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Abstract

Density Functional Theory (DFT) is an electronic structure method widely used to calculate
the electronic, optical and magnetic properties of materials in terms of atoms and the elec-
trons that glue them together. One way to test and improve DFT theories is to apply them
to simple, one-dimensional potentials. Such potentials allow easy testing of new theories, as
calculations can be made quickly, and analytic answers are sometimes known. We study the
Rosen-Morse potential, a quantum potential historically used to model vibrations and pre-
dict energy spectra of molecules. It is also used in nanoscience to model an electron trapped
in a thin layer between two materials. We adapt previously written code to study this poten-
tial, using Python along with the numpy and matplotlib library. We calculate eigen-orbitals
and bound state energies and then study ”pseudo-atom” systems consisting of RM poten-
tials with all bound states completely occupied, simulating the electronic shell structure of
the atom. We use these systems to test the predictions of density functionals of the kinetic
energy, including the Thomas-Fermi, von Weizsäcker, and Local Gradient Expansion. Our
data indicates that kinetic energy models that are typically poor in three-dimensions are
nearly exact for this model.
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Process Analysis Statement

Prior to beginning this thesis, I was already involved in physics research with my faculty

mentor Dr. Antonio Cancio. I had completed much work before we began to consider the

direction of my honors thesis. Dr. Cancio had explained that I could extend upon the

research we were currently involved in to produce additional results that would facilitate

my honors thesis. Being interested in computational research, I found this to be a great

opportunity to further expose myself to such a modern and ever-growing field. It was through

the entirety of this process that I truly tested my abilities.

To conduct the computational research I was involved in, I spent much time staring at my

computer screen. As a student who had only taken an introductory computer science course,

I found myself dedicating substantial amounts of time learning how to code in Python: the

language used for this research. Thankfully, the course I had taken used Python as the

programming language, so I had a base knowledge of how it functions. However, the work

required for this research greatly surpassed the knowledge that one introductory computer

science course would provide.

To introduce me to coding at a higher level, Dr. Cancio gave me access to the code

from his previous honors student, Kyle Jones. I started by simply running the code and

studying how it produced its outputs. Not only did I need to understand how the code

worked, but I had to be able to use the code for my future purposes. I began making slight

alterations: changing the external potential used, altering parameter values, and performing

general updates to the code. This allowed me to examine the code in great detail, providing

a deeper understanding of its structure and overall functionality.
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Through the process of learning this code, I greatly improved my own capabilities. I was

being given tasks that I could actually produce a result for, whereas in the beginning I would

often show up empty-handed for many of the coding problems I attempted. This generated

a great sense of satisfaction and enthusiasm for coding. Once I felt comfortable with the

coding aspect of this research, I started to better understand the physics that was involved.

With the set of code provided, I had a powerful set of tools to explore Density Functional

Theory, the topic of this thesis. I spent much time understanding the concepts and theorems

within this theory. This required reading countless journal articles and further studying the

concepts I learned from modern physics and quantum mechanics. These concepts are not

easy to grasp, even for a senior undergraduate physics major. However, after much reading

and practice I gained a fundamental understanding of this theory that enabled me to perform

the research required for my honors thesis.

To perform my research, I repurposed the code from Jones. I made similar calculations

as he had done, but my study differed in the sandbox I was using to perform my tests. I

often found that when I would attempt to get results, code errors would hinder me from

making any progress. These errors would arise when I changed the code to be able to use

my set of conditions for my sandbox. Since the code from Jones functioned as multiple parts

to one larger set, I would have to trace my errors across multiple files in order to pinpoint

the line of code that was causing my problems. This took up a large portion of my time, as

Jones’ code was rather extensive and consisted of many different parts. After much time, I

had finally developed my own working version of his code that used my sandbox of interest.

With my own personal version of the code, I extended upon the capabilities that this

code held. This was my first experience in developing new code for this research, using the

knowledge I gained from my coding experiences. This facilitated further learning opportu-

nities as I had not truly understood the many processes that go into coding other than the

results that come from it.

At first, I would create code that was specified to perform one singular thing. Although

I produced the desired results, I found increasing issues when I tried to continue using the
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same code for multiple things. The code would become cluttered and rather difficult to read.

Regardless of the comments I included, there were no amount of words that could justify

the lengths of my files. I complicated many things for my future self by not creating simple,

short scripts that could be used for multiple things. After much frustration, I spent a great

amount of time reworking my previous code so that I could apply it to the variety of tests

I desired to perform. This taught me many things about coding that extend much further

than the quality of its output. I learned effective methods for refactoring code to be used in

multiple studies. I also learned proper labelling and structuring techniques that are useful

for when passing code onto an individual who is unfamiliar with its functionality. I will carry

these skills with me into my future endeavours in either graduate school or industry.

With the abilities I gained from these experiences, I performed the research that allowed

me to write this thesis. Not only did I write this thesis, but I was fortunate to present

its results at the Annual Fall Conference of the APS Ohio-Region Section. This gave me

valuable experience into presenting work at a professional conference. I had the opportunity

to practice my presentation skills in front of many professors in the physics community. I

also enhanced my knowledge on this subject and have become more comfortable presenting

it verbally.

As I write this thesis, I express gratitude for the experiences that have come from it. The

countless hours that went into this research allowed me to learn a great deal of information

that one would miss from a traditional classroom setting. Not only did I learn more about

physics, but I learned more about myself and the capabilities that I hold. As I graduate and

pass my work on, I hope that another may find as great a learning opportunity as I did and

continue this research.
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Chapter 1

Introduction

Density Functional Theory (DFT) is a method that obtains approximate solutions to

the Schrodinger equation to study the electronic structure of a system. Electronic structure

is the description of how electrons move and configure in atoms or molecules. [1] This de-

scription, composed of a wave function governing the electrons’ behavior and its associated

energies, is of tremendous value in fields such as quantum chemistry and materials science. [2]

Knowing the wave functions of such electrons, one can determine many properties of systems:

electronic energy levels, rovibrational energy levels, electron affinities, ionization potentials,

etc. [1] However, an issue arises when one studies a system composed of many electrons.

Since electrons are so small, one cannot express their motion in a classical sense. Classical

physics fails to describe the behavior of systems at the atomic scale. As a result, quantum

mechanics is required to study electron motion. The motion of these electrons is described

by wave functions that are found from solving the Schrodinger equation. As the number of

electrons in a system increase, the wave function describing their motion becomes increas-

ingly complex. This complexity arises from the dependence of electrons’ position on their

neighboring electrons. For a system composed of many electrons, it is not feasible, or in

many cases possible, to solve the Schrodinger equation and determine the wave function

that governs their motion.

To solve such a wave function, one would have to consider a system of an impractical
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number of differential equations. [3] These systems surpass the number of electrons that

allow wave function theory to be efficient. Therefore, instead of using many-electron wave

functions, DFT seeks to use the electronic density to determine the electronic structure of a

system. [4] Using the electronic density is advantageous because, unlike the many-electron

wave function, it is only described by three spatial coordinates.

It was Hohenberg and Kohn who stated that the electronic density was actually use-

ful. They established that there existed an alternative to determining the electronic energy

one would find from solving electron wave functions. [5] Their theorem showed that the

ground state properties of a system can be determined entirely from the electronic density.

From their theorem, they formulated the universal expression of the electronic energy as a

functional of the density: the fundamental principle behind DFT.

There was a major problem with Hohenberg and Kohn’s theorem: they did not provide

instructions on how to properly express the energy in terms of the electronic density. Rather,

they proved through contradiction that this universal energy functional must exist, defining

its components and providing no means to solve for them. As a result, to use this expression

one must find a method that is capable of approximating its energy components. [6] However,

the previous work of Thomas and Fermi has provided a solid foundation for this task.

Thomas-Fermi (TF) theory was the first pure DFT approximation. [7] It expresses the

energy as a functional of the density and approximates the kinetic and repulsion energies of

electrons. For its time, this theory was exceptional as it provided a means to finding the

total energy of a many-electron system without reference to the Schrodinger equation. [7, 8]

This was precisely what Hohenberg and Kohn described to be possible.

Although this theory was a step in the right direction, it had many drawbacks that hin-

dered it from being the front-runner of DFT. TF theory does not allow for chemical bonding

and displays a lack of shell structure for TF atoms. [9] These deficiencies are traceable to the

method’s approximation of the kinetic energy. To determine this value, each point in space

is considered to be a square well of an infinite number of energy levels and a given density

of non-interacting electrons. By calculating the kinetic energy of each individual square
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well up to some chemical potential, one sums the contribution from each well to determine

the total kinetic energy. [7] This approximation is effective for systems of many-electrons.

However, for atoms like hydrogen consisting of few electrons, it proves to be an ineffective

approach to determining such a significant portion of the electronic energy comprised in a

system. [9] With its crude approximation to the kinetic energy, TF theory was shown to be

an oversimplification and required corrections to obtain further accuracy. [8]

Kohn and Sham proposed a fix to the kinetic energy of TF theory. [10] They rewrote the

energy functional to approximate the kinetic energy through an equivalent fictitious system

of non-interacting electrons and their orbitals. [6] By considering a non-interacting system,

Kohn and Sham effectively reduced the 3N -dimensional many-electron wave function to N ,

3-dimensional, single-electron wave functions. [11]

The trick was to use a fake system that would result in the same density as the real one.

For the fictitious non-interacting system, the kinetic energy calculated is exact. The Kohn-

Sham equations show that one simply uses the single-electron orbitals and sums over their

respective second derivatives. However, it does not represent the true kinetic energy that one

would find in the real system of interacting electrons. [9] Nonetheless, this method produces

results that are comparable to the exact value and allows for a nearly exact treatment of the

kinetic energy. Using this method, the deficiencies found in the TF method are no longer

of issue. [9] However, due to its use of electron orbitals, one finds other problems with the

Kohn-Sham method when studying systems that require many orbital calculations.

Kohn and Sham were effective in reducing the computational effort required to solve the

many-electron wave function. Instead of solving an incredibly complex many-electron wave

function, one can solve individual electron orbitals where their dependence is only upon their

own spatial coordinates. However, calculating the individual Kohn-Sham orbitals requires

computational work that scales cubed to the number of electrons in the system. [11] As the

number of electrons in the system increase, there will exist more orbitals that need to be

calculated, creating a problem for those who study large systems of atoms.

This issue is easily understood when one considers the molecular dynamics of biochem-
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istry. For example, if one was interested in studying the electronic structure of an entire

strand of DNA, then they would be dealing with upward amounts of a hundred billion

atoms. [12] Using Kohn-Sham DFT to study such a structure would require the calculation

of every electron orbital within these atoms. Although it is possible, the computational time

required to make these calculations is completely unreasonable. As a result, it is of interest

to develop a method that can circumvent the use of electron orbitals. This method, known

as orbital-free DFT, is an active research area within Density Functional Theory.

Orbital-free DFT seeks to express the energy as a functional dependent upon the density

explicitly. [13] The goal is the following: retain the accuracy that comes with Kohn-Sham

DFT but with the quickness and simplicity of Thomas-Fermi theory. [14] If these aspects

could be combined, one would yield an expression for the kinetic energy that is cost effective

in terms of both computational speed and accuracy. However, it is not known how to

correctly express the kinetic energy as a functional of the density.

There any many methods that pursue this goal through approximation. [13] In addition

to the TF method, a few examples are the von Weizsäcker [15] and Local Gradient Ex-

pansion [16] approximation methods. The von Weizsäcker method is known to be accurate

for single level systems, whereas the Local Gradient Expansion method is designed as a

correction to the TF method. These methods are a few of the simplest, orbital-free DFT

approximation methods for the kinetic energy of which this thesis studies. [13].

To assess the accuracy of these methods, it is possible to use one-dimensional sandboxes.

One-dimensional sandboxes allow for a simplification of the physics that would be involved in

a three-dimensional problem. For this thesis, our sandbox was the one-dimensional Rosen-

Morse potential. This potential is exactly solvable and played a historic role in atomic,

molecular, and chemical physics. It can be used to describe molecular vibrations and obtain

energy spectra for both linear and nonlinear systems. [17] By filling this potential’s bound

energy levels with particles, one simulates an artificial atom. This can be used to perform

quick tests on how to properly express the kinetic energy as a functional of the density.

Finally, it is important to note that, for kinetic energy calculations, it is not necessary
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to study an interacting system. In Kohn-Sham DFT, the kinetic energy is dependent upon

electron orbitals and has no relation to electron interaction. As a result, one can study a

non-interacting system and perform similar calculations with greater ease.

For our research, we use code previously written by Kyle Jones to test approximations for

the kinetic energy of one-dimensional, non-interacting systems. [14] To further develop Jones’

code, we introduce the ability to perform these methods self-consistently. Self-consistent

methods are ones that predict the electronic density to calculate the kinetic energy. Jones

code was purposed towards a one-dimensional study with calculations that use the exact

density found from solving the Schrodinger equation. [14] However, for a more realistic

application, DFT approximation methods should not have to solve the Schrodinger equation

to determine the exact density; they instead should predict it. This thesis extends past the

scope of Jones’ code and studies self-consistent, orbital-free DFT approximation methods

for the kinetic energy.

In this thesis, we study DFT functionals for the kinetic energy of an artificial atom

consisting of non-interacting particles filling a Rosen-Morse potential. We study both self-

consistent and non-self-consistent approximation methods by using the known and predicted

density. In Chapter 2, we cover the theoretical background, discussing DFT and its various

models used within the thesis. We also introduce the Rosen-Morse potential, our one-

dimensional sandbox used to test various DFT models. Chapter 3 discusses the methods

that went into obtaining our results where we present our processes for both self-consistent

and non-self-consistent DFT calculations. Following this explanation is Chapter 4, which

presents the results of our calculations. We assess the accuracy and feasibility of the DFT

models used and interpret what our results show. In Chapter 5, we make our final conclusions

and discuss the impact our results have on future work in this subject. Lastly, we provide

an appendix which contains the names and descriptions of the code used in this study.
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Chapter 2

Theory

To make calculations of the electronic structure of an atom, we turn to the many electron

Schrodinger equation: [14]

HΨ (x1, x2, . . . , xN) = EΨ (x1, x2, . . . , xN) . (2.1)

For the purposes of this thesis, we will consider one-dimensional systems in which particles

are confined to a finite cell of limits −L and L. For a one-dimensional atom, the Hamiltonian

is defined as: [14]

H (x1, x2, . . . , xN) =
N∑
i=1

−~2

2m

d2

dx2i
+

N∑
i=1

V (x) +
1

2

∑
i 6=j

j∑
i=1

Vee(xij). (2.2)

To find the total energy, we consider the kinetic energy, potential energy, and interaction

energy between the electrons in a system: [14]

E = 〈H〉 = T + Uext + Uee, (2.3)

where energy is defined as the expectation of the Hamiltonian. Taking these expectations,

we find each term in the energy to be: [14]

T =

∫
Ψ∗ (x1, x2, . . . , xN)

N∑
i=1

− ~2

2m

d2Ψ (x1, x2, . . . , xN)

dx2i
dx1dx2 . . . dxN , (2.4)
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Uext =

∫
Ψ∗ (x1, x2, . . . , xN)

N∑
i=1

V (xi) Ψ (x1, x2, . . . , xN) dx1dx2 . . . dxN , (2.5)

and

Uee =

∫
Ψ∗ (x1, x2, . . . , xN)

1

2

N∑
i=1, i6=j

N∑
j=1

Vee(xij)Ψ (x1, x2, . . . , xN)dx1dx2 . . . dxN .

(2.6)

Equations 2.4 and 2.5 in our total energy expression can be simplified since they consider

one particle at a time. However, the term for the energy of the electron interactions involves

a function that couples the spatial coordinates of an electron’s wave function. Therefore, we

cannot simplify this term with ease.

For our study, we are interested in calculating the kinetic energy. This allows us to set

Vee to zero since it is not required to make these calculations. With Vee set to zero, the

Hamiltonian is separable. Therefore, the wave function describing the electronic structure

of the atom becomes a product of the individual electron orbitals. [18] We consider spin;

consequently, from the Pauli exclusion principle, two particles can occupy each orbital if one

is of spin up and the other spin down.

Since particles are non-interacting, the Hamiltonian is simply the sum of single-particle

Hamiltonians. Using the single-particle Hamiltonian, one solves the Schrodinger equation to

find the energy eigenvalues and determine the electron orbitals:[
−~2

2m

d2

dx2
+ V (x)

]
ψi(x) = Eiψi(x). (2.7)

Using the electron orbitals, one can calculate the electronic density of a system: the

number of electrons per unit length. If one chooses a single particle, then the probability

to find that particle at x is simply its wave function squared. Therefore, one can write the

density of a system as the sum of the expectations of a single particle in each orbital: [14]

n (x) =
Nmax∑
i=1

fi |ψi(x)|2 , (2.8)

where ψi(x) represents the particles in the ith orbital and fi is its occupancy corresponding

to the spin of the system. For our study, fi is set to two since we are considering spin. This

10



density is justified through rigorous derivation of a wave function that satisfies antisymmetry,

which is beyond the scope of this thesis. [18]

Hohenberg-Kohn DFT uses the density to calculate all the properties about a given

system. [6] If one knew the exact density, then it could be used to predict V (x). Once V (x)

is found, then the Hamiltonian is also known. Therefore, the energy of the system can be

determined along with other properties and observables from the density alone.

For a non-interacting system, one can use Hohenberg-Kohn DFT to express the total

energy relative to the density: [6]

E[n] = T [n] + Uext[n], (2.9)

where [14]

Uext[n] =

∫
n(x)V (x)dx, (2.10)

and the kinetic energy, T , remains to be simplified.

The kinetic energy of a non-interacting system is given by the following expression: [14]

T =

∫
τ (x) dx =

∑
i

fi

∫
ψ∗i (x)

(
−~2

2m

)
d2

dx2
ψi (x) dx. (2.11)

Using Hartree atomic units, ~ = m = 1, this expression simplifies to:

T =

∫
τ (x) dx = −1

2

∑
i

fi

∫
ψ∗i (x)

d2

dx2
ψi (x) dx. (2.12)

Integrating by parts results in the following expression:∫
ψ∗i (x)

d2

dx2
ψi (x) dx = ψ∗i (x)

dψi(x)

dx

∣∣∣L
−L
−
∫
dψ∗i (x)

dx

dψi(x)

dx
dx. (2.13)

For our finite cell, we impose the boundary condition ψ(x) = 0 at both −L and L. Con-

sequently, we can drop the second term in Equation 2.13 and substitute this equation into

Equation 2.12 to yield the following expression:

T =

∫
τ (x) dx =

1

2

∑
i

fi

∫
dψ∗i (x)

dx

dψi(x)

dx
dx. (2.14)
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The third term in this expression can be simplified by understanding that it is the absolute

value of the derivative of the wave function squared. Extracting τ(x) and performing this

simplification results in the following expression for the kinetic energy density:

τ(x) =
1

2

∑
i

fi

∣∣∣∣dψi(x)

dx

∣∣∣∣2 , (2.15)

where τ(x) is defined as the kinetic energy density, the kinetic energy per unit length. We

now define the kinetic energy as:

T [n] =

∫
1

2

∑
i

fi

∣∣∣∣dψi(x)

dx

∣∣∣∣2 dx. (2.16)

The kinetic energy requires the particle orbitals, whereas the potential energy uses the density

explicitly.

Orbital calculations can be proven to be burdensome in terms of computational speed.

Orbital-free DFT is a variety of DFT that seeks an expression for the kinetic energy that

circumvents the need for orbitals. If one can replace τ(x) with an expression dependent upon

the density alone, then computational speeds will increase drastically.

Among the simplest of models to do this are the von Weizsäcker, Thomas-Fermi, and

Local Gradient Expansion approximation methods. [19, 20, 15, 16] These approximation

methods share a common goal of expressing the kinetic energy as a functional of the den-

sity. To assess their accuracy, we study a non-interacting system. Therefore, we can use

Equation 2.15 as an exact value for comparisons of the approximation methods.

The von Weizsäcker method considers particles in a system as only occupying the first

energy level. If these particles were bosons, then this assumption would hold true. However,

we study fermions which obey the Pauli exclusion principle. As a result, we expect this

method to only be accurate for one energy level. This kinetic energy density is found through

the following equation: [14]

τVW (x) =
1

8

|∇n(x)|2

n(x)
. (2.17)

The Thomas-Fermi method uses a statistical model of electron energy that becomes

exact for a system with an infinite number of particles. This method uses the local density
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evaluated at an exact point to approximate the kinetic energy density. This kinetic energy

density is given by the kinetic energy of an infinite system with this density: [14]

τTF (x) =
π2n3(x)

24
. (2.18)

The Local Gradient Expansion method is a correction to the Thomas-Fermi method which

allows for better accuracy. This method provides more information about how the density

is changing around a specified point x. This kinetic energy density is found through: [14]

τG(x) = τTF (x)− 1

3
τVW (x) +

1

12

d2n(x)

dx2
. (2.19)

For a non-interacting system, we use a Rosen-Morse potential with its bound states

completely occupied to simulate an artificial atom in one-dimension. This potential is defined

by the following equation: [17]

V (x) = B tanh
(x
d

)
− λ(λ+ 1)

2
sech2

(x
d

)
. (2.20)

The parameters for this equation are B, λ, and d. B represents the difference in energy

between positive-x and negative-x limits of this potential and E = 0. At the boundaries

of our finite cell, Rosen-Morse potentials approach −B and B in the negative and positive

limit respectively. d represents the well width. The coefficient containing λ determines the

well depth, with λ governing the number of bound energy levels, M , within the potential

well. This relation is given by:

M = λ, (2.21)

for integer λ and

M = bλc+ 1.0, (2.22)

for all else. For our study, we use half-integer values of λ. These values display a relationship

where incrementing by integer values adds additional levels but holds the first energy level

at the same value.

13



2.1 Self-Consistent DFT

For a more realistic application of DFT methods, one should not be given the exact

density. We seek to eliminate the need for orbitals, but our preliminary equations are defined

using a density that is found through them. A more effective DFT method should include

an orbital-free prediction of the density as well.

We study the self-consistent Thomas-Fermi method; a method that predicts the density

to make its kinetic energy calculations. [7] To do so, one fills an external potential with

particles up to a cutoff energy given by µ:

nµ(x) =

√
2

π2
[µ− Vext(x)], (2.23)

where µ represents the energy needed to add a particle to a system and Vext is the external

potential one is using. Then, µ is varied until the integrated density yields the desired

number of particles:

N =

∫ L

−L
nµ(x)dx. (2.24)

With the resulting µ, calculations for the kinetic energy density can be made using this

model density in Equation 2.18.
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Chapter 3

Methods

To perform our calculations, we use Hartree atomic units. This allows for the simplifica-

tion of our equations as these units are given by h = m = e = 4πε0 = 1. For the calculations

we make, we follow an algorithm, implemented by Kyle Jones in a series of Python codes,

that expresses particle orbitals as a linear combination of plane waves [14, 21].

Any particle orbital is first expressed by: [14]

ψn (x) =
Nmax∑
i=1

Cn
i φi(x), (3.1)

where φi(x) represents the basis functions, Nmax gives the maximum number of basis func-

tions used, and Cn
i is the eigenfunction coefficient. The code expresses this wave function

using the following basis: [14]

φi (x) = sin

(
π(x− L)

2L

)
. (3.2)

The maximum number of basis functions used, Nmax, is given by: [14]

Nmax =
1

π

√
2Ecut, (3.3)

where Ecut represents the cutoff energy for the plane waves. With φi(x) and Nmax defined

in Equation 3.1, the remaining values needed are the eigenfunction coefficients and their

corresponding eigenvalues.
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To compute these values, one must solve the Schrodinger equation:

Hψ(x) = Eψ(x), (3.4)

with

H =
−~2

2m

d2

dx2
+ V (x). (3.5)

Using these equations along with the wave function for the particle orbitals, one can solve

the eigenvalue problem to get the resulting matrix expression: [21]∑
Hi,jCj = ECi, (3.6)

where Ci is the desired eigenfunction coefficient, E is the corresponding eigenvalue that

represents the energy levels for the potential, and Hi,j represents the matrix elements that

are given by: [14]

Hi,j = Ejδi,j +

∫ L

−L
φ∗iV (x)φjdx. (3.7)

In the code, matrices are constructed by multiplying the external potential with two basis

functions, integrating over x, and adding kinetic energies along their diagonals [14]. Using

the linalg functions within the NumPy library, the code solves for the eigenfunctions of this

matrix and their corresponding eigenvalues.

To find particle and kinetic energy densities, one uses the expression for the particle

orbitals given in Equation 3.1. Substituting this expression into Equations 2.8 and 2.15

yields [14]

n (x) =
∑
i

fi

∣∣∣∣∣∑
n

Cn
i φi(x)

∣∣∣∣∣
2

, (3.8)

and

τ (x) =
1

2

∑
i

fi

∣∣∣∣∣∑
n

Cn
i φ
′
i(x)

∣∣∣∣∣
2

, (3.9)

where fi represents the number of particles in the ith orbital.

The DFT functionals for the kinetic energy density require the use of derivatives. To find

these derivatives, we use [14]

df(xi)

dx
=

1

dx

[
2

3
(f(xi+1)− f(xi−1))−

1

12
(f(xi+2)− f(xi−2))

]
. (3.10)
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To integrate these densities, we use Composite Simpson Integration [22]. This technique

divides the intervals of integration into smaller sub-intervals. This allows for the application

of Simpson’s Rule to each sub-interval, where one sums the results to find an approximate

value for the whole interval.

3.1 Self-Consistency

To perform our calculations using the self-consistent Thomas-Fermi method, we need to

develop a new process. To predict the density using this method, we have to find a value of

µ that, when used in the integration of Equation 2.23, would return the expected amount

of particles for our system. This is done by looping through values of µ. For each value, we

calculate and integrate the corresponding density. Upon integration, we find a total particle

number that we compare to the expected value.

It is possible that we may not find a particle number equal to that of the exact value.

Therefore, we find the element in our array of µ where the total particle number exceeds that

of the expected value. By using this element and the one that preceded it, we interpolate

these values to find a more precise solution to µ that corresponds to the expected particle

number.

When we consider the self-consistent Thomas-Fermi method, it is necessary that we al-

ter our integration techniques for finding total particle numbers and kinetic energies. This

method assumes that particles cannot tunnel. Consequently, we should only integrate cal-

culated densities across the space where the cutoff energy µ is greater than the external

potential Vext. If we consider instances where the external potential is greater than the cut-

off energy, then we would find an imaginary density as Equation 2.23 would be taking the

square root of a negative number. To find the points that determine this space, we use the

following equation:

Vext (xc)− µ = 0, (3.11)

where finding a difference of zero between these two values allows for the determination of a

17



critical point xc.

Once we determine our critical points, we can make more precise calculations. To do so,

we integrate both the particle and kinetic energy densities across critical points rather than

the limits of our finite cell. This is performed using the equations:

N =

∫ xc2

xc1

nµ(x′)dx′, (3.12)

and

T =

∫ xc2

xc1

π2nµ
3(x′)

6
dx′, (3.13)

where we note that dx has become dx′.

The critical points we calculate will be values that are not retrievable from the previously

given array of x. For example, if we know that a critical point occurs in some array of x

between values of xi and xi+1, then it is certain it will be of a value between these numbers.

Therefore, we cannot simply reuse this previous array and amend it to only contain our

space of interest. We must use the critical points to create a new array of x that begins at

the first point and ends at the next.

Furthermore, we must specify a value to increment our new space. A dx′ is needed to

increment our new array of x from point xc1 to xc2 . We can get as close to the old dx as

possible by taking the number of desired grid points in our space to be

Npoints =

⌊
xc2 − xc1

dx

⌋
+ 1. (3.14)

With our desired number of grid points, we can define dx′ by the following equation:

dx′ =
xc2 − xc1
Npoints

. (3.15)

Using this equation allows for a value of dx′ closest to that of the previous dx.
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Chapter 4

Results

4.1 Non-Self-Consistent DFT

To study the DFT approximation methods, we use a series of Rosen-Morse potentials

to simulate artificial atoms. The potentials are chosen so that each successive one has an

additional bound level but the same highest energy eigenvalue. We are interested in testing

the accuracy of the functionals for the kinetic energy density. Therefore, we find the exact

particle density and use it to make our calculations. By using the exact particle density, we

can make assessments on the accuracy of the approximations for the kinetic energy density

alone. For this section, most of our results are found using parameter values of B = 1.0/16.0

and d = 1.0, where we vary the parameter λ due to its relationship to the number of bound

energy levels, M .

4.1.1 The Rosen-Morse Potential

Before we present any calculations using the Rosen-Morse potential, we need to under-

stand its behavior. By plotting several different potentials for varying parameter values,

we can show the effect of each parameter. B represents the difference in energy between

positive-x and negative-x limits of this potential and E = 0, d represents the well width,

and the coefficient containing λ represents the well depth, as shown in Fig 4.1.
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(a) λ = 0.5, B = 1.0/16.0, and d = 1.0.
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(b) λ = 0.5, B = 2.0/16.0, and d = 1.0.
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(c) λ = 1.5, B = 1.0/16.0, and d = 1.0.
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(d) λ = 0.5, B = 1.0/16.0, and d = 2.0.

Figure 4.1: Rosen-Morse potentials of varying parameter values.

Next, we show how particles behave when occupying the energy levels of the Rosen-

Morse potential. We do this by calculating the eigen-orbitals and bound state energies of

the potential given in Fig 4.1a. Figure 4.2 displays the orbitals of particles in completely

bound, partially bound, and unbound states to show how the difference in the potential

barriers affects a particle’s behavior.

For the potential used in Figure 4.2, we find the following eigenenergies: E1 = −0.1328,

E2 = −0.0474, E3 = −0.0050, and E10 = 0.2925. Since the value B = 1.0/16.0 = 0.0625

represents the difference in energy between positive-x and negative-x limits of this potential

and E = 0, the limit of the lower potential barrier must be at B = −0.0625 and the limit of
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(d) Ninth Lowest Energy State

Figure 4.2: Orbitals of the Rosen-Morse potential for λ = 0.5, B = 1.0/16.0, and d = 1.0.

the upper potential barrier at B = 0.0625.

For the lowest energy state, we see that this energy level is completely bound. Since E1

falls below the lower limit and both ends of the wave function converge to zero, we know

that the particle does not have enough energy to surpass either of the potential barriers.

For the second and third lowest energy states, we know that the particle has enough

energy to surpass the lower potential barrier as its wave function does not converge to zero

for the negative x limit. However, for the positive x limit representing the higher barrier,

we see that the particle’s wave function converges to zero. E2 and E3 are of values that are

between both of these limits. This explains that the particle must exist between the limits
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of the two potential energies, making these energy levels partially bound.

At the tenth lowest energy state, it is apparent that the particle is able to move freely

as its wave function does not converge for either limit and E10 surpasses the energy of the

upper limit. From this, we understand that this energy level is above both potential barriers

making it completely unbound.

4.1.2 Particle Densities

After studying the behavior of particles in the Rosen-Morse potential well, we begin to

discuss our results for testing the accuracy of the DFT functionals for the kinetic energy

density. To make our calculations of the kinetic energy density, we need to find the exact

particle density of Rosen-Morse potentials for half-integer values of λ. Figure 4.3 shows the

densities of Rosen-Morse potentials for five values of λ: 0.5, 1.5, 2.5, 3.5, and 4.5. The lowest

value of λ represents the most shallow well with only one bound state. As we increase λ by

one, the well becomes deeper and a new bound state is introduced. For every new bound

state, two particles are added to the well. This causes the density to increase as there are

more particles contained within the well.
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Figure 4.3: Particle densities for five Rosen-Morse potentials of half-integer values of λ,

B = 1.0/16.0, and d = 1.0.
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The anti-symmetric behavior can be explained by the nature of the potential itself. From

Fig 4.1, we see that the Rosen-Morse potential is not centered around zero. Instead, it is

shifted to the left. Therefore, we should expect more particles to exist to the left of zero, as

observed in Fig 4.3.

4.1.3 Kinetic Energy Densities

With the exact particle densities calculated for the Rosen-Morse potential, we can apply

the DFT functionals for the kinetic energy density. Using the Thomas-Fermi, von Weizsäcker,

and Local Gradient Expansion approximation methods, we make kinetic energy density

calculations using Rosen-Morse potentials of half-integer values of λ. Fig 4.4 shows the results

of these calculations, where we compare them to the exact value calculated by Equation 2.15.

From Fig 4.4, we see that the accuracy of the methods is dependent upon the number

of bound energy levels for our potential. For the Thomas-Fermi approximation method,

we see its accuracy improve as we increase the number of particles in our system. This is

because the Thomas-Fermi method assumes a system of infinite energy levels. With only

two particles and one bound energy level in our first calculation, we can understand why this

method performs poorly. In the case of ten particles and five bound energy levels, λ = 4.5,

this method is almost exact, which is expected given the assumptions it makes about the

energy levels of a system.

For the von Weizsäcker approximation method, we observe that its accuracy decreases

as we increase the number of particles in our system. To understand this relation, one

must know the effect of particle spin on quantum states. Our non-interacting particles are

known as fermions; any fermions of identical spin must occupy anti-symmetric states. [23]

For the case of two particles of opposite spin, we expect them both to exist in the first energy

level. For any additional particles, we should find them occupying the subsequent energy

levels. However, the von Weizsäcker method assumes these particles can all occupy the same

quantum state, which violates the Pauli exclusion principle defined above. Therefore, we see

this method being almost exact for one energy level and inaccurate for all else.
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Figure 4.4: Kinetic energy densities for five Rosen-Morse potentials of half-integer values

of λ, B = 1.0/16.0, and d = 1.0. ”GE” represents the Local Gradient Expansion method,

”TF” represents the Thomas-Fermi method, ”Ex” represents the exact method, and ”VW”

represents the von Weizsäcker method.
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In the case of the Local Gradient Expansion approximation method, we find it to be

nearly exact with exception to a system of only one bound energy level. We also see that it

is a significant improvement to the TF method, as explained in Chapter 2.

4.1.4 Total Kinetic Energies

For a further test of functional performance, we integrate the kinetic energy density to

find a total kinetic energy for each half-integer value of λ. These results are shown in Fig 4.5.
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Figure 4.5: Total kinetic energies for five Rosen-Morse potentials of half-integer values of

λ, B = 1.0/16.0, and d = 1.0. ”GE” represents the Local Gradient Expansion method,

”TF” represents the Thomas-Fermi method, ”Ex” represents the exact method, and ”VW”

represents the von Weizsäcker method.

Upon plotting the total kinetic energy, we find that it does not effectively compare the

accuracy of the methods relative to one another. To better visualize their accuracy, we scale

the total kinetic energies by the number of bound energy levels cubed, as given in Fig 4.6.

This allows for a visual that better assesses how each method performs.

From Fig 4.6, we confirm the assumptions made about the Thomas-Fermi, von Weizsäcker,

and Local Gradient Expansion approximation methods. The accuracy of the Thomas-Fermi

method increases with the number of bound energy levels. In the limit of infinite bound
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Figure 4.6: Scaled kinetic energies for five Rosen-Morse potentials of half-integer values of

λ, B = 1.0/16.0, and d = 1.0. ”GE” represents the Local Gradient Expansion method,

”TF” represents the Thomas-Fermi method, ”Ex” represents the exact method, and ”VW”

represents the von Weizsäcker method.

energy levels, the approximations from this method approach the value of the exact kinetic

energy. However, for one bound energy level, this method proves to be a poor approximation.

For the case of the von Weizsäcker method, this approximation is exact for one bound

energy level. However, it is a poor approximation for any additional levels. Aside from

the first energy level, the differences in this method’s approximations and the exact kinetic

energies are significantly worse than the Thomas-Fermi approximations. Although the von

Weizsäcker method is exact for one bound energy level, the Thomas-Fermi method is pre-

ferred as it performs better overall in approximating the kinetic energy.

Even though the Thomas-Fermi method is fairly accurate, the Local Gradient Expansion

method is the most effective method to approximate the kinetic energy for this system. For

Rosen-Morse potentials consisting of up to five bound energy levels, the Local Gradient

Expansion approximations are nearly exact. This method provides a balance in accuracy

as it is effective in approximating the kinetic energy of both one bound energy level and

multiple bound energy level Rosen-Morse potentials.
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4.2 The Self-Consistent Thomas-Fermi Method

The previous kinetic energy calculations use a density that was known beforehand. How-

ever, for a more realistic application we should not be given the exact density. A more

effective DFT method should include a prediction of the density as well.

We study the self-consistent Thomas-Fermi method; a method that predicts the density

to make its calculations. To do so, we fill an external potential with particles up to a cutoff

energy given by µ, Using Equation 2.23, we vary µ until Equation 2.24 yields the desired

number of particles, a value dependent upon the number of bound energy levels. With our

resulting µ, we can make our calculations for the kinetic energy density using Equation 2.18

and integrate to yield the total kinetic energy.

We test the accuracy of this method by applying it to the Rosen-Morse potential with

values of B = 1.0/16.0 and d = 1.0. We make calculations of the density and kinetic energy

for half-integer values of λ and compare them to the known exact values and previous non-

self-consistent calculations.

4.2.1 Calibration and Testing

To ensure our method of integration was correct, we make calculations using both normal

and careful integration methods, as outlined in Section 3.1, and compare the two results. This

calibration is performed to ensure that our careful method yields the same particle number

and kinetic energy as the normal method. As a test, we calculate the particle number and

kinetic energy using both methods and plot the differences between these respective values

for various µ. These results are given in Fig 4.7.

For the particle number and kinetic energy, we find small oscillatory differences in the

values. These differences are thought to arise from the differing grid space used in each

method to make our density calculations. As described in Section 3.1, to use the careful

integration we require a new space between critical points to integrate across. To create this

space, we define an entirely new grid that differs from the one before. This could be the cause
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Figure 4.7: Differences in the careful and normal integration methods for a Rosen-Morse

potential of three bound energy levels, B = 1.0/16.0, and d = 1.0.

for these small differences because as we cycle through values of µ we are constantly defining

a new grid space. Although we find some discrepancies, these differences are relatively low.

Therefore, we can carry on with our calculations knowing our careful integration techniques

yield results within a fractional percent difference of the normal method.

4.2.2 Particle Densities

Before we could make any calculations of the kinetic energy, we have to first calculate

the model density through our self-consistent processes. We compare the model density to

the exact density by scaling the values by the number of expected particles to yield the

probability densities. Fig 4.8 shows the results of these calculations, where we overlay a

plot of the Rosen-Morse potential, shifted upward by B, for visualization of the tunneling

phenomena that occurs.

The probability density calculated through the self-consistent method approaches zero

as soon as the cutoff energy µ reaches the barrier of the potential. Contrary to this, the

exact probability density returns values past the potential barrier. This is because the

self-consistent Thomas-Fermi method does not allow for the tunneling of particles. Upon

examining Equation 2.23, one finds that if Vext is greater than µ, then the resulting values
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Figure 4.8: Probability densities calculated via the self-consistent method compared to the

exact method for five Rosen-Morse potentials of half-integer values of λ, B = 1.0/16.0, and

d = 1.0. ”Exact” represents the exact method and ”SCTF” represents the self-consistent

Thomas-Fermi method. The cutoff energy, µ, is chosen to be equal to −B and the potential

is offset so that µ = −B = 0
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of the density will become imaginary, which is unphysical. As a result, we find that as we

increase the number of particles in our system, the self-consistent method becomes more

accurate because the difference in the densities at the potential barrier becomes less signifi-

cant. For Fig 4.8a, we see that the self-consistent density is an underestimate as it lacks the

particles that would be included from tunneling. However, for Fig 4.8e we find it to be more

accurate as the density at the potential barrier approaches that of the exact value.

By integrating the particle density, we calculate a total particle number for our system.

We compare the particle number calculated from the self-consistent method to the exact

particle number we should expect from the laws of quantum mechanics. Fig 4.9 shows

the self-consistent relation of the particle number while the step graph shows the quantum

mechanical prediction to this value.
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Figure 4.9: Number of particles for a Rosen-Morse potential of three bound energy levels,

B = 1.0/16.0, and d = 1.0. ”Exact” represents the exact method and ”SCTF” represents

the self-consistent Thomas-Fermi method.

In Fig 4.9, we find the relation of particle number N as a function of the chemical

potential µ. From a classical standpoint, if one were to increase the highest available energy

in a system, then more particles should be present. For the self-consistent TF method, we

find that its calculations of the particle number follow this logic. However, in the case of the

step graph, its predictions follow the laws of quantum mechanics.
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Quantum mechanics assumes the quantization of energy. Rather than having a continuous

relation for energy, we find that energy levels are discrete. Particles are restricted to only

exist on these discrete energy levels for a given system and will not exist in-between. To

move from one energy level to the next, particles must have enough energy. Until particles

reach this energy threshold, they will remain in their current state. By examining this system

using a quantum mechanical approach, we see that our potential has quantized energy levels

where particles can only exist. These are the eigenvalues found from solving the matrix

equation for the Hamiltonian, as described in Chapter 3.

The curve in Fig 4.9 shows that the self-consistent method does not yield the correct

amount of particles for our system. At µ = −1.0/16.0, we expect there to be six particles

within our well since we have three bound energy levels, given by λ = 2.5. We can place

two particles at each level, one with spin up and the other spin down, to yield this total

expected particle number of six. However, we observe that the self-consistent density is an

underestimate to this true value. Rather than yield a value of six, this method is showing

a total particle number of around five and a half particles. Therefore, this method may not

be able to effectively reproduce a system with a given amount of particles.

4.2.3 Kinetic Energy Densities

Next, we calculate the kinetic energy density for our system using the self-consistent

Thomas-Fermi method. This calculation was similar to the previous section, only differing in

the density that was used. Rather than use the exact density found from the particle orbitals,

we use the density given by Equation 2.23, allowing for a valuable comparison between using

the exact or predicted value of the density in Equation 2.18. Fig 4.10 shows the results

of these calculations, where we include the results of the non-self-consistent approximation

methods in comparison to the known exact values.

From Fig 4.10, we find that it is uncertain whether the self-consistent Thomas-Fermi

method performs better than the non-self-consistent Thomas-Fermi method. By examining

Fig 4.10a, we see that, for one bound energy level, the self-consistent method seems to be an
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Figure 4.10: Self-consistent kinetic energy densities for five Rosen-Morse potentials of half-

integer values of λ, B = 1.0/16.0, and d = 1.0. The legend is defined by Fig 4.4 with the

addition of ”SCTF” representing the self-consistent Thomas-Fermi method.
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improved approximation. However, one must pay close attention to the widths of the curves.

Although the height of the curve from the self-consistent method is closer to that of the exact

curve, its width is smaller for all cases. As we increase the number of bound energy levels,

both the self-consistent and non-self-consistent Thomas-Fermi method becomes increasingly

accurate. However, it appears that the non-self-consistent method steadily approximates a

closer value to that of the exact kinetic energy density.

4.2.4 Total Kinetic Energies

To further assess how this method performs, we calculate the total kinetic energy. From

quantum mechanics, we know that particles only exist on discrete energy levels. Conse-

quently, the kinetic energy should also have discrete values corresponding to each energy

level. Once the chemical potential surpasses an energy level, the kinetic energy will jump

because additional energetic particles have been added to the system. In Fig 4.11, we com-

pare this logic to the classical interpretation from the self-consistent TF method by plotting

the calculated kinetic energy and the exact kinetic energy found from quantum mechanical

predictions.

4.0 3.5 3.0 2.5 2.0 1.5 1.0 0.5

0

1

2

3

4

To
ta

l K
in

et
ic 

En
er

gy

Exact
SCTF

Figure 4.11: Total kinetic energy for a Rosen-Morse potential of three bound energy levels,

B = 1.0/16.0, and d = 1.0. ”Exact” represents the exact method and ”SCTF” represents

the self-consistent Thomas-Fermi method.
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We find that the self-consistent method under-approximates the total kinetic energy. The

curve in Fig 4.11 shows that, at µ = −1.0/16.0, we are below the expected value of the total

kinetic energy for this three level Rosen-Morse potential. Although this difference is small,

it is important to note because the non-self-consistent Thomas-Fermi method proves to be

an overestimate to this value.

We also calculate the scaled kinetic energy using the self-consistent method and show its

results in Fig 4.12, including the results from the non-self-consistent calculations.
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Figure 4.12: Scaled kinetic energies for five Rosen-Morse potentials of half-integer values of

λ, B = 1.0/16.0, and d = 1.0 using self-consistent and non-self-consistent calculations. The

legend is defined by Fig 4.4 with the addition of ”SCTF” representing the self-consistent

Thomas-Fermi method.

This allows for a more complete visual of the difference between kinetic energy calcula-

tions. In light of this clarity, we find that the TF method yields worse results when it is

performed self-consistently. It is an underestimate to the true kinetic energy, which is un-

derstandable given that the model density proved to be an underestimate as well. However,

when compared to its results calculated non-self-consistently, aside from a system of one

bound energy level, the differences between the exact values are not significantly different.
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4.2.5 Parameter Alteration

Lastly, we study the effect of the parameter B on the total particle number and kinetic

energy of the Rosen-Morse potential. We predict that altering B, the difference in energy

between positive-x and negative-x limits of this potential and E = 0, will change these

resulting values to some extent. To test this prediction, we use a constant value of d = 1.0.

We alter B and λ and find the self-consistent density to calculate the total particle number

and scaled kinetic energy of these Rosen-Morse potentials. Fig 4.13a and Fig 4.13b show the

results of these calculations, where we find the error compared to their corresponding exact

value.
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(a) Error in particle numbers.
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Figure 4.13: Error compared to exact method in particle numbers and scaled kinetic energies

of the self-consistent Thomas-Fermi method for Rosen-Morse potentials of varying values of

parameters B and λ and d = 1.0.

We find that as we increase the value of B, the accuracy of the calculations decrease. By

increasing B, the self-consistent density becomes less accurate because the first bound energy

level is moved closer to the opening of the well. As the first bound energy level approaches

the opening of the well, more particles are likely to tunnel. Therefore, the self-consistent

density becomes less accurate when compared to the exact value. This is reflected in the
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particle numbers and scaled kinetic energies where we see the calculations become poorer

for larger values of B. As we surpass the B value of 0.0625, the barrier difference becomes

too large and our kinetic energy calculations become drastically worse. Consequently, we do

not surpass this value for any of our calculations in this thesis.
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Chapter 5

Conclusion

This research provided insight into how various orbital-free DFT functionals for the ki-

netic energy density perform using self-consistent and non-self-consistent techniques. This

was done by using the Rosen-Morse potential to model an atom in an one-dimension. By fill-

ing this potential’s bound energy levels with particles, we simulated the electronic structure

of an atom. We used Python code, previously written by Kyle Jones, to make calculations on

this artificial atom’s electronic structure. Particle orbitals were calculated, allowing for the

determination of the exact density. This density was used in the orbital-free DFT function-

als to make the calculations of the kinetic energy. In addition, we introduced new processes

into the code to make calculations of the kinetic energy using a density that was predicted

self-consistently. In graphing these kinetic energies and densities, we provide a visualization

that allows for the assessment of how each method performs relative to one another.

In our model, we found that we confirmed a few of our assumptions. The von Weizsäcker

method becomes a poor approximation for any system in which particles occupied energy

levels beyond the ground state. The Thomas-Fermi method, performed both self-consistently

and non-self-consistently, becomes an improved approximation as the number of bound en-

ergy levels in the system increased. The Local Gradient Expansion method proved to hold

the best accuracy for most systems. We also showed that when the TF method was per-

formed self-consistently, it was outperformed by its calculations that were done non-self-
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consistently. However, there were a few results that were unanticipated. For the self-

consistent TF method, we found that as we increase B, the difference in energy between

positive-x and negative-x limits of the Rosen-Morse potential and E = 0, the particle num-

ber becomes less accurate than the scaled kinetic energy for all energy levels other than the

ground state. We also found that this method may be unable to reproduce a system of a

desired number of particles.

With these unusual results, one could further investigate the behavior of the self-consistent

TF method by applying it to systems of various external potentials. For example, one could

study this method using a double well external potential. On the other hand, there could

also be an application of the self-consistent processes to other DFT approximations. One

could try to implement a self-consistent model for the Local Gradient Expansion method,

which is a correction to the TF method.
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Appendix A

Description of Code

To further enhance the capabilities of Jones’ code, I developed the following base scripts.

CriticalPointsSolver Solves for critical points between a cutoff energy and external po-

tential.

getOccupancyList Determines the occupancy of bound energy levels within an external

potential given the eigenenergies, a cutoff energy, and multiplicity.

IntegrateCriticalPoints Creates a new space between critical points and integrates the

corresponding particle and kinetic energy density.

Interpolation Estimates the intermediate value between two set of points.

TFDensityForMu Defines the self-consistent density equation for the TF method.

WriteDensityFiles Writes particle and kinetic energy density files for a choice set of pa-

rameter values.

Using these base scripts, I created the following scripts to perform the numerical calcu-

lations leading to my results.

muForNSingleWell Determines the value of the cutoff energy µ where the predicted den-

sity yields the desired number of particles upon integration. This is performed using



careful integration techniques and is only applicable to external potentials of single

wells.

SelfConsistentDensityAlterB Allows for the alteration of the parameter B in the Rosen-

Morse potential equation to calculate the corresponding predicted and exact density.

Plotting routines are included to make visual and numerical comparisons between the

two densities.

SelfConsistentTotalKEAlterB Allows for the alteration of the parameter B in the Rosen-

Morse potential equation to calculate the corresponding kinetic energy through both

the self-consistent and non-self-consistent method. Plotting routines are included to

make visual and numerical comparisons between the two methods.

SelfConsistentTFDensity Determines the value of the cutoff energy µ where the predicted

density yields the desired number of particles upon integration. This is performed using

normal integration techniques.

SelfConsistenTFWithQMStep Calculates the particle number and total kinetic energy

and plots the values as a function of the cutoff energy µ. The quantum mechanical

prediction of these values is also plotted as a function of µ and takes the form of a step

relation.

SelfConsistentvsNonKineticEnergyDensities Calculates the kinetic energy density via

the self-consistent and non-self-consistent method. Plotting routines are included to

make numerical and visual comparisons between the two methods.

SelfConsistentvsNonParticleDensities Calculates the density via the self-consistent and

non-self-consistent method. Plotting routines are included to make numerical and

visual comparisons between the two methods.

SelfConsistentvsNonTotalKE Calculates the scaled kinetic energy via the self-consistent

and non-self-consistent method. Plotting routines are included to make numerical and

visual comparisons between the two methods.
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