⃑ | = √3 𝐿, where L is the diameter of CNT.
|𝑇
𝑑
𝑅

⃑ gives us the “height” of the unit cell, while vector ⃑⃑⃑⃑
Vectors 𝑇
𝐶ℎ gives us the diameter from
which we can derive the area of the unit cell. Therefore, the big picture of the unit cell is almost
complete, the only missing piece is the number of Carbon atoms in a given cell. The area of a
⃑⃑⃑⃑ℎ × 𝑇
⃑ |, while the area of a hexagon is
unit cell in two dimensional is specified by the length, |𝐶
found from the two primitive lattice vectors of Graphene: |𝑎
⃑⃑⃑⃑1 × ⃑⃑⃑⃑
𝑎2 | (this corresponds to the area
of a rhombus having ⃑⃑⃑⃑
𝑎1 , ⃑⃑⃑⃑
𝑎2 as its sides, but the area of the rhombus is equal to that of a hexagon).
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Also, the number of Carbon Atom in one-unit cell of Graphene is two per hexagon, so we can
derive the number of Carbon atoms in one-unit cell as [14]:

𝑁=2

⃑⃑⃑⃑ℎ × 𝑇
⃑ | 4(𝑚2 + 𝑛2 + 𝑛𝑚) (2𝐿)2
|𝐶
=
= 2
|𝑎
⃑⃑⃑⃑1 × ⃑⃑⃑⃑
𝑎2 |
𝑑𝑅
𝑎 𝑑𝑅

Figure 10: 𝑇𝑟𝑎𝑛𝑠𝑙𝑎𝑡𝑖𝑜𝑛 𝑉𝑒𝑐𝑡𝑜𝑟 𝑎𝑛𝑑 𝐶ℎ𝑖𝑟𝑎𝑙 𝑉𝑒𝑐𝑡𝑜𝑟 𝑡𝑜 𝑔𝑖𝑣𝑒 𝐶𝑁𝑇′𝑠 𝑢𝑛𝑖𝑡 𝑐𝑒𝑙𝑙 [16]

2.3 CNTs’ unit cell in reciprocal space
Since the topic of this thesis concerns the phonon processes of the SWCNTs, the research and
investigations are mostly done in reciprocal space, where the energy levels and their
⃑ and ⃑⃑⃑⃑
corresponding states are described. Similar to the two fundamental vectors 𝑇
𝐶ℎ , there are
two fundamental vectors in reciprocal space (K-space) for CNTs [15]: ⃑⃑⃑⃑⃑
𝐾⊥ and ⃑⃑⃑⃑
𝐾|| . Vector ⃑⃑⃑⃑
𝐾|| is
along the tube’s axis and ⃑⃑⃑⃑⃑
𝐾⊥ is in the circumference direction [17]. We start with the unit vectors
in K-space of Graphene [17]:
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2𝜋 2𝜋
2𝜋
2𝜋
𝑏⃑1 = (
, 𝑎 ) and 𝑏⃑2 = ( , − 𝑎 )
√3𝑎

√3𝑎

Figure 11: Brillouin Zone of Graphene [17]

Using the relationships [14]:

{

⃑⃑⃑⃑
⃑⃑⃑⃑⃑⊥ // 𝑇
⃑)
⃑ ⃑⃑⃑⃑⃑
⃑⃑⃑⃑⃑⊥ ⊥ 𝑇
⃑)
𝐶ℎ . ⃑⃑⃑⃑⃑
𝐾⊥ = 2𝜋 (𝐾
𝑇
𝐾⊥ . = 0 (𝐾
and {
⃑⃑⃑⃑
⃑ . ⃑⃑⃑⃑
⃑⃑⃑⃑|| //𝑇
⃑)
⃑⃑⃑⃑⃑⊥ ⊥ ⃑⃑⃑⃑
𝑇
𝐾|| = 2𝜋 (𝐾
𝐶ℎ . ⃑⃑⃑⃑
𝐾|| = 0 (𝐾
𝐶ℎ )

One comes up with [17]:
⃑⃑⃑⃑⃑
𝐾⊥ =

1
1
⃑⃑⃑1 − 𝑛𝑏
⃑⃑⃑⃑2 )
(−𝑡2 ⃑⃑⃑
𝑏1 + 𝑡1 ⃑⃑⃑⃑
𝑏2 ) 𝑎𝑛𝑑 ⃑⃑⃑⃑
𝐾|| = (−𝑚𝑏
𝑁
𝑁

⃑ and ⃑⃑⃑⃑
This result indicates the relationship between ⃑⃑⃑⃑⃑
𝐾⊥ , ⃑⃑⃑⃑
𝐾|| with 𝑇
𝐶ℎ , since the values of the
corresponding reciprocal lattice vectors based on the components of the geometrical vectors that
they are parallel to.
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Figure 12: CNTs' Reciprocal Vectors based on Graphene's [17]

The Brillouin zone (BZ) of a CNT is represented by the parallel dashes (cutting-lines) which are
parallel to ⃑⃑⃑⃑
𝐾|| . All points on the cutting-lines belong to the tube BZ, so it is a subset of points
belonging to the tube BZ and the spacing between the lines is inversely proportional to the tube’s
diameter [38]. Since there are N carbon atoms in a unit cell, we have

𝑁
2

pairs of bonding 𝜋 and

anti-bonding 𝜋 ∗ electronic energy bands. As a result, the phonon dispersion relation would
consist of 6N branches resulting from a vector displacement of each carbon atom in a unit cell.
[8].

2.4 Computer Simulation
2-D Graphene Simulation
Although there is many software that help building CNTs, most of them follow a similar process
of generating tubes. Since the structure of CNTs are based on 2-D Graphene, the computation
generating process of 2-D Graphene is introduced. After receiving the size of the desired tube
⃑ . Based on two primitive basis vectors
from users, computer will automatically calculate ⃑⃑⃑⃑
𝐶ℎ and 𝑇
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√3 −1
)
2

𝑎1 = 𝑎 ( 2 ,
⃑⃑⃑⃑

√3 1

and ⃑⃑⃑⃑
𝑎2 = 𝑎 ( 2 , 2), the computer software can generate the coordinates of

Carbon Atoms from the combination of the two vectors[18]:
𝛼 = 𝑠𝑎
⃑⃑⃑⃑1 + 𝑡𝑎
⃑⃑⃑⃑2 , for 𝑠 ∈ [−2𝑛, 2𝑛] 𝑎𝑛𝑑 𝑡 ∈ [−2𝑚, 2𝑚]
The two coordinate components of every carbon Atoms are determined by [18]:

𝑥=

𝑦=

⃑⃑⃑⃑
𝐶ℎ . 𝛼
⃑⃑⃑⃑ℎ || ||𝛼 ||
||𝐶
⃑ .𝛼
𝑇
⃑ || . ||𝛼 ||
||𝑇

If 0 ≤ 𝑥 < 1 𝑎𝑛𝑑 0 ≤ 𝑦 < 1, then the point is interior to cell [18]

Rolled Tube Generation
Since the chiral vector, as discussed, represents the circumferential path of a rolled tube, this
implies that the fractional coordinate along the chiral vector is actually the fractional distance
along the circumference of the tube [18]. The subtended angle 𝜙 of each carbon atom with
respect to the major axis is introduced as:
⃑⃑⃑⃑ℎ || = 2𝜋𝑟 → 𝑠 = ||𝐶
⃑⃑⃑⃑ℎ || 𝑥 = 2𝜋𝑟𝑥 ⇒ 𝜙 = 2𝜋𝑥
||𝐶
A unit cell in a computer simulation is designed to be a rectangular prism [18] with the height of
⃑ || and all four sides having the length of the diameter of the tube. By stacking up unit cell by
||𝑇
unit cell, the computer simulation can build up a bundles of different unit cells which are on top
of each other.
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In the rolled tube generation, the mentioned y coordinates become the fractional coordinates in zaxis [18], and the x- and y-axes of the rolled cell are calculated as:
𝑞 𝑥 = 0.5 ∗ (1 + 𝐶𝑜𝑠(𝜑))
⃑⃑⃑⃑
⃑⃑⃑⃑
𝑞𝑦 = 0.5 ∗ (1 + sin(𝜑))
𝑞𝑧 = 𝑦
⃑⃑⃑⃑
The vector 𝑞 specifies all atom in a given unit cell in a computer simulation.
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Chapter 3: Theoretical Methods for Thermal Conductivity
Calculation
The purpose of this chapter is to discuss the theoretical methods used in the calculations. The
first section concerns Fourier’s law of transportation from which the thermal conductivity is
derived from. Besides, Tersoff potential for carbon materials is also discussed in the section 3.2.
For the calculation and data collection, Green-Kubo formalism is discussed in the section 3.3.
The results and further explanation are shown in chapter 5.

3.1 Fourier’s law of Heat Conduction
Before discussing the thermal conductivity, it is useful to first define the concept. This gives us a
broader viewpoint of the object and helps us to understand the nature of the concept. The thermal
conductivity comes from the famous Fourier’s law of Heat Conduction. This differential
equation describes the thermal process in which heat flow is spreading through a medium. One’s
most intuitive understanding of heat flow is from a hot end of an object to a cold end of an
object. The propagation of heat can be understood as a propagation of thermal energy. The
amount of energy going through a given area in an amount of time is defined to be a heat flux.
The density of this heat flux (energy in a given amount of time per area) is related to the gradient
of temperature by
𝐽 = −𝑘𝛻𝑇

3.1.1

Where 𝐽 is the heat flux density (W.𝑚−2); 𝑘 is the material’ thermal conductivity (W.𝑚−1 𝐾 −1),
and ∇𝑇 is the temperature gradient (𝐾. 𝑚−1). The units of the thermal conductivity show the
amount of energy in a given amount of time per unit temperature can travel through the material.
20

In other words, this quantity tells how easily thermal energy propagate through a material. The
thermal conductivity depends on material. Finding the constant for a new material is important
because this implies a better understanding of heat transport of the material.
Since our CNTs are one dimensional material, we will treat the Fourier’s law in one-dimension
case:
𝐽 = −𝑘

𝜕𝑇
𝜕𝑥

3.1.2

Multiply both sides with the perpendicular area, A, that the heat traveling through:
𝐽𝐴 = 𝑄 = −𝑘𝐴

𝜕𝑇
𝜕𝑥

3.1.3

Figure 13: Heat Transport through a material [23]

When we consider an infinitesimal displacement,𝛿𝑥, the total energy before and after the flux
enter the area A is:
𝑄𝑏𝑒𝑓𝑜𝑟𝑒 − 𝑄𝑎𝑓𝑡𝑒𝑟 = −𝑘𝐴

𝜕𝑇
𝜕𝑇
𝜕𝑇
𝜕𝑇
| − (−𝑘𝐴 |
) = −𝑘𝐴 | + (𝑘𝐴 |
)
𝜕𝑥 𝑥 ′
𝜕𝑥 𝑥 ′ +𝛿𝑥
𝜕𝑥 𝑥 ′
𝜕𝑥 𝑥 ′ +𝛿𝑥

When 𝛿𝑥 is infinitely small, we have the differential equation:
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3.1.4

𝜕 2𝑇
𝑄 = −𝑘𝐴 2 𝛿𝑥
𝜕𝑥

3.1.5

The first law of thermodynamics gives us:
−𝑄 =

𝑑𝑈
𝑑𝑇
= 𝜌𝑐𝐴
𝛿𝑥
𝑑𝑡
𝑑𝑡

3.1.6

Where, 𝑈, 𝜌, 𝑐 are internal energy, specific heat capacity and density of the element respectively
[23]. Plugging this expression of Q into the Fourier’s law, we have:
𝑑𝑇
𝑘 𝜕 2𝑇
=
𝑑𝑡 𝜌𝑐 𝜕𝑥 2

3.1.7

𝑘

We can also name the constant 𝜌𝑐 as D, the diffusion constant:

𝐷

𝜕 2 𝑇 𝑑𝑇
=
𝜕𝑥 2 𝑑𝑡

3.1.8

From our derivation, the Fourier’s law of heat transportation is just a special case of a more
general diffusion equation described by Fick’s law. The problem of finding thermal conductivity
now reduces to finding the diffusion constant in the Fick’s law. There is more than one way to
find this constant, but the Green-Kubo relation gives us a general statistical solution which can
be performed computationally.

3.2 Diffusion Function and Green-Kubo Relations
Diffusion Function
Why is the Fourier’s law of transportation also a diffusion equation? The Fourier’s law, as
discussed, can be written in the general form, where 𝑁 is an arbitrary dynamic quantity:
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𝑑𝑁
𝜕 2𝑁
=𝐷 2
𝑑𝑡
𝜕𝑥

3.2.1

The general solution can be expressed as
𝑁(𝑥, 𝑡) =

𝑁0
2√𝜋𝐷𝑡

𝑒 −𝑥

2 /(4𝐷𝑡)

3.2.2

This is true not only for temperature in our case, but it is also true for any transportation process.
The general solution shows us as the time goes on, the substance (in this case, thermal energy)
diffuses in x direction, which results in the changing temperature wherever the heat passing by.
This solution is of the form of Gaussian distribution:

𝑓(𝑥|𝜇, 𝜎

2)

=

1
√2 𝜋 𝜎 2

𝑒

−

(𝑥−𝜇)2
2𝜎2

3.2.3

Where, 𝜎, 𝜎 2 and 𝜇 are standard deviation, variance, and expectation value, respectively [24].
Obviously, we have 4𝐷𝑡 = 2𝜎 2 ; however, 𝜎 is associated with the “width” of Gaussian curve,
this means as time goes on and with a constant diffusion rate, the width of the Gaussian curve of
concentration at a specific position (in this case, the position is at 0, 𝜇 = 0) would flatten out.
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Figure 14: Distribution over time

At any time 𝑡 > 0, the second-moment of the distribution gives the mean-square
displacement(msd) [25]:
〈[𝑥(𝑡) − 𝑥(0)]2 〉 =

1
∫ 𝑥 2 𝑁(𝑥, 𝑡)𝑑𝑥
𝑁0

3.2.4

By plugging msd into the general solution and carry out the integration
〈[𝑥(𝑡) − 𝑥(0)]2 〉 =

1
𝑁0
2
∫ 𝑥2
𝑒 −𝑥 /(4𝐷𝑡) 𝑑𝑥
𝑁0
2√𝜋𝐷𝑡

3.2.5

we obtain the relationship between diffusion constant and msd [25]:
〈[𝑥(𝑡) − 𝑥(0)]2 〉 = 2𝐷𝑡

3.2.6

when the time is extremely large in compared to the average time between collision of atoms (the
mean free time ~ 1𝑓𝑠 = 10−15 𝑠):
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〈[𝑥(𝑡) − 𝑥(0)]2 〉
lim
=𝐷
𝑡→∞
2𝑡

3.2.7

Green-Kubo Relations
The diffusion constant, D, in case of thermal transport can be understood as the thermal
conductivity, 𝜅. Green-Kubo relations gives a method to compute the quantity computationally.
For an arbitrary dynamic quantity 𝑥(𝑡), we have the displacement over time t with respect to its
initial time reference:
𝑡

3.2.8
′

′

𝑥(𝑡) − 𝑥(0) = ∫ 𝑑𝑡 𝑥̇ (𝑡 )
0

Squaring both sides and average over time, we come up with the mean square displacement:
𝑡

𝑡

𝑚𝑠𝑑 = 〈[𝑥(𝑡) − 𝑥(0)]2 〉 = ∫ 𝑑𝑡 ′′ ∫ 𝑑𝑡 ′ 〈𝑥̇ (𝑡 ′ )𝑥̇ (𝑡 ′′ )〉
0

3.2.9

0

Since the uses of 𝑡 ′ and 𝑡 ′′ are interchangeable because of their symmetric nature and the square
area where the integration is calculated upon, we can get the same result by integrating over only
half of a square and double the area:

𝑚𝑠𝑑 = 〈[𝑥(𝑡) − 𝑥(0)]

2〉

𝑡

𝑡 ′′

= 2 ∫ 𝑑𝑡 ∫ 𝑑𝑡 ′ 〈𝑥̇ (𝑡 ′ )𝑥̇ (𝑡 ′′ )〉
0
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′′

0

3.2.10

Figure 15: The integral (area of the square) is left unaffected by interchanging the order of integration [25]. The left
one represents the integral 3.2.14, while the right figure represents the integral 3.2.15

𝐶𝐹 = 〈𝐴(𝑡0 )𝐵(𝑡0 + 𝑡)〉 = lim

𝜏→∞

1 𝜏
∫ 𝐴(𝑡0 )𝐵(𝑡0 + 𝑡)𝑑𝑡0
𝜏 0

3.2.11

The integrand of the integral is a correlation function, which is defined as
The correlation function is used to determine how closely two functions 𝐴(𝑡) and 𝐵(𝑡0 + 𝑡)
related to each other over time. If A and B differ and are unrelated, then they are uncorrelated,
and CF reduces to the product of the averages [25]: The value of the integral 3.2.11 goes from 0,
where two functions are completely unrelated to 1, where they are perfectly correlated. In case A

𝐶𝐹 → 〈𝐴〉〈𝐵〉

3.2.12

and B are loosely related, the CF goes to the product of their time average:
In other case, if A and B are different quantities, CF is called cross-correlation function [25].
However, if a quantity 𝑥 is correlated with itself over time the function is an autocorrelation
function. For a large amount of time, the autocorrelation function becomes stationary and
unaffected by shifting time origin.
Since the correlation which is stationary is not affected by dragging the time origin, we can drag
the time origin to 𝑡 ′ without changing the time average
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〈𝑥̇ (𝑡 ′ )𝑥̇ (𝑡 ′′ )〉 = 〈𝑥̇ (𝑡 ′′ − 𝑡 ′ )𝑥̇ (0)〉

𝑡 ′′

𝑡
2〉

〈[𝑥(𝑡) − 𝑥(0)]

3.2.13

3.2.13

′′

= 2 ∫ 𝑑𝑡 ∫ 𝑑𝑡
0

′ 〈𝑥̇

′′

′

(𝑡 − 𝑡 )𝑥̇ (0)〉

0

Consequently, we have
We introduce the difference of 𝑡 ′ and 𝑡 ′′ to be 𝜏 = 𝑡 ′′ − 𝑡 ′ , so 𝑑𝜏 = −𝑑𝑡 ′ . The inner integrand
takes lower limit 𝜏 = 𝑡 ′′ and upper limit 𝜏 = 0 [25]. Reversing those limits changes the sign of

𝑡 ′′

𝑡
2〉

〈[𝑥(𝑡) − 𝑥(0)]

3.2.14

′′

= 2 ∫ 𝑑𝑡 ∫ 𝑑𝜏〈𝑥̇ (𝜏)𝑥̇ (0)〉
0

0

the integral [25]. As a result, we have:
This double integral is illustrated geometrically by the left image in figure 15. The integral can
be comprehended as measuring the area of the square by cutting it half through its diagonal,
dividing the half into infinitely many vertical strips and adding them all up. However, an
alternative way that gives the same result is to use the horizontal strips and add every individual

𝑡 ′′

𝑡
2〉

〈[𝑥(𝑡) − 𝑥(0)]

𝑡

𝑡

′′

= 2 ∫ 𝑑𝑡 ∫ 𝑑𝜏〈𝑥̇ (𝜏)𝑥̇ (0)〉 = 2 ∫ 𝑑𝜏 〈𝑥̇ (𝜏)𝑥̇ (0)〉 ∫ 𝑑𝑡
0

0

0

3.2.15
′′

𝜏

area up in the direction of 𝑡 ′′ axis. Consequently, we come up with
Now, by changing the integration method, the second integral can be easily carried out, which
gives
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𝑡

2〉

〈[𝑥(𝑡) − 𝑥(0)]

𝑡

𝑡

𝜏
= 2 ∫ 𝑑𝜏 〈𝑥̇ (𝜏)𝑥̇ (0)〉 ∫ 𝑑𝑡 = 2 ∫ 𝑑𝜏 〈𝑥̇ (𝜏)𝑥̇ (0)〉 (1 − )
𝑡

3.2.16

′′

0

𝜏

0

∞

〈[𝑥(𝑡) − 𝑥(0)]2 〉
𝐷 = lim
= ∫ 𝑑𝜏〈𝑥̇ (𝜏)𝑥̇ (0)〉
𝑡→∞
2𝑡

3.2.17

0

For a very long-time limit, we get back to the diffusion constant formula 3.2.7:
This is the most general form of Green-Kubo relation, which is mathematically true for any
arbitrary transportation process. Although neither Green nor Kubo come up with this exact
relation, it is named after them because Kubo was using the time correlation function for
electrical phenomena [26], while Green was doing that for thermal process [27]. However, since
our major concern is thermal transport in the CNTs, in case of thermal diffusion, we can interpret
𝑥̇ to be heat flux 𝐽 and D to be thermal diffusivity, which brings us back to the Fourier’s law of

𝑑𝑇
𝜕 2𝑇
=𝐷 2
𝑑𝑡
𝜕𝑥

3.2.18

heat diffusion:

∞

3.2.19

𝐷 = ∫ 𝑑𝜏〈𝑗̇(𝜏)𝑗̇(0)〉
0

From equation 3.2.17 and 3.2.18, we have:
If we define the diffusivity to be thermal conductivity 𝑘 times Boltzmann constant 𝑘𝐵 multiplied
by temperature squared and divided by the volume 𝑉 of the system, we come up with
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∞

𝑉
𝑘=
∫ 𝑑𝜏〈𝑗̇(𝜏)𝑗̇(0)〉
𝑘𝐵 𝑇 2

3.2.20

0

Where J is the heat flux through the main axis of the CNTs. It is to be noted that the Green-Kubo
formalism is an example of the more general fluctuation-dissipation theorem which is ubiquitous
in many fields of physics.

3.3 Green-Kubo formula applied in Molecular Dynamics
simulation
Molecular Dynamics Approaches Overview
In studying new materials, calculating thermal conductivity or any other thermal properties of the
material helps us to have a deeper look into the material’s applicability. However, the task of
designing real experiment that measure 𝑘 is generally complex and expensive. Furthermore, it is
usually difficult to identify from the experimental results the effect of impurities, defects or
dopants. Consequently, molecular dynamic (MD) simulation has been proven to be more
efficient and affordable for obtaining not only the thermal/electrical properties but also
contributions of other factors [26]. Moreover, MD simulation also enables researchers who do
not have access to the real materials to study them indirectly with high accuracy on a normal
computer.
Since the molecular dynamic simulations are performed on the basis of classical mechanics, the
motion of the 𝑖 𝑡ℎ atoms must obey the Newton second law:
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𝜕𝑷
𝜕𝑼(𝒓𝑵 )
𝑭𝒊 (𝑡) = 𝑚𝑖 𝒓𝒊̈ (𝑡) =
=−
𝜕𝑡
𝜕𝑡

3.3.1

This equation relates the motion of an atom with its momentum, energy or instantaneous
position, which gives us several ways to perform MD simulation. We can choose to perturb
energy field or force field which leads to the changes in atoms’ instantaneous positions and
velocities that alters their kinetic/potential energies. From measuring and analyzing these factors,
we can calculate thermal conductivity or any other classical mechanics-based properties of the
materials.
The two mostly used approaches are non-equilibrium molecular dynamics (NEMD) and
equilibrium molecular dynamics (EMD). NEMD has two sub-categories: direct measurement
and modified dynamics [27] (homogenous non-equilibrium molecular dynamics, HNEMD).
In the direct measurement method, the simulated system’s heat flux is measured by connecting
one end to a hot bath, while the other end to a cold bath. The resulted temperature difference
produces a constant heat flux through the system. This Fourier heat law approach is easiest to
imagine, but the energy must be held conserved since the amount of energy entering the hot end
must be equal to the amount of energy coming out of the cold end. The thermal energy coming in
and out are recorded and proportional to the heat flux, which can be used to measure thermal
conductivity. One feature of this approach is to hold the temperature of the side of the material
constant throughout the process [27], which may not reflect the reality accurately since the
thermal energy is always dissipated through the wall of the system.
For the modified dynamics method, the force field or energy field are perturbed, in other words,
the classical equation of motion is perturbed [27]. There are various ways to perturb the equation
including constant perturbation, pulse perturbation, sinusoidal perturbation etc., but all of them
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has one main goal is to find the system response which is proportional to the correlation function
[27]. Another goal of this approach is to use fictious force field to mimic the effect of a thermal
gradient, so that transforming a thermal problem to a mechanical problem [26]. The
directly/indirectly resulted change in force field can be represented as [23]
∆𝑭𝑒 = (𝜖𝑖 − 〈𝜖〉)𝑭𝑒 − ∑ 𝒇𝑖𝑗 (𝒓𝑖𝑗 . 𝑭𝑖𝑗 ) +
𝑖≠𝑗

1
∑ 𝒇𝑗𝑘 (𝒓𝑗𝑘 . 𝑭𝑒 )
𝑁

3.3.2

𝑗𝑘(𝑗≠𝑘)

By taking the limit of this force field as it goes to zero and assuming the simulation time is long
enough, the thermal conductivity can be found [23] [27] [28],
〈𝐽𝑧 (𝑭𝑒 , 𝑡)〉
𝐹𝑒 →0 𝑡→ ∞
𝐹𝑒 𝑇𝑉

3.3.3

𝑘 = lim lim

NEMD has the biggest advantage is the small simulation time in compare with EMD, which
must run for a long simulation time to have a good statistic over autocorrelation function.
However, this approach may not yield accurate result in case of low perturbation, “typical
NEMD for viscosity calculation is limited to meters-per-second imposed velocity” [27].
Consequently, a more time-consuming (a simulation for CNTs’ thermal conductivity may take
couple of days to run) but more sensitive (accurate for small perturbations) approach like EMD
is used in this research.
The EMD for thermal conductivity with LAMMPS is executed and follows the described
procedu
Canonical
Ensemble
N,V,T are fixed.
The system is
brought close to a
desired
temperature T.
Nose-Hoover
thermostat and
Tersoff Potential
are implemented

re:
Micro-Canonical
Ensemble
E is fixed instead
of T and bring the
system to thermal
equilibrium
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Calculation and
Data Collection
Calculate PE, KE,
Stress Tensor and
heat flux. GreenKubo formalism

After simulating the system on computer clusters, we bring the system into thermal equilibrium
by connecting it to a heat bath with a desired constant temperature. This process is called
canonical ensemble or NVT process in which the number of atoms, volume and temperature are
fixed. After the temperature reaches the needed value, we bring it to the second process that is
micro-canonical ensemble or NVE process. Number of atoms, volume and total energy are held
constant in this procedure. The goal of doing the second step is to let the temperature inside the
tube fluctuate around an equilibrium point, so we can apply the fluctuation-dissipation theorem
represented by Green-Kubo formula to find the thermal conductivity of the CNTs. We then let
the system’s temperature to fluctuate before moving on to the data collection and analysis part.
The goal of this is to prevent the initial condition from affecting our results because as the result
shown in the last chapter, the correlation of all physical properties of the tubes all go to zero in
long run time. We also measure the instantaneous 𝑥, 𝑦 and 𝑧 coordinates of every single atom in
the system to obtain the potential, heat flux and other quantities needed for thermal conductivity
calculation.

Tersoff Potential
The potential applied is chosen to be Tersoff potential because it has been being calibrated for
carbon related systems [29] [30] and in good agreement with experiment and with ab initio
calculations [29]. The major idea is that the strength of each bond is dependent upon local
environment instead of considering N-body potential problem which may overcomplicate the
simulation.
The total energy of the system in the micro-canonical ensemble process is defined to be the
bonding energy of each pair of atoms [31]
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1
𝐸 = 𝐾𝐸 + ∑ ∑ 𝑉𝑖𝑗
2
𝑖

3.3.4

𝑖≠𝑗

1

The coefficient 2 is account for the repeated potential calculation. The interatomic potential is
then represented by the attractive, repulsive and cutoff pair potential, which mimics the real
interaction between two atoms [31] [32]
𝑉𝑖𝑗 = 𝑓𝐶 (𝑟𝑖𝑗 )[𝑎𝑖𝑗 𝑓𝑅 (𝑟𝑖𝑗 ) + 𝑏𝑖𝑗 𝑓𝐴 (𝑟𝑖𝑗 )]

3.3.5

Where 𝑓𝑅 , 𝑓𝐴 stand for repulsive and attractive pair potential, while 𝑓𝐶 is a smooth cut-off
function, while 𝑎𝑖𝑗 is range-limiting coefficient on repulsive potential, and 𝑏𝑖𝑗 is angledependence coefficient, which shows the relation between one atom to its neighbor’s angle [29]
[32].
The first parameter is cut-off function, 𝑓𝐶 . Because the Tersoff Potential considers only the local
interaction, 𝑓𝐶 is served as a boundary for interatomic interaction
1, 𝑖𝑓 𝑟𝑖𝑗 < 𝑅 − 𝐷
1 1
𝜋
𝑓𝐶 (𝑟𝑖𝑗 ) = { − 𝑠𝑖𝑛 [ (𝑅 − 𝐷)⁄𝐷 ] , 𝑖𝑓 𝑅 − 𝐷 < 𝑟 < 𝑅 + 𝐷
2 2
2
0,
𝑂𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

3.3.6

Function 𝑓𝐶 ranges from 0 to 1. The parameters 𝑅 and 𝐷 are defined based on a specific system.
In our simulation, R and D have the values of 1.95 Å and 0.15 Å respectively [32].
The repulsive pair potential is modeled to be dying out as the distance between an atom pair
increase. Tersoff modeled this as reversed exponential
𝑓𝑅 (𝑟𝑖𝑗 ) = 𝐴𝑒 −𝜆1 𝑟𝑖𝑗
Similarly, the attractive pair potential should also fade away as the distance increase. It is
modeled as reversed exponential function, also
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3.3.7

𝑓𝐴 (𝑟𝑖𝑗 ) = 𝐵𝑒 −𝜆2 𝑟𝑖𝑗

3.3.8

The range-limiting coefficient is usually defined to be unit length [32], in this case, it is 1 Å.
The angle-dependence is more complicated since this depends on the angle of one Carbon atom
and its three other neighbors.
𝑛
𝑏𝑖𝑗 = (1 + 𝛽 𝑛 𝜉𝑖𝑗
)

−

𝑚

1
2𝑛

3.3.9a

𝜉𝑖𝑗 = ∑ 𝑓𝐶 (𝑟𝑖𝑘 ) 𝑔𝑖𝑗𝑘 𝑒 𝜆3 (𝑟𝑖𝑗−𝑟𝑖𝑘)

𝑚

3.3.9b

𝑘≠

𝑔𝑖𝑗𝑘 = 𝛾𝑖𝑗𝑘 (1 +

𝑐2
𝑐2
−
𝑑 2 𝑑2 + (ℎ − cos 𝜃

𝑖𝑗𝑘 )

2)

3.3.9c

Where 𝜃𝑖𝑗𝑘 is the angle between atom 𝑖, 𝑗, 𝑘. The bond angle term 𝑏𝑖𝑗 makes Tersoff model
suitable to describe strong covalent bonding that occurs in carbon system [32]. This is the key
difference that allows Tersoff model to be applied successfully in Carbon systems
The constants used in the simulation is from the work of R. Narulkar from Oklahoma State
University and J. Tersoff’s works [33] [34]
𝐴 = 1380.6 𝑒𝑉

𝐵 = 349.491 𝑒𝑉

𝜆1 = 3.5679 Å−1

𝜆2 = 2.2564 Å−1

𝜆3 = 0.0 Å−1

𝑛 = 0.72751

𝑐 = 38049

𝛽 = 1.5724 × 10−7

𝑑 = 3.5679

ℎ = −0.57058

𝑅 = 1.95

𝐷 = 0.15

𝑚=3

𝛾𝑖𝑗𝑘 = 1

The Coordinate File
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A simulation run typically takes about two to three days, so in order to save time and avoid any
potential struggle, collecting good pre-process files such as Tersoff potential and coordinate file
is critical. The coordinate file shows the coordinate of all Carbon atoms in the simulation. It is
first generated by VMD [35] in the form of a text file. However, this text file is not compatible
with LAMMPS, so some minor manual changes in the text file is needed. The text file of the
atoms coordinate is then fed into LAMMPS along with the Tersoff Potential file.
The coordinate file uses Cartesian coordinate with the origin at the center of the tube’s bottom.
The system is simulated as a cuboid. The z-axis is defined to be along the major axis of the
cuboid, while x and y axis are interchangeable to each other and perpendicular to the z-axis. The
atoms are then placed on the inscribed tube within the cuboid.

Figure 15: Coordinate system of the simulation

The boundary condition of the simulated system is defined to be periodic, which has the
advantage of keeping the heat flux or any other physical process continuous.

The Simulation
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After the pre-processing files have been prepared, they are fed into Lammps to start up the first
process in the simulation, the canonical ensemble. This step’s major aim is to bring the system
close to desired temperatures. The thermal conductivity of SWCNTs is studied in various
temperatures and lengths, which critically depends on this first step.
The time step in the simulation is chosen to be one femtosecond, since J. R. Lukes et al
approximates C-C vibration period about 19.2 fs [23] [28]. The autocorrelation function is
calculated throughout the simulation. Because of its statistical nature, the total run time should be
large in compare to a time step in order to produce statistical accurate results, especially in the
first process where we want to bring the system close to thermal equilibrium. Therefore, we set
the total run time to one nanosecond that is equal to one million timesteps. The data collection is
every two femtoseconds. In second process, the heat flux autocorrelation function is calculated
from the instantaneous position, velocities and potentials as shown above and integrated to get
the thermal conductivity. The details of the results are shown step by step in the next two
chapters.
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Chapter 4: Results
This chapter is composed of two parts corresponding to two major process of the simulation: the
canonical ensemble, where N, V, T are fixed and micro-canonical ensemble, where E is fixed
instead of T. The associated calculations are shown along with results that are compared with
other research groups’ findings and explanation. The findings focus is on Armchair(10,10) and
Zig Zag(10,0) tubes.

4.1 The canonical ensemble
Physical properties
The major purpose of this step is to setup the environment for the micro-canonical ensemble. The
system is brought close to the equilibrium temperature T and also to equilibrium values of total
energy, kinetic energy, potential energy and pressure. Figure 16, 17, 18, 19 and 20 show the
stabilized total energy, potential energy, kinetic energy, temperature and pressure of a system
after 105 time steps, which is 100 picoseconds. After this amount of time, the system is very
close to the equilibrium. This means the system is ready to be carried into the micro-canonical
ensemble. However, the time to reach equilibrium of different tubes seem to be relative to their
37

lengths. We also study how fast a quantity come close to its equilibrium among others. The
boundary conditions and initial conditions play a big role in determining these factors. The tubes
with different run time are also examined with longer run: 105 time steps (100 ps) and 5 × 103
time steps (5 ps). In the initial conditions, the kinetic energy is determined by randomly picked
velocity based on temperature from Gaussian distribution with mean value of 300 Kelvin, so
among the three kinds of energy, the kinetic energy is the most loosely determined at the early
stage. The potential energy follows Tersoff’s rules, and total energy is specified to be restricted
to NVE process and dissipation-fluctuation theory. In the long run, the simulation lets the total
energy and other quantities to be fluctuating, if we recall the Tersoff potential:
𝑉𝑖𝑗 = 𝑓 𝐶 (𝑟𝑖𝑗 )[𝑎𝑖𝑗 𝑓𝑅 (𝑟𝑖𝑗 ) + 𝑏𝑖𝑗 𝑓𝐴 (𝑟𝑖𝑗 )]
We have the terms 𝑓 𝐶 , 𝑓𝐴 and 𝑓𝑅 are of periodic functions, which causes the fluctuation in the
long run. However, the fluctuation is very close to the equilibrium, so the time average still gives
us a single value at the equilibrium.
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Figure 16: Total Energy of CNT(10,10) in NVE 100 picoseconds run

Figure 17: Potential Energy of CNT(10,10) in NVE 100 picoseconds run
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Figure 18: Kinetic Energy of CNT(10,10) in NVE 100 picoseconds run

Figure 19: Temperature of CNT(10,10) in NVE 100 picoseconds run
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While other quantities come to the equilibrium very fast (approximately after five thousand time
steps), pressure takes it much longer to reach this state. We consider pressure to be equilibriated
after 20ps. The figures below show comparably the behavior of pressure in CNT(10,10) in 105
time steps and 5 × 105 time steps.

Figure 20: Pressure measurement of CNT(10,10) in NVE 100 picoseconds run

Figure 21:Pressure measurement of CNT(10,10) in NVE 5 picoseconds run
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This comes from the fact that while energy and temperature are pre-specified by initial
conditions, the pressure is not. The pressure is just calculated based on the instantaneous
condition inside the tube and is loosely related to other quantities. As a result, it takes longer
time for pressure to reach its equilibrium, and it is also less stable than energy or temperature.
Another consideration is that the total energy graph seems to be smoother than that of potential
energy and kinetic energy. This results from the fact that the program is specified that this is
Canonical Ensemble process and the system is brought to the equilibrium based on dissipationfluctuation theory, so the constraints that effect total energy are more than those of potential and
kinetic energy. Furthermore, the only quantity with a random initial condition is kinetic energy,
which contributes significantly less than Tersoff potential energy does to the total energy.

Figure 22: Total energy comparison of CNT (10,10) 30nm and 150 nm
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Figure 23: Potential energy comparison of CNT(10,10) 30 nm and 150 nm

Figure 24: Kinetic energy comparison of CNT(10,10) 30nm and 150nm
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Figure 25: Temperature comparison of CNT(10,10) 30nm and 150nm

The equilibrium of the quantities in this case is defined to be the average of them after the first
one hundred picoseconds. The very first moment the quantity reach this value is count as the
time it enters the fluctuation state around the equilibrium. The longer the tube, the less time it
takes to reach equilibrium. We consider the tube with length 30 𝑛𝑚 and its significantly longer
150 𝑛𝑚 version. It takes the shorter 85 ps to first hit the equilibrium, while the latter needs 100
ps. Furthermore, all the quantities are reaching the thermal equilibrium at almost the exact same
time. This reflects the nature of the simulation which is thermal fluctuation and the unity of the
system at every timestep.
The table below shows the time it takes for a tube to first reach its equilibrium value:
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Armchair tube Length

Time taken to first reach equilibrium value

(nm)

(ps)

5

51

10

64

15

68

20

70

25

75

30

78

40

78

60

85

150

101

This result also reflects the periodic boundary condition’s characteristics. In this process,
different phonons with different wavelengths take part in carrying the thermal energy from one
end of the tube to the other. However, since the boundary condition is periodic, after the phonon
have done traveling the simulation’s length, they will re-enter from the other end and interfere
with themselves [23]. This explains why it take significantly less amount of time to enter the
equilibrium of the shorter tubes in compare to the longer tubes.

Autocorrelation Function (HFAF)
Along with recording different physical quantities, the heat flux autocorrelation function values
are also recorded every two timesteps (2fs). Figure 27 shows the HFAF decays to zero rapidly,
which means the heat flux 𝐽(𝑡) is almost has no correlation to the heat flux at the time origin,

45

𝐽(𝑡0 ). This is the convergence of the HFAF, which prevents the integral of the correlation
function (3.2.20) from blowing up as delay time increases. Besides, it also means that the
memory of the system is faded as time goes by, so the result of the conductivity is almost
independent of the initial condition before NVE process and stays constant depending only on
the characteristics of the tube itself.
The HFAF data is collected every ten timesteps with a total of 106 femtoseconds.
As suggested by Lukes [28], Che [37] and Wood [23]. The HFAF convergence curve should be
fitted using the following form:
𝐴1 𝑒 −𝑡/(𝜏1 ) + 𝐴2 𝑒 −𝑡/(𝜏2 )

4.1.1

Where 𝜏1 is half the average scattering time of phonon-phonon interactions and 𝜏2 represents
half of the time period for energy transfer between adjacent atoms, also called “local time decay”
[28] [23]
The HFAF histories of different tube lengths are fitted to obtain the necessary constants 𝐴1 , 𝐴2 ,
𝜏1 , 𝜏2 :
Tube Length

𝐴1

𝐴2

𝜏1

𝜏2

(𝑛𝑚)

(𝑒𝑉𝑝𝑠 −2 Å−1 )

(𝑒𝑉𝑝𝑠 −2 Å−1 )

(𝑝𝑠)

(𝑝𝑠)

5

0.028

0.373

17.529

1.424

10

0.256

0.212

0.527

1.629

15

0.388

0.612

0.301

1.212

20

0.024

0.425

5.310

1.788

25

0.035

0.414

2.010

1.613
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30

0.106

0.272

2.571

1.360

35

0.086

0.349

0.685

1.244

40

0.045

0.401

2.979

1.583

60

0.066

0.381

1.471

1.543

150

0.034

0.365

5.615

1.891

190

0.401

0.622

7.019

1.954

The acoustic mode is not dependent on the length factor of the tubes; however, the average time
scattering of the phonon 𝜏2 is generally proportional to the tubes’ lengths. The longer the tube,
the more time it takes for a phonon to reach another, which accounts for why longer tubes need
more time to be thermalized in the canonical-ensemble step. Furthermore, there might be some
problems in using fitting data to calculate 𝜏1 , since the fitting data may not reflect the real nature
of the scattering time.
The independence of 𝜏1 on the tubes’ length may be explained by the argument in Wood [23]
that at very short tubes’ length, since the wavelength of a phonon can be in the scale of 𝑐𝑚, short
wavelength limits phonon’s wavelength; thus, there are less phonon carrying energy.
Furthermore, because the boundary condition is chosen to be periodic, after a phonon travels a
distant of a tube’s length, it would eventually reenter on the other end and interfere with itself.
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Figure 26: HFAF Convergence of CNT (10,10,30)

Figure 27: HFAF Convergence of CNT (10,10,30)
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4.2 The Thermal Conductivity
We obtain the thermal conductivity of different tubes with HFAF statistics. Because the
conductivity derived from the statistical nature of HFAF, the thermal conductivity in the
simulation first start with very imprecise value then converges to a more stable value and
fluctuate around the value until the end of the simulation.
Because the whole process lies in the statistics, the longer the simulation the better the result.
Therefore, the simulation is intentionally longer than the Canonical-Ensemble step and typically
carried over 25 × 106 time steps or 25 microseconds.
The convergence of thermal conductivity of armchair nanotube (10,10, 30 𝑛𝑚) is shown below:

Figure 28: Conductivity Convergence in Simulation
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Length Dependence
The effect of length and temperature on the thermal conductivity are all examined. The study
focuses mainly on the armchair and zig zag types of the tubes. The tubes’ indexes chosen are
(10,10) for armchair and (10,0) for zigzag because we want to compare our results with Wood
[23] since the paper’s studied tube type is also (10,0). Also, using (10,10) for armchair, we can
internally compare the conductivity of two closely comparable tube types in size and indexes,
(10,10) and (10,0). The effect of lengths on the conductivity is shown below for both types:

Figure 29: Thermal conductivity length depedence of ZigZag Tube (10,0)
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Figure 30: Thermal conductivity length dependence of Armchair Tube (10,10)

As expected, the conductivity of the tubes is disturbed in the lower end of the tube lengths
because of the periodic boundary condition. However, when we increase the tubes’ length, the
conductivity is more stable and fluctuate around a real value. In Wood [23], the conductivity of
(10,0) tube is from 1200-2800 for the tubes’ length from 1.3-213 nm. However, in this study, the
conductivity varies much with the tubes’ length. This comes from the fact that, Wood does not
use the thermal conductivity given in the simulation, but rather calculate it from the four fitted
parameters 𝐴1 , 𝐴2 , 𝜏1 , 𝜏2 as suggested by Lukes[28] and Che[37]:
𝜅=

∞
𝑡
𝑡
𝑉
𝑉
−
−
𝜏1 + 𝐴 𝑒 𝜏2 𝑑𝑡 =
(𝐴 𝜏 + 𝐴2 𝜏2 )
∫
𝐴
𝑒
1
2
𝑘𝐵 𝑇 2 0
𝑘𝐵 𝑇 2 1 1

4.1.2

However, since the statistical nature of the simulation is from taking a very long simulation time,
so long that the error is negligible, using fitted parameters to calculate the conductivity from the
fitted parameters loses the nature.
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In general, the zig zag type has bigger conductivity than Armchair type. It is because the number
of atoms in one given length of armchair type is more than that of zig zag type (e.g. 30 nm
Armchair has 4920 atoms, while zig zag tube has 2840 atoms).

Temperature Dependence
The thermal dependence is studied for the Armchair type because it is more complicated than the
zig zag type, so it may reflect more characteristics. The graph below demonstrates the
conductivity relationship with temperature of Armchair tube (10,10, 30 nm):

Figure 31: Thermal conductivity Temperature dependence of Armchair CNT (10,10, 30nm)

The range of temperature studied is chosen to be from 200 K to 650 K. The reason for this
selection is because most of the application of CNTs are in this range of temperature. The
specific length of 30nm is used because of the shorter simulation run, and the length is right at
the middle of the range of tubes’ length study, so the tube is not too long or too short.
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A very special characteristic of Armchair is having thermal conductivity highest at near room
temperature (300 K). This result agrees well with other research group’s estimation of
conductivity such as Osman et al [39]. Osman group also used molecular dynamics simulation
with Tersoff-Brenner bond order potential for the armchair and zigzag tubes. They found out that
the thermal conductivity of the tubes has a sharp peak at 300K, which is independent of the
tubes’ chirality [39]. At lower temperature, there are not much heat energy, so there are less
phonon travelling from one end to another, while in higher temperature, the influence of other
scattering directions may interfere with the one on major axis of the tube, resulting in less
thermal conductivity. This study is very meaningful since it shows that the CNTs can be well
exploited in room temperature so are their applications.
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Chapter 5: Summary and Conclusions
The paper has demonstrated our study on different types of CNTs’ thermal conductivity. The
first chapter introduces the study, why it is important to study Carbon materials, specifically
Graphene and CNTs. The second chapter shows the general symmetry of the tubes. It represents
the mathematical aspect of the object, which serves as the foundation of all other steps. This
chapter is critical, since the coordinate file and the simulated system is designed according to the
symmetry of each specific type of tube. The third chapter leads us to the theoretical regime of the
research, why we chose EMD to execute the simulation, different phases and stages in the
simulation and the mathematical meaning behind each step.
Chapter four shows the results obtained and the comparison to results of other researches. It also
gives the explanation behind each phenomenon from these results. The thermal conductivity of
Armchair tends to be highest near room temperature implies a huge range of CNT applications.
Also, the length dependence of conductivity is lower at longer tubes may leads to better
applications with long tube. In fact, half of a meter tubes have been obtained.
The ultimate goal of this research is to have better understanding of the tubes’ thermal
conductivity and phonon processes. The goal is basically achieved with different results backed
up by phonon interaction explanations. The future work lays in other thermal properties of the
CNTs, thermal properties in CNTs’ junctions, thermal properties of CNTs doped with other
materials, or the corresponding properties of Multi-Wall CNTs (MWCNTs). The CNTs may
open a new era in material science. Many meaningful applications have been discovered such as
CNTs layers making blackest material [11], CNTs used in NRAMs or other computer’s parts (in
fact, this has been brought to manufacturing with Nantero as a leading company in the field).
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Although the impact might be small, we are proud to have contributed to the progress of the field
with this study.
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