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A Word from the Editor

The editorial board of the Mathematics Exchange is pleased to present this
latest issue. The four groups of authors have written a collection of papers
of interest to all undergraduate students of mathematics, and we hope you
enjoy the fruits of their labor. We appreciate how they inspire and motivate
our readership to follow their example in sharing their love of mathematics.
We believe that getting students involved in publishing mathematics is a true
milestone in helping them find their (permanent) place in the mathematical
community, and we are honored and proud to be a part of that endeavor.

The first article explores the Frobenius number of a set G = {a, b, c} of
three natural numbers such that gcd(a, b, c) = 1. The Frobenius number of G
is the largest integer that cannot be written as a non-negative integer linear
combination of elements of G. In this article, upper and lower bounds are
presented along with experimental results that show the relationship of the
Frobenius number to these bounds.

The second article presents an analysis of costs of reusable diapers to con-
sumers. It shows that the total cost associated with reusable diapers, the sum
of the upfront cost of purchasing the diapers and the reoccurring cost of clean-
ing the diapers, has a minimum of twice the geometric mean of the upfront
and cleaning costs plus the cost of a single reusable diaper. This is done via an
application of the arithmetic mean - geometric mean inequality. Also, included
is a comparison with the costs of using disposable diapers.

Article three explores a set-valued coarse invariant of pointed metric spaces.
This invariant had two previously known approaches to its construction and
understanding. This paper provides a new formulation, which has the benefit
of giving more immediate proofs of certain known theorems.

The final article presents an equivalence between the standard basis vectors
in the space of polytabloids and the basis vectors of Specht polynomials for
irreducible representations of the symmetric group.

We hope that you will enjoy reading this issue of theMathematics Exchange.
As always, we welcome and encourage ideas on how we can better serve our
readers.
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Call for Papers

We are always soliciting contributions for future issues of this journal. Contributions
are accepted from all undergraduate students who have worked on a project beyond
the classroom in any mathematical area (e.g., pure, applied, actuarial, and education).
Appropriate papers from other departments and other institutions are also welcome.
Often the articles are written by undergraduates individually, working in teams, or
working with faculty. On occasion we also include articles written solely by faculty
or graduate students as long as they are accessible to undergraduates.

If you have recently completed a thesis, worked on an interesting mathematical
project, or would like to share your internship experience, please consider writing an
article for this journal.

To submit an article, please forward your material (including your advisor’s name
and contact information) in PDF form, usually prepared by LaTeX (preferred) or
Microsoft Word, to any member of the editorial board. Articles should be about
5-15 pages in length, and thesis abstracts should be limited to 4 pages. Review
and selection of articles is handled by the editorial committee. Editorial changes of
accepted articles are communicated through students’ advisors, when appropriate.

More information, including links to all previous issues, are available online at
http://www.bsu.edu/libraries/beneficencepress/mathexchange.
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Exploring Bounds for the Frobenius Number

Houssein El Turkey, Alec Shackett, and Andrew Svitlik

Houssein El Turkey received his Ph.D. from the Univer-
sity of Oklahoma in 2014. He is currently an associate pro-
fessor at the University of New Haven, CT. He is interested
in problems related to Abstract Algebra, Number Theory,
Combinatorics, Representation Theory, and Undergradu-
ate Mathematics Education. Outside of academics, he en-
joys being outdoors and on the tennis court.

Alec Shackett was an undergraduate student studying
Computer Science with a minor in Mathematics at the Uni-
versity of New Haven. His interests include computer secu-
rity, programming languages, and mathematics (especially
when they overlap). He graduated in May 2019 and he is
currently a software engineer at Lockheed Martin.

Andrew Svitlik is a senior undergraduate student study-
ing Chemical Engineering with a minor in Mathematics at
the University of New Haven. He has had a summer Chem-
ical Engineering internship at RBC Bearings. Going into
his last year of college, Andrew is very excited to not only
receive his degree, but also apply his knowledge of Chemical
Engineering and Mathematics towards real-life applications
when he begins working as a full-time engineer.

Abstract Let G be a set of three natural numbers, G = {a, b, c}, such that
gcd(a, b, c) = 1. The Frobenius number of G is the largest integer that cannot
be written as a non-negative linear combination of elements of G. In this article,
we present some experimental results on the Frobenius number.
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1 Introduction

Let N0 denote the set of non-negative integers. Given a setG = {a1, a2, . . . , ak} ⊂
N such that gcd(a1, a2, . . . , ak) = 1, a natural number m is called representable
if there exist non-negative integers m1,m2, . . . ,mk such that m = ∑k

i=1miai.
If no such coefficients can be found, m is called non-representable. Let R(G)
be the set of all representable numbers and NR(G) = N0 ∖ R(G) be the set
of non-representable numbers. The linear Diophantine problem of Frobenius
requires finding the largest integer in NR(G). This integer is called the Frobe-
nius number and will be denoted by f(G). It is well known and not hard to
show that for all sufficiently large N , the equation ∑k

i=1miai = N has a solution
with non-negative integers m1,m2, . . . ,mk. Thus the Frobenius number f(G)
exists.

Although the origin of the problem is attributed to Sylvester, it seems
Frobenius was instrumental in popularizing the problem in his lectures which
associated the problem to his name. The problem of computing the Frobenius
number dates back to the 19th century and it has a rich and long history. The
interested reader can find a comprehensive survey covering different aspects of
the problem in [1] and [5].

When k = 2, it is well known (most probably at least since Sylvester [6])
that f(a1, a2) = a1a2 − a1 − a2. For k > 2, explicit formulas have not been
established, except in special cases. However, there has been some work in the
literature studying lower and upper bounds for the Frobenius number in some
cases. In particular, when G = {x, y, z}, Davison [3] provided the lower bound

f(G) ≥ L =
√
3xyz − x − y − z. (1)

On the other hand, Beck et al. [2] conjectured the upper bound

f(G) ≤ U = (√xyz) 5
4 − x − y − z. (2)

For this upper bound, it was assumed that: i) one number in {x, y, z} is not
represented by the other two; ii) x ∤ y + z; and iii) {x, y, z} is not of the form
{a,ma + n,ma + 2n} for some a,m,n ∈ N. The authors in [2] also conjectured
that there exists an upper bound proportional to (√xyz)p, where p < 4

3
in these

cases.
In this paper, we further test the bounds given in (1) and (2) for certain

types of sequences of three numbers. To simplify computations in [2], it was
assumed that x, y, z are pairwise relatively prime but this assumption will not
be used in the last two sequences presented in this paper.

Numerical semigroups

A numerical semigroup S is a subset of N0 that is closed under addition, con-
tains 0, and has a finite complement in N0. It is known from [4] that R(G) is
a numerical semigroup iff gcd(G) = 1. We present a proof of this fact when G
has two elements.

Lemma 1. Let G = {a, b}. The set NR(G) is finite if and only if gcd(a, b) = 1.
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Proof. Assume that neither a nor b is 1 since that would imply NR(G) = ∅.
Let gcd(a, b) = 1. By Bezout’s Lemma, there exist integers x, y ∈ Z such that
ax+by = 1. Since a ≠ 1 and b ≠ 1 then x and y cannot be zero, which means one
of them must be negative and the other must be positive. Without any loss of
generality, assume y is negative and write z = −y. Thus, ax = 1 − by = 1 + bz.
Now, letting m = bz implies ax = m + 1. Note that bz and ax are N0-linear
combinations of {a, b} which implies m,m + 1 ∈ R(G). The following is a
sequence of m consecutive representable numbers:

m2 =m ⋅m + 0 ⋅ (m + 1), m2 + 1 = (m − 1) ⋅m + 1 ⋅ (m + 1),

. . . , m2 + (m − 1) = 1 ⋅m + (m − 1)(m + 1).
These numbers are linear combinations of {a, b} since m, m + 1 are. Now, any
natural number t > m2 + (m − 1) is also a linear combination of {a, b} since t
can be obtained by adding multiple(s) of m to one of the elements of the above
sequence. The above shows that any natural number bigger than or equal to
m2 is a linear combination of {a, b} which means that the non-representable
numbers make a finite set.

Now, assume NR(G) is a finite set. Then there are two consecutive numbers
m,m+1 that are representable. Write m = ax+by and m+1 = az+bw for some
x, y, z, w ∈ N0. Subtracting these two equations gives 1 = az + bw − ax − by =
a(z−x)+b(w−y), and hence 1 is a Z-linear combination of {a, b}, which implies
that gcd(a, b) = 1.

If S = R(G) for some G ⊂ N, we say S is generated by G and the Frobenius
number of S is defined as before. Hence, it is the largest integer in N0 ∖S and
will be denoted, from now on, by f(S).

2 Numerical Semigroups from Arithmetic Se-
quences

Let a ∈ N and let S be the numerical semigroup generated by the arithmetic
sequence G = {a, a+ 1, a+ 4}. The Frobenius number in this case can be found
in [8, Theorem 1]:

f(S) =

⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩

1
4
(a2 + 8a − 4) if a ≡ 0 mod 4;

1
4
(a2 + 7a − 8) if a ≡ 1 mod 4;

1
4
(a2 + 6a − 12) if a ≡ 2 mod 4;

1
4
(a2 + 5a − 4) if a ≡ 3 mod 4.

(3)

This formula is used to test the lower and upper bounds given in equations (1)
and (2). Our collected data include all cases 0 < a ≤ 10,000 that generate a
set of three pairwise relatively prime numbers. Few sample data points are
provided in Table 1, where some small and large values of a are chosen. We
observed that L ≤ f(S) ≤ U for a ≠ 1,3. Additionally, Figure 1 includes the
graphs of the Frobenius number, the lower bound, and the upper bound as
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functions of (xyz) 1
2 , as is done in [2]. The graph shows that the Frobenius

number is closer to the upper bound than the lower bound.

Table 1: Frobenius Number, Upper & Lower Bounds Data for Arithmetic
Sequence

x = a y = a + 1 z = a + 4 L f(S) U (xyz) 1
2

1 2 5 -2.52 DNE -3.78 3.16
3 4 7 1.87 5 1.95 9.17
7 8 11 16.99 20 29.40 24.82
9 10 13 27.25 34 50.72 34.21

2,145 2,146 2,149 165,829.08 1,154,008 1,759,835.29 99,459.60
2,149 2,150 2,153 166,298.81 1,158,309 1,765,999.32 99,737.72
2,151 2,156 2,159 166,533.83 1,159,388 1,769,085.10 99,876.88
9,993 9,994 9,997 1,700,681.31 24,982,498.00 31,561,176.35 999,200.09
9,997 9,998 10,001 1,701,708.37 25,002,495.00 31,584,874.51 999,799.99
9,999 10,000 10,003 1,702,221.98 25,007,498.00 31,596,726.71 1,000,099.98

Figure 1: Comparison between Frobenius number in (3) and the bounds in (2)
and (1).

3 Numerical Semigroups from Geometric Se-
quences

Let a, b ∈ N such that gcd(a, b) = 1. Let S be the numerical semigroup generated
by the geometric sequence Gk = {ak, ak−1b, . . . , bk} for some natural number k.
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Tripathi [7, Theorem 1] provided a formula for the Frobenius number as follows.
If σk denotes the sum of integers in Gk, then f(S) = σk+1 − σk − ak+1 − bk+1.
For k = 2, σ3 = a3 + a2b + ab2 + b3 and σ2 = a2 + ab + b2 and thus

f(S) = a2b + ab2 − a2 − b2 − ab. (4)

This formula is used to test the bounds given in equations (1) and (2). However,
it is worth noting that the elements of the generating set {a2, ab, b2} are not
pairwise relatively prime anymore. Our collected data include all pairs (a, b)
such that 1 < a, b ≤ 10,000 and gcd(a, b) = 1. Few sample data points are
provided in Table 2, which is ordered by the values of b. The Frobenius number
is smaller than the conjectured upper bound except for when a = 2 and b = 3
(or vice versa). Figure 2 shows that the upper bound grows at a much faster
rate than the Frobenius number and the Frobenius number closely hugs the
lower bound.

Table 2: Frobenius Number, Upper & Lower Bounds Data for Geometric
Sequence

x = a2 y = ab z = b2 L f(S) U (xyz) 1
2

4 6 9 6.46 11 9.78 14.70
9 12 16 35 47 68.55 41.57
25 30 36 193.60 239 497.30 164.32
16 28 49 163.62 215 423.92 148.16
81 549 3,721 17,929.20 34,079 132,641.93 12,863.48
49 448 4,096 11,830.95 27,215 88,979.08 9,482.37
36 462 5,929 10,772.81 31,919 92,702.68 7,554.25

10,000 9,300 8,649 1,525,457.26 1,766,951 27,571,825.17 896,859.52
10,000 9,700 9,409 1625587.04 1,881,791 29,838,262.35 955,339.21
10,000 9,900 9,801 1676434.11 1940399 31002743.68 985,037.56

4 Numerical Semigroups from Compound Se-
quences

Let (a1, a2, . . . , ak), (b1, b2, . . . , bk) ∈ Nk, for some k ∈ N, such that gcd(ai, bj) = 1

for i ≥ j. Let g0 = ∏k
i=1 ai and gi = gi−1bi/ai = b1⋯biai+1⋯ak for 1 ≤ i ≤ k. Then

the sequence G = (gi)ki=0 is called a compound sequence. If S is the numerical
semigroup generated by a compound sequence G, the authors in [9] gave the
following formula for the Frobenius number

f(S) = −g0 +
k

∑
i=1

gi(ai − 1). (5)

However, this formula is not an explicit formula. When k = 2, a compound
sequence will be of the form G = {a1a2, a2b1, b1b2} such that gcd(a1, b1) =
gcd(a2, b1) = 1. Note that the definition of a compound sequence does not
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Figure 2: Comparison between Frobenius number in (4) and the bounds in (2)
and (1).

necessitate that gcd(a2, b2) = 1. Additionally, the elements of the generating
set G are not pairwise relatively prime anymore. In the case k = 2, the above
formula can be expressed explicitly as

f(S) = a1a2b1 + a2b1b2 − (a1a2 + a2b1 + b1b2).

The software GAP is used to calculate the Frobenius number in this case
for 1 < a1, a2, b1, b2 ≤ 10. Except for when a1a2 = 4, a2b1 = 6, b1b2 = 9, the
conjectured upper bound was larger than the Frobenius number. Few sample
data points are provided in Table 3. Additionally, Figure 3 shows that the
Frobenius number closely hugs the lower bound more than the upper bound.

Table 3: Frobenius Number, Upper & Lower Bounds Data for Compound
Sequence

(a1, a2, b1, b2) x = a1a2 y = a2b1 z = b1b2 L f(S) U (xyz) 1
2

(2,2,3,3) 4 6 9 6.46 11 9.78 14.70
(3,2,5,3) 6 10 15 20.96 29 39.21 30
(2,4,5,5) 8 20 25 56.54 87 125.36 63.25
(6,2,7,3) 12 14 21 55.88 79 117.89 59.40
(8,5,9,6) 40 45 54 401 491 1171.06 311.77
(5,9,7,10) 45 63 70 593.59 767 1868.60 445.48
(9,9,10,10) 81 90 100 1207.85 1439 4344.35 853.81
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Figure 3: Comparison between Frobenius number in (5) and the bounds in (2)
and (1).

5 Conclusion

As noticed, the Frobenius number in the case of arithmetic sequences was closer
to the upper bound than the lower bound. For geometric sequences, the upper
bound grew at a much faster rate than the Frobenius number, which closely
hugged the lower bound. In the case of compound sequences, the Frobenius
number also closely hugged the lower bound more than the upper bound. We
do not have a good intuition on whether the Frobenius number will be closer to
the upper bound or lower bound for most generating sets with three elements.
We hope to investigate this further in future research.
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Timothy Trujillo, Vanessa del Valle, Jacob Robles,
Elisha Daniels, Jacqueline Jimenez, Diana Rodriguez,

and Alex Clark

Timothy Trujillo is a third-year assistant professor in the
Mathematics and Statistics department at Sam Houston
State University. Both of his children used reusable diapers
as babies.

Vanessa del Valle is a third-year undergraduate student
at Sam Houston State University majoring in Mathematics
and minoring in Psychology. Her primary research interest
is in mathematical analysis in neuropsychological develop-
ment of cancer and cancer treatments.

Jacob Robles is currently working on completing his B.S.
in Mathematics. After graduation, he plans to work in the
field of analytics.

Elisha Daniels is a freshman in the Elliot T. Bowers Hon-
ors College at Sam Houston State University double major-
ing in Banking & Financial Institutions and Finance. After
graduation, he plans to work in the field of finance.

Jacqueline Jimenez is in her final year at Sam Hous-
ton State University. She is currently majoring in Forensic
Chemistry and after graduating she plans to apply for grad-
uate school. For the last year she has been working on a
research project with the chemistry department.



10 BSU Undergraduate Mathematics Exchange Vol. 14, No. 1 (Fall 2020)

Diana Rodriguez graduated from Sam Houston State University with a B.S.
in Biology. She is currently working in industry.

Alex Clark is set to graduate from Sam Houston State
University in December 2020 with a B.S. in Mathematics
and Physics. After graduation, she plans to obtain a job
in industry, with later plans to further her education in
physics.

1 Introduction

Reusable diapers are growing in popularity due to new and improved designs.
The total cost associated with reusable diapers is the sum of the upfront cost of
purchasing the diapers and the reoccurring cost of cleaning the diapers. With
a nice application of the AM-GM inequality we show that the minimum cost
to the consumer is twice the geometric mean of the upfront and cleaning costs
plus the cost of a single reusable diaper. Moreover, the minimum is obtained
when the upfront cost is equal to the total cleaning costs plus the cost of a
single reusable diaper. We conclude with an analysis of our reusable diaper
model and a cost comparison with disposable diapers.

The arithmetic mean (AM) and geometric mean (GM) of a1, a2, . . . , an ≥ 0,
are defined as follows:

a1 + a2 +⋯+ an
n

(AM)

n
√
a1a2⋯an (GM)

Theorem 1 (The AM-GM inequality). If a1, a2, . . . , an ≥ 0 then

a1 + a2 +⋯+ an ≥ n n
√
a1a2⋯an.

Moreover, equality occurs if and only if a1 = a2 = ⋯ = an.

We use the term BM to refer to either a bowel movement or bladder move-
ment. In our model we make the assumption that the baby’s diaper is changed
after each and every BM.

2 The model

The independent variable for our model is the number of diapers purchased
by the consumer which we denote by x. Our model makes the following two
dubious assumptions: (�) x − 1 diapers must be dirty when we launder them
and (�) all x − 1 diapers can be washed in one load of laundry. The total cost
can be computed in terms of three parameters:
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p = price of a reusable diaper.

d = number of BMs until the child is potty trained.

w = cost to wash one full load of diapers.

The number of total washes needed is d
x−1

washes. The total cleaning costs

are then d
x−1

⋅ w dollars. The upfront cost of purchasing the diapers is p ⋅ x
dollars. The sum of the upfront cost and cleaning costs gives the total cost
function for our model

C(x) = px + dw

x − 1
.

If the consumer only purchases two reusable diapers, then each time a diaper
is soiled it must be washed - this gives a low upfront cost but large cleaning
costs. Alternatively, the consumer could buy a new reusable diaper every time
that a previous diaper is soiled. This requires little cleaning costs (one wash
at the end, eww) but a larger upfront cost. In particular, minimizing the sum
of the upfront costs and the cleaning costs does not occur in either situation.
However, this suggests a closed domain for optimizing our cost function C(x),
namely [2, d].

Exercise 1. Find the absolute minimum value of C(x) on the closed interval
[2, d]. Find a formula for the minimum cost in terms of the parameters p, d
and w.

We provide a solution to the exercise using the AM-GM inequality. For all
x > 0,

C(x) = px + dw

x − 1
= p + p(x − 1) + dw

x − 1

≥ p + 2

√
p(x − 1) dw

x − 1

≥ p + 2
√
pdw.
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Equality occurs only when p(x − 1) = dw
x−1

. Solving the previous equation for
x and rationalizing the denominator we find that the minimum cost occurs at
x = 1 + (1/p)

√
pdw diapers. In particular, the following two formulas can be

used by a consumer that has estimated the values of the parameters p, d and
w to minimize their costs:

⎧⎪⎪⎪⎨⎪⎪⎪⎩

Recommended number of reusable diapers = 1 + (1/p)
√
pdw,

Associated minimum cost = p + 2
√
pdw.

⎫⎪⎪⎪⎬⎪⎪⎪⎭
(1)

3 The true minimum cost

Our model assumed that x was a continuous variable. However, x can only
take on integer values. Since the cost function is concave up on [2, d], the true
minimum cost occurs at either the smallest integer greater than 1+(1/p)

√
pdw

or the greatest integer less than 1+(1/p)
√
pdw. To find the true minimum cost

we evaluate the cost function C(x) = px + dw
x−1

at these two integers and keep
the smaller of the two values. That is,

p +min (p ⌈1/p
√
pdw⌉ + dw/ ⌈1/p

√
pdw⌉ , p ⌊1/p

√
pdw⌋ + dw/ ⌊1/p

√
pdw⌋) .

The next table collects together our recommendations for consumers based
on the previous formula for a wide range of values of p and w.

d = 8480 w = 0.50 w = 0.70 w = 0.90 w = 1.10

p = 5.00 �296.21 �349.59 �395.69 �436.93
30 diapers 35 diapers 40 diapers 44 diapers

p = 10.00 �421.90 �497.33 �562.57 �620.90
22 diapers 25 diapers 29 diapers 32 diapers

p = 15.00 �519.41 �611.80 �691.83 �763.12
18 diapers 21 diapers 24 diapers 26 diapers

p = 20.00 �602.67 �709.18 �801.60 �884.00
16 diapers 18 diapers 21 diapers 23 diapers

Figure 1: Number of recommended diapers and associated true minimum costs
with d = 8480.

Research suggests that females potty train more quickly than males [1].
Moreover, potty training rates vary widely geographically and culturally [1].
We roughly estimate d, using numbers from [1], to be 8480 BMs for an average
child in the United States of America.

4 Reusable or disposable?

In this section we derive an equation that can be used to determine how many
soiled diapers are required to make reusable diapers a more cost effective choice
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than disposable diapers.
Let pd denote the cost of a disposable diaper and de denote the number of

soiled diapers needed to make reusable diapers the more cost effective option.
The total cost to the consumer for using only disposable diapers is pd ⋅de dollars.
Reusable diapers become more cost effective precisely when this cost is equal to
the total minimum cost involved in adopting reusable diapers. That is, when
pdde = p + 2

√
pdew. Solving for de we find that

de =
p(2w + pd + 2

√
w(w + pd))

p2d
. (2)

A consumer that has estimated pd, p and w can use equation (2) to determine
how many diapers a child must soil for reusable diapers to be the better choice
from a cost perspective.

With an application of the AM-GM inequality we minimized the cost asso-
ciated to adopting reusable diapers. Our main goal is to make this information
accessible and easy to interpret by anyone. Our recommendations allow con-
sumers the ability to approximate costs based on their personal inputs and
come to their own conclusions on whether or not it would benefit them to
invest in reusable diapers.
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Abstract Miller, Stibich and Moore [6] developed a set-valued coarse invariant
σ (X, ξ) of pointed metric spaces. DeLyser, LaBuz and Tobash [2] provided a
different way to construct σ (X, ξ) (as the set of all sequential ends). This
paper provides yet another definition of σ (X, ξ). To do this, we introduce
a metric on the set S (X, ξ) of coarse maps (N,0) → (X, ξ), and prove that
σ (X, ξ) is equal to the set of coarsely connected components of S (X, ξ). As
a by-product, our reformulation trivialises some known theorems on σ (X, ξ),
including the functoriality and the coarse invariance.

1 Introduction

Miller, Stibich and Moore [6] developed a set-valued coarse invariant σ (X, ξ) of
σ-stable pointed metric spaces (X, ξ). DeLyser, LaBuz and Wetsell [3] gener-
alised it to pointed metric spaces (without σ-stability). The coarse invariance
of σ (X, ξ) was proved by Fox, LaBuz and Laskowsky [4] for σ-stable spaces,
and by DeLyser, LaBuz and Wetsell [3] for general spaces.

We start with recalling the definition of σ (X, ξ). We adopt a simplified
definition given by DeLyser, LaBuz and Tobash [2]. Let (X, ξ) be a pointed
metric space. A coarse sequence in (X, ξ) is a coarse map s ∶ (N,0) → (X, ξ).
Denote the set of coarse sequences in (X, ξ) by S (X, ξ). Given s, t ∈ S (X, ξ),
we write s ⊑σX,ξ t if s is a subsequence of t. Denote the equivalence closure of
⊑σX,ξ by ≡σX,ξ. In other words, s ≡σX,ξ t if and only if there exists a finite sequence
{ui}ni=0 in S (X, ξ) such that u0 = s, un = t, and ui ⊑σX,ξ ui+1 or ui+1 ⊑σX,ξ ui for
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all i < n. The desired invariant is then defined as the quotient set:

σ (X, ξ) ∶= S (X, ξ) / ≡σX,ξ

∶= {[s]σX,ξ ∣s ∈ S (X, ξ)},

where [s]σX,ξ is the ≡σX,ξ-equivalence class of s. As noted in [5], there is no
difficulty in generalising σ (X, ξ) to pointed coarse spaces (X, ξ). See the sub-
section Notation and terminology below for the definitions of the terms
used here.

DeLyser, LaBuz and Tobash [2] provided an alternative definition of σ (X, ξ).
Suppose (X, ξ) is a pointed metric space. Two coarse sequences s, t ∈ S (X, ξ)
are said to converge to the same sequential end (and denoted by s ≡eX,ξ t) if there
is a K > 0 such that for all bounded subsets B of X there is an N ∈ N such that
{s (i) ∣i ≥ N} and {t (i) ∣i ≥ N} are contained in the same K-chain-connected
component of X ∖ B. The ≡eX,ξ-equivalence classes are called sequential ends
in (X, ξ). It was proved that ≡σX,ξ and ≡eX,ξ coincides. As a result, σ (X, ξ)
is equal to the set of sequential ends in (X, ξ). This gives another view of
σ (X, ξ).

This paper aims to provide yet another view of σ (X, ξ). Consider the
following diagram:

Coarse∗
σ ��

S ��

Sets

Metrb forget
��Coarseb

Q

��

where Coarse∗ is the category of pointed coarse spaces and (base point pre-
serving) coarse maps, Metrb the category of metric spaces and bornologous
maps, Coarseb the category of coarse spaces and bornologous maps, and Sets
the category of sets and maps. In Section 2, we introduce the so-called coarsely
connected component functor Q ∶ Coarseb → Sets. The coarse invariance of Q
is proved. In Section 3, we introduce a metric on the set S (X, ξ), where the
metric is allowed to take the value ∞. This forms a functor S ∶ Coarse∗ →Metrb.
We prove the preservation of bornotopy by S. In Section 4, we prove that σ can
be considered as the composition of the two functors Q and S, which commutes
the above diagram. As a by-product, our reformulation trivialises some known
theorems on σ (X, ξ), including the functoriality and the coarse invariance.
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Notation and terminology

Let f, g∶X → Y be maps, E,F binary relations on X (i.e. subsets of X ×X),
and n ∈ N. Then

E ○ F ∶= {(x, y) ∈X ×X ∣ (x, z) ∈ E and (z, y) ∈ F for some z ∈X},
E−1 ∶= {(y, x) ∈X ×X ∣ (x, y) ∈ E},
E0 ∶=ΔX ∶= {(x,x) ∣x ∈X},

En+1 ∶= En ○E,

(f × g) (E) ∶= {(f (x) , g (y)) ∣ (x, y) ∈ E}.

A coarse structure on a set X is a family CX of binary relations on X with
the following properties:

1. ΔX ∈ CX ;

2. E ⊆ F ∈ CX *⇒ E ∈ CX ; and

3. E,F ∈ CX *⇒ E ∪ F,E ○ F,E−1 ∈ CX .

A set equipped with a coarse structure is called a coarse space. A subset A
of X is called a bounded set if A ×A ∈ CX . We denote the family of bounded
subsets of X by BX . This family satisfies the following:

1. ⋃BX =X;

2. A ⊆ B ∈ BX *⇒ A ∈ BX ;

3. A,B ∈ BX ,A ∩B ≠ ∅ *⇒ A ∪B ∈ BX .

A typical example of a coarse structure is the bounded coarse structure induced
by a metric dX ∶X ×X → R≥0 ∪ {∞}:

CdX
∶= {E ⊆X ×X ∣ supdX (E) < ∞} ∪ {∅}.

Then the boundedness defined above agrees with the usual boundedness. We
assume that every metric space is endowed with the bounded coarse structure
throughout this paper.

Let f, g ∶ X → Y be maps from a set X to a coarse space Y . We say that
f and g are bornotopic (or close) if (f × g) (ΔX) ∈ CY . Obviously bornotopy
gives an equivalence relation on the set Y X of all maps from X to Y .

Suppose f ∶X → Y is a map between coarse spaces X,Y . Then f is said to
be

1. proper if f−1 (B) ∈ BX for all B ∈ BY ;

2. bornologous if (f × f) (E) ∈ CY for all E ∈ CX ;

3. coarse if it is proper and bornologous;

4. an asymorphism (or an isomorphism of coarse spaces) if it is a bornolo-
gous bijection such that the inverse map is also bornologous;
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5. a coarse equivalence (or a bornotopy equivalence) if it is bornologous, and
there exists a bornologous map g ∶ Y → X (called a coarse inverse or a
bornotopy inverse of f) such that g ○ f and f ○ g are bornotopic to the
identity maps idX and idY , respectively.

For more information, see the monograph [7] by John Roe.

2 Coarsely connected components

Let X be a coarse space. A subset A of X is said to be coarsely connected if
{x, y} ∈ BX for all x, y ∈ A ([7, Definition 2.11]). For x ∈X, we set

QX (x) ∶= ⋃
x∈B∈BX

B,

and call it the coarsely connected component of X containing x. It is easy to see
that QX (x) is the largest coarsely connected subset of X that contains x (see
also [7, Remark 2.20]). We denote the set of all coarsely connected components
of X by Q(X):

Q(X) ∶= {QX (x) ∣x ∈X}.

Lemma 1. Let f ∶ X → Y be a bornologous map. If X is coarsely connected,
then so is the image f (X).

Proof. The statement is immediate from the fact that every bornologous map
preserves boundedness.

Theorem 2 (Functoriality). Every bornologous map f ∶ X → Y functorially
induces a map Q(f) ∶ Q(X) → Q(Y ) by Q(f) (QX (x)) ∶= QY (f (x)).

Proof. It suffices to verify the well-definedness. Let x, y ∈ X and suppose
QX (x) = QX (y). Since f is bornologous and QX (x) is coarsely connected,
f (QX (x)) is coarsely connected and contains f (x). By the maximality of
QY (f (x)), we have that f (y) ∈ f (QX (y)) = f (QX (x)) ⊆ QY (f (x)). By
the maximality of QY (f (y)), we have that QY (f (x)) ⊆ QY (f (y)). By sym-
metry, QY (f (y)) ⊆ QY (f (x)) holds. Therefore QY (f (x)) = QY (f (y)).

Theorem 3 (Coarse invariance). If two bornologous maps f, g ∶ X → Y are
bornotopic, then Q(f) = Q(g).

Proof. The proof is similar to that of Theorem 2. Let x ∈ X. Since f and g
are bornotopic, (f (x) , g (x)) ∈ (f × g) (ΔX) ∈ CY , so {f (x) , g (x)} is bounded
in Y . Thus {f (x) , g (x)} is coarsely connected and contains f (x). By the
maximality of QY (f (x)), we have that g (x) ∈ {f (x) , g (x)} ⊆ QY (f (x)).
By the maximality of QY (g (x)), we have that QY (f (x)) ⊆ QY (g (x)). The
reverse inclusion QY (g (x)) ⊆ QY (f (x)) holds by symmetry. It follows that
Q(f) (QX (x)) = QY (f (x)) = QY (g (x)) = Q(g) (QX (x)).
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3 Metrisation of S (X, ξ)

Let (X, ξ) be a pointed coarse space. A coarse map s ∶ (N,0) → (X, ξ) is called
a coarse sequence in (X, ξ). Denote by S (X, ξ) the set of all coarse sequences
of (X, ξ). In the preceding studies [6, 4, 3, 2], S (X, ξ) is just a set with no
structure. In fact, as we shall see below, S (X, ξ) has a geometric structure
relevant to σ (X, ξ). We define a metric dS(X,ξ) ∶ S (X, ξ) ×S (X, ξ) → N∪{∞}
on S (X, ξ) as follows:

dS(X,ξ) (s, t) ∶= inf{n ∈ N∣ (s, t) ∈ (⊑σX,ξ ∪ ⊒σX,ξ)
n},

where inf ∅ ∶= ∞. It is easy to check that dS(X,ξ) is a metric. Thus S (X, ξ) is
equipped with a coarse structure, viz., the bounded coarse structure induced
by dS(X,ξ).

Lemma 4. Let (X, ξ) be a pointed coarse space and s, t ∈ S (X, ξ).

1. The following are equivalent:

(a) s ≡σX,ξ t;

(b) dS(X,ξ) (s, t) ∈ N;
(c) there exists a sequence {ui}ni=0 in S (X, ξ) of length n + 1 such that

u0 = s, un = t and dS(X,ξ) (ui, ui+1) = 1 for all i < n, where n is an
arbitrary constant greater than or equal to dS(X,ξ) (s, t).

2. The following are equivalent:

(a) s /≡σX,ξ t;

(b) dS(X,ξ) (s, t) = ∞;

(c) there is no finite sequence {ui}ni=0 in S (X, ξ) such that u0 = s, un = t
and dS(X,ξ) (ui, ui+1) = 1 for all i < n.

Proof. Notice that dS(X,ξ) (s, t) ≤ n if and only if there exists a sequence {ui}ni=0
in S (X, ξ) of length n+1 such that u0 = s, un = t, and ui ⊑σX,ξ ui+1 or ui+1 ⊑σX,ξ

ui for all i < n. Also, note that dS(X,ξ) (s, t) = ∞ if and only if there is no such
finite sequence in S (X, ξ). The above equivalences are now obvious.

Theorem 5 (Functoriality). Each coarse map f ∶ (X, ξ) → (Y, η) functorially
induces a bornologous map S (f) ∶ S (X, ξ) → S (Y, η) by S (f) (s) ∶= f ○ s.

Proof. Well-definedness: let s ∈ S (X, ξ). Clearly S (f) (s) is a map from (N,0)
to (Y, η). The class of coarse maps is closed under composition, so S (f) (s)
is coarse. (Let E ∈ CN. Then (s × s) (E) ∈ CX by the bornologousness of s, so
(f ○ s × f ○ s) (E) = (f × f) ((s × s) (E)) ∈ CY by the bornologousness of f . Let

B ∈ BY . Then f−1 (B) ∈ BX by the properness of f , and hence (f ○ s)−1 (B) =
s−1 ○ f−1 (B) ∈ BN by the properness of s.) Hence S (f) (s) ∈ S (Y, η).

Bornologousness: Let s, t ∈ S (X, ξ) and suppose dS(X,ξ) (s, t) ≤ n, i.e., there
is a sequence {ui}ni=0 in S (X, ξ) of length n + 1 such that u0 = s, un = t, and
ui ⊑σX,ξ ui+1 or ui+1 ⊑σX,ξ ui for all i < n. Then the sequence {f ○ui}ni=0 witnesses
that dS(Y,η) (S (f) (s) , S (f) (t)) = dS(Y,η) (f ○ s, f ○ t) ≤ n.
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Theorem 6 (Preservation of bornotopy). If coarse maps f, g ∶ (X, ξ) → (Y, η)
are bornotopic, then so are S (f) , S (g) ∶ S (X, ξ) → S (Y, η).

Proof. Let s ∈ S (X, ξ). We define a map t ∶ (N,0) → (Y, η) as follows:

t (i) ∶=
⎧⎪⎪⎨⎪⎪⎩

S (f) (s) (j) , i = 2j,

S (g) (s) (j) , i = 2j + 1.

Let us verify that t ∈ S (Y, η). Firstly, let B ∈ BY . Then

t−1 (B) = 2 (S (f) (s))−1 (B) ∪ (2 (S (g) (s))−1 (B) + 1) .

Since S (f) (s) and S (g) (s) are proper, the two sets 2 (S (f) (s))−1 (B) and

2 (S (g) (s))−1 (B)+1 are bounded in N (i.e. finite), so t−1 (B) ∈ BN. Therefore
t is proper. Secondly, let n ∈ N. Since S (f) (s) and S (g) (s) are bornolo-
gous, there exists an E ∈ CY such that (S (f) (s) (i) , S (f) (s) (j)) ∈ E and
(S (g) (s) (i) , S (g) (s) (j)) ∈ E hold for all i, j ∈ N with ∣i − j∣ ≤ n. Since f and
g are bornotopic,

F ∶= {(S (f) (s) (i) , S (g) (s) (i)) ∣i ∈ N}
= {(f ○ s (i) , g ○ s (i)) ∣i ∈ N}
⊆ (f × g) (ΔX)
∈ CY .

Then (S (f) (s) (i) , S (g) (s) (j)) ∈ E○F ∈ CY and (S (g) (s) (i) , S (f) (s) (j)) ∈
E ○ F −1 ∈ CY hold for all i, j ∈ N with ∣i − j∣ ≤ n. Now let G ∶= E ∪ (E ○ F ) ∪
(E ○ F −1) ∈ CY . Then (t (i) , t (j)) ∈ G holds for all i, j ∈ N with ∣i − j∣ ≤ n.
Therefore t is bornologous.

Both S (f) (s) and S (g) (s) are subsequences of t, i.e., S (f) (s) ⊑σY,η t ⊒σY,η
S (g) (s), so dS(Y,η) (S (f) (s) , S (g) (s)) ≤ 2. Hence

(S (f) × S (g)) (ΔS(X,ξ)) ⊆ {(u, v) ∈ S (Y, η) × S (Y, η) ∣dS(Y,η) (u, v) ≤ 2}
∈ CS(Y,η).

Therefore S (f) and S (g) are bornotopic.

The next theorem shows that the base point can be replaced with any other
point lying in the same coarsely connected component.

Theorem 7 (Changing the base point). Let X be a coarse space, and ξ1, ξ2 ∈X.
If QX (ξ1) = QX (ξ2), then S (X, ξ1) and S (X, ξ2) are isometric.

Proof. Define maps T21 ∶ S (X, ξ1) → S (X, ξ2) and T12 ∶ S (X, ξ2) → S (X, ξ1)
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by

T21 (s) (i) ∶=
⎧⎪⎪⎨⎪⎪⎩

ξ2, i = 0,

s (i) , i > 0,

T12 (t) (i) ∶=
⎧⎪⎪⎨⎪⎪⎩

ξ1, i = 0,

t (i) , i > 0.

We first verify the well-definedness, i.e. T21 (s) ∈ S (X, ξ2) and T12 (t) ∈
S (X, ξ1). Obviously T21 (s) (0) = ξ2. Let B ∈ BX . Then (T21 (s))−1 (B) ⊆
s−1 (B) ∪ {0}, where s−1 (B) is bounded in N (i.e. finite) by the properness of

s, so (T21 (s))−1 (B) is also bounded in N. Hence T21 (s) is proper. Next, let
E ∈ CN. For each (i, j) ∈ E, there are the following possibilities:

Case 1. i = j = 0.
Then T21 (s) (i) = ξ2 = T21 (s) (j), so (T21 (s) (i) , T21 (s) (j)) ∈ΔX ∈ CX .

Case 2. i = 0 and j ≠ 0.
In this case, T21 (s) (i) = ξ2, s (i) = ξ1 and s (j) = T21 (s) (j).
So (T21 (s) (i) , T21 (s) (j)) ∈ {(ξ2, ξ1)} ○ (s × s) (E) ∈ CX .

Case 3. i ≠ 0 and j = 0.
Similar to the above case, we have (T21 (s) (i) , T21 (s) (j)) ∈ (s × s) (E) ○
{(ξ1, ξ2)} ∈ CX .

Case 4. i ≠ 0 and j ≠ 0.
Then T21 (s) (i) = s (i) and T21 (s) (j) = s (j), whence we have
(T21 (s) (i) , T21 (s) (j)) ∈ (s × s) (E) ∈ CX .

Set F ∶=ΔX∪({(ξ2, ξ1)} ○ (s × s) (E))∪((s × s) (E) ○ {(ξ1, ξ2)})∪(s × s) (E).
Then (T21 (s) , T21 (s)) (E) ⊆ F ∈ CX , so (T21 (s) , T21 (s)) (E) ∈ CX . Hence
T21 (s) is bornologous. Since the definitions are symmetric, the same argument
applies to T12 (t).

Clearly T12 ○ T21 = idS(X,ξ1) and T21 ○ T12 = idS(X,ξ2). It suffices to prove
that T21 is an isometry.

Let s, t ∈ S (X, ξ1) and suppose that s ⊑σX,ξ t, i.e., there is a strictly
monotone function κ ∶ N → N such that s = t ○ κ. Since κ (i) ≥ i, we have
T21 (s) (i) = s (i) = t (κ (i)) = T21 (t) (κ (i)) for all i > 0. Now, define

κ′ (i) ∶=
⎧⎪⎪⎨⎪⎪⎩

0, i = 0,

κ (i) , i > 0.

Then T21 (s) (i) = T21 (t) (κ′ (i)) holds for all i ∈ N (including the case i = 0).
Hence T21 (s) ⊑σX,ξ2

T21 (t). Note that, by symmetry, the same applies to
T12. Conversely, let s, t ∈ S (X, ξ1) and suppose T21 (s) ⊑σX,ξ2

T21 (t). Then
s = T12 ○ T21 (s) ⊑σX,ξ1

T12 ○ T21 (t) = t.
Now, let s, t ∈ S (X, ξ1) and suppose dS(X,ξ1) (s, t) ≤ n, i.e., there is a
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sequence {ui}ni=0 in S (X, ξ) of length n+1 such that u0 = s, un = t, and ui ⊑σX,ξ

ui+1 or ui+1 ⊑σX,ξ ui for all i < n. By the previous paragraph, T21 (ui) ⊑σX,ξ

T21 (ui+1) or T21 (ui+1) ⊑σX,ξ T21 (ui) for all i < n. So dS(X,ξ2) (T21 (s) , T21 (t)) ≤
n. The same applies to T12 by symmetry. Conversely, let s, t ∈ S (X, ξ1) and
suppose dS(X,ξ2) (T21 (s) , T21 (t)) ≤ n. Then it follows that dS(X,ξ1) (s, t) =
dS(X,ξ1) (T12 ○ T21 (s) , T12 ○ T21 (t)) ≤ n. Consequently, both T21 and T12 are
isometries.

In fact, the metric function dS(X,ξ) only takes the values 0, 1, 2 and ∞. To
show this fact, we need the “confluence” property of ⊑σX,ξ.

Lemma 8 (DeLyser, LaBuz and Tobash [2, Lemma 3.1]). Let s, t, u ∈ S (X, ξ)
and suppose s ⊑σX,ξ t, u. Then there is a v ∈ S (X, ξ) such that t, u ⊑σX,ξ v.

s
⊑σX,ξ

��

⊑σX,ξ

��
t

⊑σX,ξ ��

u

⊑σX,ξ��
v

Proof. By the definition of “subsequence”, there are strictly monotone func-
tions κ,λ ∶ N → N such that s = t ○ κ = u ○ λ. The desired sequence v ∈ S (X, ξ)
is given by

s (0) , t (1) , . . . , t (κ (1) − 1) , s (1)
45555555555555555555555555555555555555555555555555555555555555555555555555555555555555555555555555555555555555556555555555555555555555555555555555555555555555555555555555555555555555555555555555555555555555555555555555555557

t(0),...,t(κ(1))

, s (0) , u (1) , . . . , u (λ (1) − 1) , s (1)
455555555555555555555555555555555555555555555555555555555555555555555555555555555555555555555555555555555555555555565555555555555555555555555555555555555555555555555555555555555555555555555555555555555555555555555555555555555555557

u(0),...,u(λ(1))

,

s (1) , t (κ (1) + 1) , . . . , t (κ (2) − 1) , s (2)
4555555555555555555555555555555555555555555555555555555555555555555555555555555555555555555555555555555555555555555555555555555555555555555565555555555555555555555555555555555555555555555555555555555555555555555555555555555555555555555555555555555555555555555555555555555555555557

t(κ(1)),...,t(κ(2))

, s (1) , u (λ (1) + 1) , . . . , u (λ (2) − 1) , s (2)
455555555555555555555555555555555555555555555555555555555555555555555555555555555555555555555555555555555555555555555555555555555555555555555555655555555555555555555555555555555555555555555555555555555555555555555555555555555555555555555555555555555555555555555555555555555555555555555557

u(λ(1)),...,u(λ(2))

,

⋮

Obviously v has t and u as subsequences. Let E = {(i, j) ∣ ∣i − j∣ ≤ 1}.
(Note that CN is generated by {En∣n ∈ N}.) Since s, t and u are bornologous,
(s × s) (E) , (t × t) (E) , (u × u) (E) ∈ CX . Note that any two adjacent points
(v (i) , v (i ± 1)) are one of the following forms:

(t (j) , t (j ± 1)) , (s (j) , s (j ± 1)) , (u (j) , u (j ± 1)) , (s (j) , s (j)) ,

so (v × v) (E) ⊆ (t × t) (E) ∪ (s × s) (E) ∪ (u × u) (E) ∪ΔX ∈ CX . Hence v is
bornologous. Similarly, one can easily prove that v is proper (i.e. diverges to
infinity).
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Lemma 9 (DeLyser, LaBuz and Tobash [2, Proposition 3.2]). Let s, t ∈ S (X, ξ)
and suppose s ≡σX,ξ t. Then there is a u ∈ S (X, ξ) such that s, t ⊑σX,ξ u.

s

⊑σX,ξ ��

≡σX,ξ

t

⊑σX,ξ��
u

Proof. Choose a sequence {ui}ni=0 in S (X, ξ) such that u0 = s, un = t, and
ui ⊑σX,ξ ui+1 or ui+1 ⊑σX,ξ ui for all i < n. We show that there is a v ∈ S (X, ξ)
such that u0, un ⊑σX,ξ v by induction on the length n. The base case n = 0 is
trivial. Suppose n > 0. Since u0 ≡σX,ξ un−1, there is a v ∈ S (X, ξ) such that
u0, un−1 ⊑σX,ξ v by the induction hypothesis.

Case 1. un−1 ⊑σX,ξ un.
Since un−1 ⊑σX,ξ un, v, there is a v′ ∈ S (X, ξ) such that un, v ⊑σX,ξ v

′ by Lemma
8. Then u0 ⊑σX,ξ v ⊑σX,ξ v

′, so u0 ⊑σX,ξ v
′.

u0

��

un−1

�� 		
v





un

��
v′

Case 2. un−1 ⊒σX,ξ un.
Then un ⊑σX,ξ un−1 ⊑σX,ξ v, so un ⊑σX,ξ v.

un

��
u0

��

un−1

��
v

Theorem 10. dS(X,ξ) ∶X ×X → {0,1,2,∞}.

Proof. Let s, t ∈ S (X, ξ) and suppose s ≡σX,ξ t. There is a u ∈ S (X, ξ) such
that s, t ⊑σX,ξ u by Lemma 9. Hence dS(X,ξ) (s, t) ≤ 2.

A similar argument in Lemma 9 is often used in the context of rewriting
systems (such as lambda calculus). See also [1, Chapter 6].
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4 Alternative definition of σ

Our main theorem is the following. This gives an alternative definition of
σ (X, ξ) in terms of the coarse structure of S (X, ξ).

Theorem 11. Let (X, ξ) be a pointed coarse space. Then [s]σX,ξ = QS(X,ξ) (s)
for all s ∈ S (X, ξ). Hence σ (X, ξ) = Q(S (X, ξ)).

Proof. Let s ∈ S (X, ξ). Then, by Lemma 4-(1), [s]σX,ξ is coarsely connected
(in fact, 1-chain-connected) as a subset of S (X, ξ), and contains s. Hence
[s]σX,ξ ⊆ QS(X,ξ) (s) by the maximality of QS(X,ξ) (s). Conversely, let t ∈
QS(X,ξ) (s). By Lemma 4-(2), s ≡σX,ξ t must hold, and therefore t ∈ [s]σX,ξ.

Hence QS(X,ξ) (s) ⊆ [s]σX,ξ.

This theorem yields quite simple and systematic proofs of some existing
results on σ (X, ξ).

Theorem 12. Each coarse map f ∶ (X, ξ) → (Y, η) functorially induces a map
σ (f) ∶ σ (X, ξ) → σ (Y, η) by σ (f) ([s]σX,ξ) ∶= [f ○ s]σY,η.

Proof. Immediate from Theorem 2, Theorem 5 and Theorem 11.

Corollary 13 (Miller, Stibich and Moore [6, Theorem 10]). If pointed coarse
spaces (X, ξ) and (Y, η) are asymorphic, then σ (X, ξ) ≅ σ (Y, η).

Proof. Obvious from the fact that every functor preserves isomorphisms.

Theorem 14. If coarse maps f, g ∶ (X, ξ) → (Y, η) are bornotopic, then σ (f) =
σ (g).

Proof. Immediate from Theorem 6, Theorem 3 and Theorem 11.

Corollary 15 (DeLyser, LaBuz and Wetsell [3, Theorem 4]). If pointed coarse
spaces (X, ξ) and (Y, η) are coarsely equivalent, then σ (X, ξ) ≅ σ (Y, η).

Proof. Let f ∶ (X, ξ) → (Y, η) be a coarse equivalence with a coarse inverse
g ∶ (Y, η) → (X, ξ). Then f ○ g and g ○ f are bornotopic to id(Y,η) and id(X,ξ),
respectively. By Theorem 12 and Theorem 14,

idσ(Y,η) = σ (id(Y,η))
= σ (f ○ g)
= σ (f) ○ σ (g) ,

idσ(X,ξ) = σ (id(X,ξ))
= σ (g ○ f)
= σ (g) ○ σ (f) ,

so σ (f) and σ (g) are inverse to each other. Hence σ (X, ξ) ≅ σ (Y, η).

Corollary 16 (DeLyser, LaBuz and Wetsell [3, Proposition 3]). Let X be a
coarse space, and ξ1, ξ2 ∈X. If QX (ξ1) = QX (ξ2), then σ (X, ξ1) and σ (X, ξ2)
are equipotent (i.e. have the same cardinality).
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Proof. By Theorem 7, S (X, ξ1) and S (X, ξ2) are isometric and hence asymor-
phic. So σ (X, ξ1) = Q(S (X, ξ1)) ≅ Q(S (X, ξ2)) = σ (X, ξ2) by Theorem 2
and Theorem 11.
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1 Introduction

Given a partition λ of an integer n, there is a way to construct an irreducible
representation of the symmetric group Sn, and all irreducible representations of
Sn can be constructed in this way. Thus the irreducible representations of the
symmetric groups are in bijective correspondence with partitions of integers.

There are multiple ways to realize the irreducible representations of Sn. One
of these ways is as a certain vector space consisting of complex polynomials Pλ,
and another is as a vector space Sλ of polytabloids. In this paper we will briefly
define these representations and then prove that they are equivalent.

The representation theory of the symmetric group Sn provides much intu-
ition into more advanced concepts in the field, and so it is fruitful to understand
these representations from multiple perspectives.

2 Symmetric group, polynomials and Young
tableaux

Let Sn be the symmetric group on n letters, that is, the group of bijections on
the set {1,2, . . . , n} acting on the left, so that for σ, τ ∈ Sn, (σ ⋅ τ)(i) = σ(τ(i)).
Elements of Sn are typically written using cycle notation. For example, if
σ ∈ S5, and if

σ(1) = 3, σ(3) = 1, σ(2) = 4, σ(4) = 5, and σ(5) = 2,

we write σ = (1,3)(2,4,5). The identity element is written as (1), and it is a
standard result that any element in Sn can be written as a product of two-
cycles; for example, (1,2,3,4) = (1,2)(2,3)(3,4). It is also a standard result
that disjoint cycles commute; for example (1,2,3)(4,5) = (4,5)(1,2,3).

Given any finite group such as Sn we can form the group algebra C[Sn] by
first declaring that the group elements are a basis for a C-vector space, then
extending the group multiplication via the distributive property over addition
to give C[Sn] an algebraic structure. For example,

[2(1,2) + 3(2,3)] × [(1,3) + 2(1,3,2)] = 2(1,3,2) + 3(1,2,3) + 4(1,3) + 6(1,2).

Let P(x1, . . . , xn) = P be the vector space of polynomials in n variables
with complex coefficients. The group Sn acts on this space by permuting the
variables and then extending by linearity, and hence we have a representation of
Sn on P . We use the standard “lower dot” notation for a group representation,

σ.xi = xσ(i).

For example,

(1,2,3).(x1x
2
2x

3
3 + 2x2

1x3) = x2x
2
3x

3
1 + 2x2

2x1.
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Let λ = (λ1, λ2,⋯, λ�) be a partition of n, which means that

λ1 + λ2 +⋯+ λ� = n, with λ1 ≥ λ2 ≥ ⋯ ≥ λ� ≥ 0.

Equivalently, a partition λ can be depicted as a Young diagram, which is a left
and top-justified array of � rows of boxes where the ith row has length λi. It
is customary to use λ to denote the partition or its associated Young diagram
interchangeably.

A Young tableau t is a Young diagram where the boxes are filled with
elements from an ordered set, sometimes called an alphabet. Typically the
entries are positive integers, but we also see variables such as {xi} ordered
by their subscripts. A standard Young tableau is a Young tableau where the
entries are taken without replacement from {1,2, ..., n}, and where the entries
across each row and down each column are increasing.

A tabloid {t} is an equivalence class of Young tableaux of the same shape
represented by tableau t, where two tableaux (which need not be standard) are
declared equivalent if each corresponding row contains the same entries.

Example 1. Let λ = (4,2,2,1) be a partition of 9. Then

λ= is the associated Young diagram.

t=

1 3 5 7

2 4

6 8

9

is a standard Young tableau.

1 5 3 7

2 4

8 6

9

is equivalent to t.

We denote the associated tabloid by deleting the vertical lines. For this
example,

{t} =

1 3 5 7
2 4
6 8
9

.

Let T denote the set of all tabloids, and let T λ denote the subset of all
tabloids with shape λ. By declaring the set of tabloids in T λ to be basis
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vectors, we construct C[T λ], the C-vector space of polytabloids of shape λ.
The symmetric group Sn acts on a Young tableau (and its associated tabloid)
by permuting the entries, and thus – extending this action by linearity – the
vector space C[T λ] is also a representation of Sn.

3 Representations

Definition 2. A representation of a group G on a vector space V is a homo-
morphism α ∶ G→ GL(V )
Definition 3. Let α be a representation of a group G on a vector space V and
let W be a suspace of V . If α(g)w ∈ W for all w ∈ W and g ∈ G then W is a
G−invariant subspace of V .

Definition 4. A representation of a group G on a vector space V is irreducible
if V contains no proper nonzero G−invariant subspaces.
Example 5. Consider the representation of the group S3 on the vector space
R

3, where the homomorphism α ∶ S3 → GL(R3) permutes the standard basis
vectors. Then the subspaces I ∶= {(a, a, a)∣a ∈ R} and W ∶= {(a, b, c)∣a+b+c = 0}
are G-invariant subspaces that are irreducible.

4 The Polytabloid and Specht bases

Let t be a standard Young tableau, let Vt be the subgroup of Sn that preserves
each column of t, and define the column anti-symmetrizer by

Vt ∶= ∑
σ∈Vt

sgn(σ)σ,

which is an element of the group algebra C[Sn]. Finally, set et:= Vt.{t}, a
vector in C[T λ].

By Theorem 2.5.2 from [S] or Theorem 7.2.7 from [K-J], the set

{et∶ t is a standard λ-tableau}

is a basis for an irreducible representation of Sn in C[T ], denoted Sλ and called
the Specht module.

Example 6. Let

t=
1 2

3 4
so that {t}= 1 2

3 4
.

Then
Vt = {(1), (24), (13), (13)(24)}

and so
Vt = (1) − (24) − (13) + (13)(24).

Applying Vt to the tabloid {t}, we have
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et = Vt.{t} =
1 2
3 4

− 1 4
2 3

− 2 3
1 4

+ 3 4
1 2

.

Now let t be a standard Young tableau with shape λ, let t[1], t[2], ..., t[k]
be the columns of t, and write t = t[1]t[2]...t[k]. Let t1,j , t2,j , ..., t�,j be the

entries of the the jth column of t and let Δ(t[j])=Δ (xt1,j , xt2,j , ..., xt�,j) be the
Vandermonde determinant in the variables subscripted by the entries from the
jth column of t.

Example 7. Using the tableau t from Example 1,

t[1]t[2] =

1 3

2 4

6 8

9

and

Δ(t[1]) = Δ (x1, x2, x6, x9) =

::::::::::::::::::

1 1 1 1
x1 x2 x6 x9

x1
2 x2

2 x6
2 x9

2

x1
3 x2

3 x6
3 x9

3

::::::::::::::::::

.

Finally, let Δ(t) be the polynomial Δ(t) =Δ(t[1])Δ(t[2])...Δ(t[k]). In [Sp]
it is shown that

{Δ(t) ∶ t is a standard λ-tableau}
is a basis for an irreducible representation of Sn in P that is equivalent to the
representation Sλ in C[T λ]. The polynomials Δ(t) are called Specht polyno-
mials.

5 Theorem

Let φ ∶ T λ → P be the map that takes each tabloid {t} to the monomial
mt = Πn

α=1xα
θ(α) where θ(α) = i − 1 if α is in the ith row of {t}. Note that the

domain of φ depends on λ; this dependence will not be reflected in our notation
for the sake of clarity.

Example 8.

{t}= 1 2
3 4

φ({t})=x1
0x2

0x3
1x4

1 =mt.

Note that since tabloids are row-equivalent, φ({t}) is independent of the repre-
sentative t of {t} and so the map φ is well-defined. We then extend φ to C[T λ]
by linearity.

Theorem 9.
φ(et) =Δ(t).
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Remark 10. There seems to no recorded proof of this result, certainly not in
any of the standard references on the representation theory of the symmetric
group such as [K-J], [S] or [F]. It appears (in a slightly different form) as
Equation (1) in [P] followed by “as can easily be verified.”

6 Proof

We start by proving a series of lemmas and then combine them for the proof.

Lemma 11. φ∶C[T λ] → P intertwines the representations of Sn on C[T λ]
and P. That is, if τ ∈ Sn, then φ(τ.{t})=τ.(φ({t})).

Proof. It is sufficient to consider the case that τ is a two-cycle since these gen-
erate Sn. If τ transposes two entries of {t}, it also transposes the corresponding
two variables in the monomial mt. So, by (1), φ(τ.{t}) = τ.mt = τ.φ({t}).

Lemma 12. φ(t[1]t[2]⋯t[k])=φ(t[1])φ(t[2])⋯φ(t[k]).

Proof. This is just a reflection of the fact that multiplication of the variables
is commutative and associative. In order to illustrate the main ideas and avoid
drowning in notation, we prove this for the case for t = t[1]t[2]. It will be
convenient to slightly abuse notation and write α ∈ t if the number α is an
entry in a tableau t.

φ(t[1]t[2]) = ∏
α∈t[1]t[2]

xθ(α)
α = ∏

r∈t[1],s∈t[2]

xθ(r)
r xθ(s)

s

= ∏
r∈t[1]

xθ(r)
r ∏

s∈t[2]

xθ(s)
s = φ(t[1])φ(t[2]).

The general result follows by induction on the columns of t.

Lemma 13. Vt = Vt[1] ×Vt[2] ×⋯×Vt[k] as a direct product of subgroups of Sn.

Proof. Clearly the direct product Vt[1] ×Vt[2] × ...×Vt[k] is contained in Vt, since
each factor Vt[i] preserves a column.

Now suppose σ ∈ Vt and write σ = σ1σ2...σn as a product of two-cycles. Since
any entry in t can occur only once and since σ preserves only the columns of t,
any two-cycles that preserve distinct columns must be disjoint. Since disjoint
cycles commute, we can reorder and regroup the two-cycles in the above product
σ so that each grouping preserves a distinct column.

Finally, since Vt[r] ⋂Vt[s] = {(1)} for r ≠ s, this product is direct. Thus, Vt

is contained in the direct product.

Lemma 14. Vt = Vt[1] ⋅ Vt[2] ⋅ ⋯ ⋅ Vt[k] , the product on the right being taken in
C[Sn].
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Proof.

Vt[1] × Vt[2] = ∑σ1∈Vt[1]
sgn(σ1)σ1 ×∑σ2∈Vt[2]

sgn(σ2)σ2 by definition,

= ∑σ1∈Vt[1]
,σ2∈Vt[2]

sgn(σ1) sgn(σ2)σ1σ2 by the distributive
property,

= ∑σ1∈Vt[1]
,σ2∈Vt[2]

sgn(σ1σ2)σ1σ2 a property of sgn,

= ∑σ1σ2∈Vt[1]
×Vt[2]

sgn(σ1σ2)σ1σ2 by definition of
direct product,

= ∑σ∈Vt[1]t[2]
sgn(σ)σ by Lemma 13

with σ = σ1σ2,

= Vt[1]t[2] by definition.

The general result follows by induction.

Lemma 15. Vt[r] .(t[s])=t[s] if r ≠ s

Proof. by definition, Vt[r] permutes only the entries in the rth column. Equiv-
alently, Vt[r](mt[s])=mt[s] if r ≠ s.

(Proof of Theorem 9). We begin by recalling Leibniz’ formula for determinant
of an n × n matrix (ai,j),

Det(ai,j) = ∑
σ∈Sn

sgn(σ)Πn
i=1ai,σ(i).

In this language, the Vandermonde determinant becomes

Δ(x1, . . . , xn) = ∑
σ∈Sn

sgn(σ)Πn
i=1x

i−1
σ(i).

Applying this to the the jth column of a tableau t we have

Δ(t[j]) = ∑
σ∈Vt[j]

sgn(σ)
�j

∏
i=1

xσ(ti,j)
i−1. (1)

where the upper index �j is the length of t[j].

We also note that

φ(t[j]) = ∏α∈t[j]
x
θ(α)
α where θ(α) = i − 1 if α is in the ith row of t[j]

= ∏�j
i=1 x

i−1
ti,j since ti,j is in the ith row of t[j].

(2)
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And thus

φ (et[j]) = φ (Vt[j] .t[j]) by definition of et[j] ,

= φ (∑σ∈Vt[j]
sgn(σ)σ.t[j]) by definition of Vt[j] ,

= ∑σ∈Vt[j]
sgn(σ)σ.φ (t[j]) by Lemma 11,

= ∑σ∈Vt[j]
sgn(σ) ∏�j

i=1 xσ(ti,j)
i−1 by Equation 2,

= Δ(t[j]) by Equation 1.

(3)

Finally we combine these results:

φ(et) = φ(Vt.{t}) by definition of et,
= Vt.φ({t}) by Lemma 11,
= [Vt[1] ×⋯× Vt[k]]. φ(t[1]⋯t[k]) by Lemma 11,

= [Vt[1] ×⋯× Vt[k]]. φ(t[1])⋯φ(t[k]) by Lemma 12,

= Vt[1] . φ(t[1])⋯Vt[k] . φ(t[k]) by Lemma 15,

= φ(Vt[1] . t[1])⋯φ(Vt[k] . t[k]) by Lemma 11,

= φ(et[1])⋯φ(et[k]) by definition of et[j] ,

= Δ(t[1])⋯Δ(t[k]) by Equation 3,
= Δ(t) by definition of Δ(t),

as desired.

7 Example

Recall t, {t}, Vt, and Vt from Example 6, and recall that

et = Vt({t}) =
1 2
3 4

− 1 4
2 3

− 2 3
1 4

+ 3 4
1 2

.

Therefore

φ(et) = x1
0x2

0x3
1x4

1 − x2
0x3

0x1
1x4

1 − x1
0x4

0x2
1x3

1 + x3
0x4

0x1
1x2

1

= x1x2 + x3x4 − x2x3 − x1x4.

And by definition of the Specht polynomial,

Δ(t) = ∣ 1 1
x1 x3

∣ × ∣ 1 1
x2 x4

∣

= (x3 − x1) × (x4 − x2)
= x1x2 + x3x4 − x2x3 − x1x4.

Remark 16. This result generalizes. We can assign an exponent to each row
of a tabloid, and then raise the variables sub-scripted by each entry in that row
to the assigned exponent. For example, if we place the assigned exponents in
the leftmost column, then the tabloid
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1 1 3 5 7
4 2 4
3 6 8
7 9

maps to the monomial x1 x3 x5 x7 x
4
2 x

4
4 x

3
6 x

3
8 x

7
9.

In this way we can obtain basis vectors for irreducible representations in
polynomial spaces of any degree.
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