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Abstract 

      Artificially produced plasmas have important applications in medicine, microelectronics, and 

many other fields of science. Effective operation of plasma devices requires accurate and reliable 

diagnostic tools that help optimize plasma parameters such as cathode fall, electron density and 

energy distribution. While well established, the Langmuir probe technique is limited to 

applications where a probe can be inserted into devices. For many other applications, the external 

probe technique is the only choice for diagnoses and measurements of plasma parameters. External 

probe techniques have been widely used in plasma diagnoses such as target bias in RF magnetron 

sputtering, and cathode fall measurement in gas discharge devices.  

     However, some of the external probe diagnostic techniques such as the cathode fall 

measurement with a capacitive coupling band have a large uncertainty in measurements, and the 

results in the literature are often inconsistent with each other. These discrepancies are due to 

insufficient understanding of the physical and circuitry basis of the diagnostic technique. This 

research seeks to better understand the external probe measurement, to improve the measurement 

technique, and to properly interpret the measurement results. A circuit model for plasma is 

proposed along with typical circuits for the external probe diagnostics using a capacitively coupled 

band. Detailed analysis of the diagnostic circuits is performed to reveal the interactions between 

various circuit elements, and to explain the inconsistency of the past cathode fall measurement 

results with the external probe technique in the literature. The circuit model and the analysis results 

are further validated



 

 

CHAPTER 1 Introduction 

1.1 Overview of Plasma  

Plasma is an ionized gas; it occur when a gas is heated enough that the gas atoms collide 

with each other and knock off their electrons [1]. More than 99% of the visible universe is 

composed of plasma [1, 2]. The plasma side of the cosmic ledger includes the seething atmospheres 

and interiors of stars, the wind of particles that our sun flings outward into space, Earth’s cocoon-

like magnetosphere, the tenuous wasteland between stars and galaxies, and fantastically energetic 

displays such as quasars, supernovas and parts of the compact spinning stars that spray out beams 

of x-rays [3]. 

          When plasmas are artificially produced on earth, they turn out to be extremely useful. For 

non-thermal plasmas, it is the ratio of ionized particles to neutral particles that determines the 

degree of plasma formation. Consider the Saha ionization equation [2] below:  

 
𝑛𝑖
𝑛𝑛
≈ (2.4 × 1021 𝐾

 −3
2 .𝑚−3)

𝑇
3
2

𝑛𝑖
𝑒
−
𝜑𝑖
𝐾𝑏𝑇
⁄

 

(1) 

Here, 𝑛𝑖 and 𝑛𝑛 are the density of ionized atoms and density of neutral atoms (given in number 

per m3) respectively; T(K) is the gas temperature (always far above the room temperature in the 

plasma regime); 𝐾𝑏 is the Boltzmann constant;  𝜑𝑖  is the ionization energy of a gas, that is the 

amount of energy required to remove the outermost electron from an atom. Generally, this 

expression describes the density ratio of the ionized atoms to  the neutral atoms required for plasma 

to occur. The factor  
𝜑𝑖

𝐾𝑏𝑇
  in the exponent shows that, as temperature rises, the degree of ionization 

remains low until the ionization energy approaches a few multiples of 𝐾𝑏𝑇, which is far above
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room temperature; at that point the density of the ionized atoms rises abruptly to exceed the density 

of the neutral atoms and results in the occurance of plasma [2,8].  

Artificially produced plasmas have revealed many potential applications in multiple fields 

of science. When they interact with solid materials like metals, semiconductors, and insulators, 

they transfer their energy to the materials, leads to changes in the surface properties. Some of these 

applications are summarized below. 

 In industry, atmospheric pressure plasma pretreatments are used for surface modifications; 

This includes plasma cleaning, activation, and coating of materials such as metals and plastics. 

Semiconductor industries use Inductively Coupled Plasmas (ICP) and Capacitive Coupled Plasmas 

(CCP) in the etching process. This process is essential to achieve a small-scale resolution of 

devices and circuitry on semiconductor wafers [4,5]. Dielectric Barrier Discharge (DBD) plasma 

is used in different applications such as plasma-chemical vapor deposition, the polymer surface 

modification/coating process, etc. The light-emitting characteristics of glow discharge plasmas 

lead to their applications as light sources in industry, for example neon discharge tubes for 

advertisements [11]. In the medical field, low temperature plasmas (30℃ - 40℃) generated at 

atmospheric pressure produce agents such as free radicals, protons, and electric fields which are 

useful in tissue and cell  treatments. DBDs are commonly used in hospitals for wound healing and 

destruction of cancer cells and tumors [6,7].  

There are many techniques to generate plasmas. Each technique produces a plasma with 

different properties and therefore different functions. In the next section we will discuss the various 

techniques for plasma generation and how each technique suits certain applications. 
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1.2 Plasma Generation Techniques 

1.2.1 DC Glow Discharge  

This is the technique in which the plasma is generated by the passage of electric current 

through the gas. A potential difference is applied at the ends of both electrodes (Figure 1.1). This 

voltage creates an electric field between the electrodes in a region of fixed gas pressure. The intial 

stage of plasma ignition was first studied by J. S Townsend [8]. If the applied potential is sufficient, 

electrons will overcome the electrostatic attraction to the cathode surafce and are emitted from the 

cathode [8].  

Various experiments have been done to reduce the work function for electrons to overcome 

the barrier potential on the surface of the cathode, and it was found that coating a cathode surface 

with materials of low work function sufficiently reduces the barrier potential. Jin [9] used a mixture 

of barium and strontium oxides to coat the surface of a carbon nanotube thin film,  which led to 

high electron emission. The mechanism of electron emission from a surface coating is beyond the 

scope of this work. As for this study, the knowledge of electron emission is sufficient. 

 

Figure 1.1 Vacuum tube geometry for hot cathode Child-Langmuir Calculations [1] 
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  Once an electron is emitted from the surface of an electrode, it accelerates in the opposite 

direction of the applied electric field. This electron collides with other gas molecules and each 

collision has a certain probability of causing more ionizations (the likelihood of ionization 

increases with the increase of applied field/potential). Multiplication of electrons is possible for 

every collision: N collisions will result in 2N possible number of electrons [8]. This phenomenon 

is called “electron avalanche” as illustrated in Figure 1.2 below. 

 

  

 

Figure 1.2 Schematic diagram of the Townsend avalanche process [8] 

Electron avalanches occur in all kinds of plasmas even though their mechanisms may 

differ. To describe an avalance mathematically, Townsend introduced a probability term (𝛼) for 

which a primary electron will result in a secondary electron; 𝛼 increases with an increase of the 

electron energy. The motion of electrons is associated with current which is given by:  

Anode side 
Cathode side 
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 𝑖𝑒 = 𝑖𝑜𝑒
𝛼𝑥 (2) 

Where 𝑖𝑒 is an electron current crossing any abitrary plane in the region between electrodes, 𝑖𝑜 is 

an electron current leaving the cathode, and x is the position of an abitrary plane measured from 

the cathode. The exponential growth of the electron density during the initial stage of plasma 

generation leads to an exponential increase in current (Equation 2) which may potentially destroy 

the electrodes. To avoid this effect, an external ballast is needed to limit the current flowing 

through the gas discharge device. Several electronic ballasts such as Lutron Hi-Lume have been 

used to power gas discharge devices. The main function of a ballast is to control the amount of 

current going through the gas discharge device, such as a lamp, at any given time. The function of 

a ballast can be thought of as an external resistor connected in series with the device in the circuit 

(Figure 1.3). 

 

Figure 1.3 Illustration of the the operation of an electronic ballast [Own work] 

 

When the circuit is closed, the ballast resistor limits the current going through the circuit thus 

reduces the operating voltages and current through the lamp [8].  

1.2.2 Radio Frequency Discharge  

   Radio frequency discharge plasma are produced either by ICP or CCP at a frequency 

between 20kHz and 300MHz. CCP is produced by applying a radio frequency (RF) source to 

electrodes in a parallel plate capacitor configuration. The region between the plates is filled with 
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vapor gases of interest, one electrode receives the power while the other electrode is usually 

connected to ground. The RF displacement current determines the sheath voltage near the 

electrodes which provides the charge particles energy. The RF displacement current is sometimes 

called the capacitive current, hence the name Capacitive Coupled Plasmas [12]. Figure 1.4 shows 

a CCP-Reactive Ion Etching (CCP-RIE) chamber. Here the top electrode has a large surface area 

while the bottom electrode has a small surface area. This configuration provides a high sheath 

potential (cathode fall) near the bottom electrode where a wafer is to be placed. 

 

Figure 1.4 Schematic of a capacitively coupled plasma apparatus [12]  

           

There are some drawbacks when using a CCP method: (1) This technique relies on one 

power supply (RF signal) to maintain both charge density and particle energy. This in turn does 

not allow the control over particle energy or particle density separately. (2) It does not work at low 

pressure; a high pressure is required. (3) As opposed to glow discharge plasmas, CCP introduces 

uncertainty when a Langmuir probe is used for diagnosis [4,12]. 



7 

 

 ICP is also called transformer coupling in which the multi-turn coils run around the plasma 

envelope to shield plasma particles. Plasma is generated in a similar way as that of Section 1.2.1, 

except ICP uses RF power sources coupled with inductive coils. Figure 1.5 shows an ICP etcher 

configuration commonly known as High Density Plasma (HDP). This configuration uses an ICP 

coupled with a CCP biased model which controls ion energy [13, 14]. The ICP mode offers more 

advantages over the CCP mode; it is possible to control the ion energy and plasma density 

independently using ICP. Also, it works at lower pressures and produces a uniform density of 

reactive species on a wafer during plasma etching [14].  

 

Figure 1.5 Inductively coupled plasma configuration [14] 

1.3 Plasma Parameters 

An electric potential applied to the two ends of the electrodes introduces an electric field 

which accelerates the charged particles in the plasma. The interactions between the charged species 

or between the charged species and the plasma wall result into various emergent properties, such 

as space plasma potential, particle density fluctuations, and variable energy distributions. 



8 

 

Therefore, the properties of the ionized gases/plasma are determined by long-distance electrostatic 

forces [13,22]. 

Among many plasma parameters, charge particle density and space potential are the most 

important for plasma applications. Space potential is also known as the cathode fall voltage when 

measured in the region near the cathode. It provides a measure of electron emitting strength, which 

is important in developing a field emitter such as those in an electron microscope. The density of 

reactive species such as radicals and ions are very important in semiconductor surface 

modifications. In the next chapter, we will discuss the cathode fall, the particle density, their 

formations, and how each parameter is suited to its function. 

1.3.1 Particle Density  

 The charge neutrality of the overall plasma particles is summarized by Equation 3, which 

state that the overall sum of charges of the plasma particles is equal to zero. Inside plasma 

envelope, the positive and negative charges give rise to the local fields, which are responsible for 

various plasma properties mentioned in Section 1.3. This violation of the quasi-neutrality condition 

occurs at the small scale and is characterized by the length variable called Debye length, a 

parameter that gives the measure of how plasma particles screen out the local coulomb interactions 

[17-21] 

 

∑(𝑒𝛼𝑛𝛼)

𝑁

𝛼

 =  0 

 

(3) 

 𝑒𝛼 is the particle charge, 𝑛𝛼 is the particle density, and  𝛼 represents the type of particle. In this 

section we provide the mathematical derivation of electron density, derive the equation for Debye 

length, and show its applicability in plasma diagnostic procedures. When a solid material is 
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introduced into a plasma, charged particles tend to alter the surface charge distribution of the object 

through polarization. Figure 1.6 shows a configuration where two oppositely charged metal 

spheres being introduced inside a plasma, and the opposite charged particles find themselves 

attracted to the ball. Therefore, an electric field arises around the region of the charge balls to 

restore the quasi-neutrality condition. 

 

Figure 1.6 plasma sheath formation [Own work]. 

We use the Poisson’s equation to provide the equation for space charge density and space potential 

(Equation 4). In this equation, 𝜑 is the space potential, 𝑛𝑖  𝑎𝑛𝑑 𝑛𝑒 are ion and electron charge 

density, respectively [2]. 

 
𝜀𝑜𝛻

2𝜑 =   𝜀𝑜
𝑑2𝜑

𝑑𝑥2
  =  −𝑒(𝑛𝑖 − 𝑛𝑒) 

(4) 

 

       Early investigation of the plasma sheath by Kemp [16] showed that the space electric potential 

and charge density distribution 𝑔(𝑢) follows the Boltzmann relation (Equation 5). Kemp made the 
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measurement of space potential from the knee point of the current-voltage graph. The particle 

density was measured using a Faraday cup in the beam path.  

 
𝑔(𝑢)  =  𝑔𝑜 𝑒

− 
(    1 2⁄  𝑚𝑢

2+ 𝑞𝜑)

𝐾𝐵𝑇  
(5) 

Here, 𝑢 is the velocity of the particle and other parameters carry the usual meaning as defined in 

Equation 1. From this equation, the distribution function approaches the minimum value when 

potential energy approaches the maximum value (𝑞𝜑) and becomes the maximum if the magnitude 

of potential energy is lowered (-𝑞𝜑). This explains why the positive ball is surrounded by negative 

charges while the negative ball is surrounded by positive charges. If the temperature of the plasma 

is finite, charge particles at the edge of the space charge cloud will experience a weak attractive 

force (weak shielding) resulting from the escape of particles with sufficient thermal energy. The 

assumption is that at the edge of the space charge cloud the potential energy is approximately equal 

to the random thermal energy of the particles 𝐾𝐵𝑇, and the particles with potential of ~
𝐾𝐵𝑇

𝑒
 leaks 

to the plasma.  

To determine the length of the particle cloud, we adopt the fluid equation of motion in one 

dimension [2]: 

 
𝑛𝑝𝑚𝑝 (

𝑑𝑣𝑧
𝑑𝑡
 +  𝐶) = 𝑛𝑝𝑞𝐸𝑧 − 

𝑑𝑃

𝑑𝑧
 

(6) 

Where 𝑛𝑝 is the particle density, 𝑚𝑝 is the mass of particle, 𝑣𝑧   is the particle velocity in the z-

direction, C is the convective term (in this case we assume 
𝑑𝑣𝑧

𝑑𝑡
 >>  𝐶),  

𝑑𝑃

𝑑𝑧
  is the pressure gradient, 

and the 𝐸𝑧 is the an electric field in z-direction. We invoke the thermodynamic equation of state: 

𝑑𝑝 =  𝐾𝐵𝑇𝑑𝑛𝑝 
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(
𝑑𝑣𝑧
𝑑𝑡
) =

𝑞

𝑚𝑝
𝐸𝑧 −

𝐾𝐵𝑇

𝑚𝑝𝑛𝑝
 
𝑑𝑛𝑝

𝑑𝑧
 . 

(7) 

For an electron: 𝑚𝑒𝑙𝑒𝑐𝑡𝑟𝑜𝑛  ≪  𝑚𝑖𝑜𝑛,  𝐸𝑧⃗⃗⃗⃗  = −�⃗� 𝜑, and we set q = -e:  

𝑒𝐸𝑧 −
𝐾𝐵𝑇

𝑛𝑒
 
𝑑𝑛𝑒
𝑑𝑧

= 0 

And,  

𝑒
𝑑𝜑

𝑑𝑧
−
𝐾𝐵𝑇

𝑛𝑒
 
𝑑𝑛𝑒
𝑑𝑧

= 0 

Therefore, the formula for particle density around a positive ball is given by 

 
𝑛𝑒 = 𝑛∞ 𝑒  

(
𝑒𝜑
𝐾𝐵𝑇

)
 

(8) 

This equation explains the fact that a high number of electrons tend to accelerate toward the region 

of high potential (+𝜑) when an external electrostatic pressure is applied on them. The opposite is 

true for ions, which tend to accelerate toward the region of low potential. Therefore, high electron 

density is most likely to be found in a space near the positively charged object while ions are most 

likely to be found in a space around the negatively charged object [2].  

          The knowledge of particle density has been used in various applications: (1) when DC glow 

discharge is used for lighting purposes, the charge density of the plasma determines the UV 

radiation striking the phosphor coating on the wall; (2) In the etching process, ion density 

determines the efficiency of a plasma etcher.  
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Since the applications of plasma rely on the coulomb interactions between plasma particles 

and the materials of interest that are exposed to the plasma, we seek to obtain a relationship for 

Debye length. Around the cathode hot spot there are effectively an infinite number of electrons 

𝑛𝑒(𝜑~0) = 𝑛∞, hence Equation 4 becomes: 

𝜀𝑜
𝑑2𝜑

𝑑𝑧2
  =  𝑒𝑛∞ (𝑒

 
( 𝑞𝜑)

𝐾𝐵𝑇 − 1). 

Invoking a Taylor series expansion and for 𝐾𝐵𝑇 >> q𝜑, the first order term remains dominant 

while other terms become negligible. We obtain the following: 

 𝜀𝑜
𝑑2𝜑

𝑑𝑧2
  =  

𝑒2𝑛∞ 

𝐾𝐵𝑇𝑒
𝜑 . (9) 

From equation (9), we define the parameter 𝝀𝐷 = (
𝜀𝑜𝐾𝐵𝑇𝑒

𝑛∞𝑒2
)1/2 as the Debye length, a length scale 

in which mobile charge carriers screen out an electric field in plasmas. As seen in the equation, 

Debye length increases with the increase of electron temperature and approaches the minimum 

value for large charge particle density.  

It is worthwhile to summarize a few uses of Debye length. It provides a measure of particle 

shielding which is directly associated with the magnitude of potential energy of charge particles 

near the electrode region. It also determines the distance that the sheath extends from a probe 

which is the characteristic of the Langmuir probe during plasma diagnosis [17-21]. 
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1.3.2 Cathode Fall Voltage  

During the plasma operation, there is an accumulation of the positive space charges (ions) 

near the cathode region which creates a non-uniform electric field hence the space potential. This 

potential is commonly known as the cathode fall and is defined as a steep potential drop right in 

front of the cathode which gives a measure of the potential energy in which the ions interact with 

the cathode surface [28-33]. In order to obtain the equation for cathode fall potential, we rewrite 

Equation 9 by using the term for Debye length:  

 
   
𝑑2𝜑

𝑑𝑧2
  =  

1

𝝀𝐷
2  𝜑  

(10) 

 𝜑 =  𝜑𝑜 𝑒
−|𝑧/𝝀𝐷| (11) 

Figure 1.7 below illustrates the variation of the space potential near the region of cathode. At 𝑧 =

𝝀𝐷 the magnitude of the potential is decayed by 1/e. 

 

Figure 1.7   Schematic diagram of the space potential near cathode region [Own work]. The dotted 

line is drawn within Debye length scale.  

Furthermore, the cathode fall is linked to the ion current 𝐼𝑖 and electron current 𝐼𝑒  in plasma by 

the following equation [8]: 
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 𝐼𝑖

𝐼𝑒
 =  𝛼𝑔𝑐𝑉𝑘. (12) 

In this equation  𝑉𝑘 is the cathode fall voltage. The ion current is proportional to the 

probability 𝛼 that the emitted electron will produce an ion in the negative glow region multiplied 

by the product of the probability 𝑔𝑐 that an ion will reach the cathode, and electron current. A 

higher cathode fall means a larger ion current and lower cathode fall means lower ion current. A 

higher ion current indicates the cathode’s inability to emit sufficient electrons at a given 

temperature. Similarly, a lower ion current indicates a greater ability of the cathode to emit enough 

electrons to maintain plasma at steady state [32,33].  

  It is known that when a cathode deteriorates at the end of its life, its inability to emit 

sufficient electrons causes a surge in cathode fall which responds by attracting more ions. Due to 

high cathode fall, ions strike the cathode surface with high energy which damages the cathode 

material due to the excessive sputtering. This makes the cathode fall one of the most important 

parameters for fluorescent tube manufacturers and in developing thermionic emitters [9]. In 

addition, the knowledge of cathode fall measurements is essential in plasma etching, sputtering 

process, and plasma deposition as it gives an account of potential energy for which the reactive 

species interact with a target or substrate [10]. 

1.4 Cathode Fall Diagnostic Techniques 

Plasma physics is a broad subject that covers many different fields, such as material 

processing and surface modification, alternative energy sources, medical application, as well as 

plasma astrophysics [4]. Plasma diagnosis is important for all these applications. Effective use 

and application of plasmas rely on accurate control of plasma parameters. The complexity of 

plasma diagnostic tools ranges from determination of current and voltage characteristics of the 
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steady state of DC plasmas to diagnosis of RF plasmas in different settings [26]. Cathode fall is 

one of the parameters particularly important in many applications [28-33].  

1.4.1 Internal Probe/Langmuir Probe  

The internal probe method is one of the basic plasma diagnostic methods introduced by 

Langmuir. It is used to measure various plasma parameters including particle density, electron 

temperature and plasma potential. A Langmuir probe may have various configurations such as 

cylindrical when used in a gas discharge tube, or planar disk when used in hot filament discharge 

plasmas [16]. During operation, a Langmuir probe is inserted inside a plasma (Figure 1.8) to 

measure plasma parameters through current-voltage characteristics of the probe at various bias 

voltages.  

Depending on the probe bias voltage (𝑉), the current in the Langmuir current-voltage curve 

is characterized as having two parts, the electron and ion parts. We define plasma/space potential 

as 𝑉𝑠; for 𝑉 ≫ 𝑉𝑠 the probe collects electron saturation current while for 𝑉𝑠 ≪  𝑉 the electrons are 

repelled, and the probe is in the ion collection mode. In practice, it is difficult to acquire the typical 

saturation region I-V characteristic at 𝑉 > 𝑉𝑠 using cylindrical probes. The measurement is 

complicated by the expansion of the sheath with the increasing bias voltage, which effectively 

changes the collection area for the charged particle. It is the sheath surface area, not the geometric 

probe area that collects electrons [16, 38]. Because of such complications, the I-V curves collected 

are often deviated from their ideal I-V characteristics.  
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Figure 1.8 Depiction of internal probe measurement, (a) Scheme of the circuit model for probe 

measurements in glow discharge, (b) Cathode fall measuring circuit using internal probe.  

As the potential of the probe increases, the minimum impact parameter for particle 

collection increases and, consequently, more particles are collected. Moreover, at a large bias 

voltage 𝑉 ≫ 𝑉𝑠 the field turns into an accelerating field, and the increase of an electron current 

with bias voltage violates the rules of the conventional probe theory. The inactive area of the I-V 

probe characteristic region occurs when the probe current is reduced to zero. This happens when 

the probe biased voltage is almost equal to plasma space voltage [18]. 

 Even though the internal probe technique has been used by many scientists to probe various 

plasma parameters, there are several limitations of this technique. When an internal probe is used 

in cathode fall diagnosis in a special gas discharge lamp geometry, the probe wire must be inserted 

near the cathode region. Furthermore, the bias voltage on the probe needs to be changed during 

the measurement, which results in the fluctuations of the local plasma parameters such as particle 

density, and the probe temperature causing the errors in the I-V characteristics collected, and 

consequently measurement results of the plasma parameters. This is particularly true when a 
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Langmuir probe is immersed in a RF plasma, where plasma conditions change in the fast cycles. 

[24, 29].  

1.4.2 Measurement of the Operating Voltage 

   Measurement of cathode fall by means of operating voltage was introduced by Hilscher, 

and the method was devised for the measurement of cathode fall in fluorescent lamps [33]. This 

method assumes that the lamp voltage measured at the lamp terminals is equal to the sum of 

cathode fall voltage, anode fall voltage, and the voltage of the positive column given by equation 

13: 

 𝑂𝑝𝑒𝑟𝑎𝑡𝑖𝑛𝑔 𝑣𝑜𝑙𝑡𝑎𝑔𝑒 (𝑉) =  𝑉𝑎𝑛𝑜𝑑𝑒  + 𝑉𝑐𝑎𝑡ℎ𝑜𝑑𝑒 + 𝑉𝑝𝑜𝑠𝑖𝑡𝑖𝑣𝑒 (13) 

To deduce the magnitude of cathode fall, one would require the knowledge of the anode 

fall voltage and the voltage of the positive column. Anode and cathode fall voltages occur in 

response to the accumulation of negative and positive space charges near anode and cathode 

regions, respectively. Hielscher’s measurements were on high frequencies plasmas, so that the 

anode fall voltages were negligible [29, 30].  

   To control the magnitude of the positive column voltage, Hilscher designed an experiment 

in which the positive column voltage was kept constant by regulating the discharge current and 

the rare-gas vapor pressure. The lamp operating voltage now consists of a negligible anode fall, a 

constant positive column voltage and cathode fall voltage (the ultimate quantity of interest). Since 

cathode fall voltage is influenced by the cathode temperature (cathode heating element), the 

change of the auxiliary heating current leads to the change of cathode fall. At extreme high cathode 

heating current, the cathode fall settles to a minimum value which is close to the known ionization 

voltage of the gas species. Figure 1.9 shows the experimental setup introduced by Hilscher. In this 
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figure, P is a power supply, DC is a DC-AC converter, RB and Rc are the ballast and coil resistors, 

and TC is the temperature control knob. 

 

Figure 1.9 overview of the device used for measurement of cathode fall [32] 

During an experiment, the constancy of mercury vapor pressure was achieved by using a 

single capped fluorescent lamp placed in a bath of silicon oil. The use of DC-AC converter enables 

the realization of a constant discharge current with a constant AC square wave. While this is a 

cleverly devised measurement scheme for a particular application, it has some severe 

shortcomings. The technique requires a higher level of heating current, which may result in severe 

damage to the electrode during the measurement procedures. It also relies on some far-fetching 

assumptions to interpretation the results. The utility of this method as a general diagnostic tool is 

limited.  

1.4.3 Capacitive Coupling Probe Method  

  The external band diagnostic method is the widely adopted technique for measuring 

cathode fall voltage [29-32]. In this diagnostic method, a metal band is circumferentially wrapped 

around the dielectric envelope of the plasma near the cathode region as shown in Figure 1.10. The 

band picks up the signal of the cathode fall voltage through capacitive coupling and presents it to 
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a measuring device. The negative glow in front of the cathode is approximated to be an 

equipotential blob of high-density plasma. This potential is measured from the positive column 

relative to the cathode hot spot which gives the magnitude of cathode fall. 

 

Figure 1.10 (a) Side view depiction of the band diagnostic technique. A drawing of the band is 

superimposed on a photograph of an operating lamp in which phosphor had been removed. (b) 

End view depiction showing the band and various components of the lamp and plasma [29]. 

            During plasma operation, the cathode fall potential accelerates ions through an electrode 

sheath to the electrode (Section 1.3.2). If the cathode fall voltage is high, ions will hit the cathode 

surface with high energy, which causes deterioration of cathode materials via sputtering [8]. 

Several authors have worked on the method of controlling the number of ions bombarding the 

cathode surface. One way is by reducing the discharge current (commonly known as dimming the 

plasma current). This technique can only be implemented if we introduce a controllable auxiliary 

cathode heating current which will ensure an optimal temperature of the cathode. Hilscher [32] 

discussed three ways of deciding the proper level of the auxiliary cathode heating. First, by 

regulating the dimming level in response to the heating current while extrapolating the lamp life. 

Second, by measuring the electrode temperature at different discharge currents and heating levels, 
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thus measuring the evaporation of cathode materials. Lastly, by measuring the cathode fall voltage 

at different settings (heating and discharge current).  

         Determining the levels of heating based on the lamp life at different levels of discharge 

current produces a reliable result but it requires multiple tests, which are time consuming and quite 

expensive. The second method yields a good correlation for certain types of lamps. For linear 

geometry lamps, it is easier to use an optical pyrometer to measure cathode temperature at the 

cathode hot spot location. For lamps with non-linear geometry such as those of triple coiled lamps, 

the technique becomes less adoptable. Results produced by Hydrath [31] showed that for the third 

method, a special kind of lamp is required to investigate the materials lost across the cathode 

region. Also, it is not clear if all the observed radiations are being caused by evaporation of barium. 

The fourth method is an indirect approach to the problem. If the magnitude of the cathode fall is 

well defined, it is possible to define the lower and upper limit of the cathode heating level.  

Nevertheless, there are uncertainties in interpreting the results of cathode fall 

measurements. First, the dimming voltage level has been reputed for being less instructive due to 

the lack of knowledge of a zero-point voltage on the cathode hot spot region [33]. Second, the 

method is associated with a certain degree of uncertainty related with the interpretation of the 

measured voltage versus the actual magnitude of cathode fall.  

Garner [29] provided a comprehensive interpretation of the technique. A lumped parameter 

model was used to provide an understanding of how to interpret the results obtained using the 

external probe technique. Garner’s method provides an explanation of the zero-point voltage, but 

the interpretation of the measurement results remains to be a case of study.  
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1.5 Statement of the Problem 

Plasma devices are highly sensitive to operating conditions and parameters. Plasma 

diagnoses are essential for their operation and optimization in various applications. Langmuir 

probe is probably the most popular technique and is widely used for measuring various plasma 

parameters [18-23]. However, there are limitations to this well-established technique. As discussed 

earlier, the technique is most effective if a DC supply is used, but it tends to lead to inaccurate 

measurement results in radio frequency (RF) plasmas [34]. The Langmuir probe technique is also 

prone to complications such as probe size and discharge device geometry. 

  For example, while the Langmuir probe inserted inside a plasma provides rich information 

such as plasma potential, particle density, electron and ion temperatures, and electron energy 

distribution from its I-V characteristics, the measurements become problematic in certain 

applications such CCD and ICP where RF powers are supplied (Section 1.2) [11 -15]. The 

difficulties of the Langmuir probe technique in RF plasma are mostly caused by the inability of 

heavy particles/ions in plasma to respond to the applied field, which causes a pickup of RF signal 

and hence a distortion in the I-V measurements. Various techniques have been developed to 

mitigate this problem. For instance, compensation elements have been introduced. Examples 

include: (1) an active RF compensation capacitor which feeds a signal of the same frequency as 

the driving frequency of plasma, but with different phase and amplitude. The highest possible 

floating potential is then used as an indication of successful RF compensation. This method works 

very well for sinusoidal signals. (2) A passive RF compensation of the probe, which is built by a 

LC-filter placed near the probe tip. This circuit then decouples the RF signal from DC-signal [24]. 

As one can see, these mitigation measures are complicated and difficult to implement. While they 

do address the I-V distortion problems discussed above to some degree, they often result in 
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additional shortcomings. For example, for high frequencies, an active RF compensation results in 

different signals at different parts of discharge, which causes difficulties in the interpretation of 

the results. The passive RF compensation also has a problem with high harmonics despite it being 

less complicated than an active pass filter. 

The size and geometry of the Langmuir probe also affects the measurement results. 

Godyak, while studying the plasma properties from Plasma Jet source, illustrated that the widely 

used cylindrical probe leads to unreliable results. Godyak’s [34] studies concluded that the plasma 

densities inferred from the ion part of the probe characteristics consistently differ from other 

methods when using a cylindrical probe.  

Despite the popularity of the Langmuir probe as a plasma diagnostic tool, the most severe 

limitation of the technique is its accessibility. The Langmuir probe is an intrusive technique that 

requires insertion of a probe inside the plasma [38]. In many applications, plasmas are enclosed in 

a sealed dielectric envelope, and there is simply no access to the plasma. In this case, the only 

available plasma diagnostic option is to use an external probe.  

An external probe does not need to be inserted into the plasma that is to be measured but 

rather attached to the device from the outside [29-33]. This technique is often the only available 

option that can be deployed in many devices and applications. One of the external probe techniques 

often employed in measuring the cathode fall of plasma in a dielectric envelope is using a metal 

band that is capacitively coupled to the plasma. The metal band is the external probe in this case, 

and it gains the access to the voltage of the plasma inside through capacitive coupling of the 

dielectric envelope. It has been shown, when done correctly, that this simpler and more versatile 

external probe technique yields similar results matching that from the Langmuir Probe 

measurements [29]. In one of the most comprehensive comparative studies, Garner measured a 
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low-pressure Hg-Ar plasma in a glass tube using both an external probe and a Langmuir probe. He 

observed that while there is a significant difference in the absolute magnitude of the cathode fall 

voltages from the two measurements, they showed similar trends in various plasma operational 

environments and the conclusions drawn from the two sets of measurements were generally in 

agreement. This shows that the versatile external probe technique can be a very useful tool, 

particularly when studying the relative performances of a plasma in different operating conditions. 

The absolute values of the plasma parameters such as cathode fall from the external probe 

measurements seem to be unreliable. For example, multiple studies have reported measurements 

on the same plasma, the Hg-Ar plasma in similar operating conditions, with scattered results as 

shown in Table 1.1. The measurements provide relative comparisons of plasma parameters at 

various plasma conditions and thus offer insight on how to optimize devices and plasmas. While 

they are valuable for individual researchers, the lack of agreement on the absolute values of plasma 

parameters (such as cathode fall) limits the benefits of these measurements and therefore the utility 

of the measurement technique itself. 
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Table 1.1 Cathode Measurement Results 

Work Cited Discharge current 

(mA) 

 

Heating level (V) Cathode fall (V) 

 

[32] 

250 

 

3 12.2 

250 

 

0 14 

[29] 200 

 

0 10 

 

[28] 

360 

 

3.8 17 

270 

 

3.7 20 

 

There seem to be two main reasons that lead to the inconsistency between measurements 

from different research groups. First, there is a lack of a simple, workable circuit model for the 

plasma and the external probe measurement, which leads to a lack of clear understanding of the 

measurement technique. The existing models for cathode fall measurement are overly complicated 

since they involve many circuit elements, which make them less useful in practice [28,29,32]. As 

a result, some researchers seem to adopt and apply the technique rather casually, which contributes 

to the wide variation of the measurement results.  

 The second reason is the variety of instruments used in the measurement, which is 

somewhat related to the first reason but is also unique on its own. Naturally, the capacitive coupling 

technique, such as the external probe, inevitably involves some significant capacitance of the 

dielectric envelope. The interaction of this inherent capacitance and these measurement tools at 
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high frequencies can have a major impact on the measurement results. There has not been a 

thorough analysis of instrumentational parasitic capacitance, their requirements, and their impact 

on the measurement. The measurements were presumably highly non-uniform, as different 

research groups use different instruments, which we believe to be another major factor in the 

variation of the measurement results.  

 To realize the full potential and benefits of the external probe measurement technique, the 

consistency of the measurements results must be improved, and the factors that lead to this 

inconsistency must be addressed.  

1.6 Objective of the Study  

As discussed in the earlier sections, plasma diagnosis of parameters such as cathode fall is 

important, but often times the only available diagnostic tool for a plasma device or application is 

the external probe measurement. While the technique is versatile and produces informative results, 

the technique is also plagued with the issues of reliability and inconsistency. The lack of a simple 

circuit model and clear understanding of the interaction between the coupling capacitor of the 

dielectric envelope and instrumentational parasitic capacitance are identified as the root causes of 

problems in the measurements. My goal is to contribute to the advancement of this very useful 

plasma diagnostic technique. The objectives of this research are to develop an accurate yet 

implementable circuit model for plasma to guide the overall external probe measurements, and to 

provide a thorough analysis of the interaction between different circuit elements based on the 

circuit model. Furthermore, it is my goal that the model and the analysis can offer some guidance 

on how to make better measurements and how to interpret the measurement results properly.  
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1.7 Organization of the Thesis  

This thesis is divided into three parts. The technological background of plasma science and 

diagnostics is provided in Chapter 1 together with the motivations of this research.  

In chapter 2, I provide a more extensive review of the technique of the external probe 

measurement of cathode fall, and its current state. Then, I propose a circuit model for plasma. 

Based on this model I present some measurement examples in typical operating settings to 

illustrate the often-observed discrepancy between the measured voltage values and known source 

voltages. Next, I provide a detailed analysis that provides a basic understanding of the interactions 

between all circuit elements involved and explain why a typical external probe measurement 

circuit is expected to produce such a discrepancy. I explain the factors that impact the 

measurements, and how the measurement results should be interpreted. Finally, I quantify all the 

factors, such as the coupling capacitor of the dielectric envelope, the parasite input capacitance 

and the input resistance of the measurement instrument and use them to recalculate the source 

voltage values through a series of designed experiments. I use this process to illustrate how the 

voltage measurement results of an external probe should be interpreted properly.  

 In Chapter 3, I present an experiment that closely resembles a typical measurement setting 

using a known source. I measure the voltages using a capacitive coupled external probe in various 

scenarios, interpret these measurement results to predict the source voltages in these scenarios, and 

compare them to the known values from the source. This demonstrates the validity of the analysis 

results and serves as a validation of the circuit model proposed. Chapter 3 also provides circuit 

simulation results for more measurement conditions and scenarios that are not covered by the 

experiments.



 

 

CHAPTER 2 Circuit Model for Plasma and The Basic Scheme for the Capacitive Coupling 

Probe Diagnostic Method 

2.1 Introduction 

As discussed in Section 1.2, during the plasma generation process, rare gases should be in 

an enclosed chamber composed of an anode and a cathode, through which a voltage is applied. 

Applying a high voltage on the electrode terminals causes an emission of primary electrons from 

the surface of the cathode. The primary electrons collide with gas molecules inside the chamber 

which results in the emission of secondary electrons. This process continues until plasma is 

formed. Therefore, plasma can be thought of as a mixture of ions, electrons, neutral atoms, and 

molecules within an enclosed envelope (Figure 2.1). 

 

 

 

 

 

 

Figure 2.1 Spatial regions of plasma. The labelled regions are occupied by plasma. 

[Own work] 
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Applications of plasmas in scientific and technological fields such as manufacturing, 

medicine, and cosmology require knowledge in generating, controlling, and optimizing plasma 

parameters. For example, during the etching process in semiconductor fabrication, reactive species 

such as free radicals, halogens, and ions are accelerated through an electric field to the substrate 

(Figure 2.2). The energy of the ionized particles is determined by three factors: the cathode fall 

voltage, the self-bias voltage, which has a similar function as the heating level in a glow discharge, 

and the main power supply level which can be an RF source for CCP and ICP or a DC supply for 

glow discharge plasmas. The cathode fall is the main parameter that determines the energy 

transferred in the ion-substrate interaction.  

 

Figure 2.2 Plasma etching process. The energy transferred during the interaction between the 

ionized particles and wafer is determined by the magnitude of the cathode fall [Own work] 
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  The cathode fall is a vital parameter to the plasma etching process, as it accelerates the ions 

toward the substrate, ensuring effective etching. The value of the cathode fall voltage determines 

the energy of the ion influx and is often used to describe the interaction between the substrate and 

ions.  

Cathode fall measurement with the capacitive coupling probe is a versatile technique that 

has been widely used. It does not require direct access to the plasma, which makes this diagnostic 

technique a useful tool for measuring the cathode fall voltage for various plasmas [26]. While this 

technique has been widely used, there are problems that limit the potential benefits of the 

measurements. The lack of a simple yet accurate circuit model is one of the key obstacles to getting 

consistent and accurate results. 

The goal of this chapter is to conceptualize the physical circuitry employed in the band 

diagnostic method in order to: understand the physical circuitry basis of the external probe 

measurement, understand the sources of the errors and uncertainties associated with the 

measurements, provide a thorough circuit analysis based on the circuit model for plasma, and then 

identify various factors in experimental settings that affect the measured results.  

2.2 Circuit Model for Plasma 

The main assumption for the circuit model for plasma relies on the mass difference between 

electrons and ions inside the plasma. The thermal energy of an electron is much greater than that 

of an ion, which results in a non-uniform charge distribution in a near-electrode region resulting 

in an electric field. Furthermore, the electric field resulting from the space charge causes the space 

potential which determines the energy of interaction between the charged particles and the 

electrodes. The space potential is referred as the anode fall voltage if it is measured from the anode 

to the edge of the positive column and is called the cathode fall voltage if it is measured from the 
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positive column to the cathode hot spot. In order to measure the cathode fall voltage, a metal band 

is wrapped around the cathode region as shown in Figure 2.3 below. This band provides an 

electrical connection between the plasma and the load components of the external circuit. It also 

provides the electrical contact where the scope probe is attached during the measurement.  

 

Figure 2.3 Schematic showing how capacitive coupling method has been used to detect the plasma 

potential near the electrode region. 

Here we make a few assumptions regarding the proposed circuit model for plasma. First, 

the glass wall between the metal band and the conducting plasma is considered as a dielectric thus 

forming the glass capacitor. Second, even though the charged particles inside a plasma are 

associated with a certain degree of internal resistance, however charged particles such as electrons 

move relatively freely, and so the resistance is marginal. Therefore, we neglect this internal 

resistance, and we approximate the plasma as an ideal voltage source as shown in Figure 2.4. Third, 

the external circuit components which include the measuring device are treated as the load circuit. 
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Figure 2.4 (a) A simplified block diagram of the capacitively coupled probe measurement circuit. 

(b) The proposed circuit model for plasma representing the plasma as the ideal voltage source, 

and the glass envelope configuration as the capacitor. [Own work]. 

 

2.3 Typical Voltage Measurement Scheme Using External Probe 

          Figure 2.5 shows the implementation of the cathode fall measurement scheme using the 

circuit model introduced in Section 2.2. The probe cable establishes the physical and electrical 

connection between the scope input channel and the test point. A probe compensation box is 

needed for voltage measurement, and has variable settings such as X1, X10, X100, etc. A X10 

probe setting represents a tenfold increase of the input impedance in the circuit, which means the 

ratio of the input voltage to the output voltage is 10:1. Therefore, the true voltage is obtained by 

multiplying the measured voltage by 10. When the probe compensation box is set to a 1X probe 

setting, the ratio of the output to the input voltage is 1:1, which means the measured voltage is 

equal to the source voltage. 



32 

 

 

Figure 2.5 The typical arrangement for the external probe measurement [Own work]. 

During the voltage measurement, the probe head is attached on the metal band through which 

the measured signal is sent to the scope. Even though this typical circuit arrangement has been 

adopted by many researchers to determine the magnitude of the cathode fall, there is still 

inconsistency in the measurement results as illustrated in Table 1.1. The likely causes of such a 

discrepancy include: the lack of a simple and yet implementable circuit model of plasma enclosed 

in a dielectric envelope, the lack of a thorough analysis of the external probe technique, and an 

underestimation or possibly unawareness of the impact of instrumentation in the measurements. 

In the next section, we designed an experiment to illustrate the problems associated with the 

measurement and the interpretation of the measurement results.  
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2.4 Measurement Example Illustrating the Inconsistence of the Typical 

Measurements 

          To illustrate the problem of inconsistency in cathode fall measurements discussed 

previously, we designed an experiment with a known voltage source so we could compare this 

known value to the measured voltage to demonstrate the discrepancy between them. In this 

experiment, we used an 1X probe setting, meaning we would expect the input source voltage to be 

measured and the measured output voltage to match.  

The source signals of various frequencies were generated using a Functional Generator 

(FG). This allowed to control the source voltage and frequency throughout the experiment. A two 

channeled mixed domain oscilloscope (Tektronix MDO 3012) was used for displaying the voltage 

signals; with the source being on the first channel and the measured voltage on the second channel. 

Aluminum foil was used to create the metal band and is attached just on the inner and outer sides 

of the glass. It was helpful that the connection was soldiered to avoid power loss resulting from 

loose electrical connections. 

          The experimental setup of the measurements is shown in Figure 2.6. A T-connector was 

attached to the output plug of a FG. This helps to split the voltage source signal to two branches. 

The first branch is used as the reference voltage signal and was connected to the first channel on 

the oscilloscope. The second branch was used as the representation of the cathode fall signal and 

was connected to the second channel of the oscilloscope via the metal band. During the experiment, 

the voltage source was maintained at high frequencies within the range of 5kHz to 30kHz because 

the output voltage in this high frequency range was found most stable.  
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Figure 2.6 An experimental setup for a typical measurement example [Own work].  

The voltage source from the FG was varied from 1V to 20V and for every input level, the 

output voltage was measured. We obtained four different sets of data using signals at four different 

frequencies from a FG for comparing the measurement results. The data sets for each measurement 

are plotted and presented in Figure 2.7. 
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Figure 2.7 The measurement results of a typical capacitively coupled probe circuit. The frequency 

used were 30kHz, 20kHz, 10kHz, and 5kHz for (a), (b), (c), and (d) respectively.  

Comparison between the measurement results were made basing on the slope value for 

each data set. On average the slope value was taken to be equal to 10.5 ± 0.28 , which means the 

magnitude of the voltage measured on the external circuit does not match the source voltage. In 

other words, the true voltage source is approximately equal to 10.5 times the measured voltage. 
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This 10.5 coefficient is the correction factor required to adjust the measured voltage to match the 

true voltage of the source signal. 

The existence of this correction factor is against the typical expectation of the measurement 

results; therefore, we conclude that the results obtained here are not reliable, which is to say a 

thorough analysis of the circuit model introduced in section 2.3 is required to find a better way of 

interpreting these results. Also, the analysis will help to provide an understanding of the interaction 

between the measurement results and the circuit components of the model. Below, we pose a few 

questions that will guide the analysis procedures: (1) how does the source voltage gets distributed 

in the circuit model for plasma as introduced in section 2.2? (2) What is the total circuit impedance, 

and how does an individual impedance affect the measured voltage at different conditions? (3) 

What are the circuit components that are the sources of the individual impedances, and how does 

each component affect the magnitude of the correction factor?  

          Complex circuits can usually be reduced to a simple voltage divider circuit, where we can 

apply the voltage divider theorem, which predicts how the source voltage is distributed among the 

circuit elements [40]. Because the results obtained in the experiment above shows that the 

magnitude of the measured voltage is around one tenth of the input voltage source, and based on 

the voltage divider theorem, we can conclude that the glass tube impedance is much greater than 

the impedance on the external circuit (𝑋𝑔 ≫ 𝑍𝑜). In this case, 𝑋𝑔 is the glass tube impedance, and 

𝑍𝑜 is the external circuit impedance. Therefore, with the circuit model for plasma illustrated in 

Figure 2.4 the measured voltage cannot be equal to the actual voltage because a large fraction of 

the source voltage is dropped on the reactive capacitance load of the glass. To provide a better 

understanding of the physical circuitry, we approach the problem through the following steps: (1) 

starting with the voltage divider theorem, derive an equation for the correction factor. (2) Identify 
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the circuit parameters that affect the magnitude of the correction factor. And finally, (3) Work out 

the values for each component and the show the related effect on the value of the correction factor. 

2.5 Analysis of the External Probe Technique Basing on the Circuit Model for Plasma 

in Dielectric Envelope  

          The analysis of the measurement circuit introduced in section 2.2 follows the procedure as 

that of an AC circuit. The resistance and reactance of each circuit element is identified and 

calculated. The magnitude of the voltage on each impedance is then calculated once the all the 

impedances in the circuit are known, and as well as their phase relationship and the voltage ratio. 

It is important to note that DC signals cannot be used because the glass capacitor will always block 

the signals. The oscilloscope is an idea tool to measure and display all three main parameters of 

an alternating signal: the amplitude (voltage), the frequency; and the phase shift between the input 

signal and the output signal. Later, in section 2.6, these parameters will be used to determine the 

values of the circuit components.  

          During the experiment in Section 2.4, it was found that the voltage drop on the oscilloscope 

is dependent on the frequency of the signal source. This gave an insight that the scope impedance 

should be made of a reactance. We inferred such a reactance as to be caused by a parasite capacitor, 

and indeed a scope input impedance is made up of a capacitance and resistance connected in 

parallel as shown in figure 2.8. Therefore, an input impedance of the scope is a complex quantity. 

It consists of an input resistance connected in parallel with a parasite capacitor, both connected 

between the scope terminal and ground terminal.  
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Figure 2.8 The physical circuit of the circuit model for plasma. (b)The scope input components of 

the scope are shown [Own work]. 

          We work out an expression for the input impedance of the oscilloscope (𝑍𝑜) on the parallel 

arms of the external circuit. The voltage signal across the capacitor extends to 90° phase shift from 

that of the resistor; therefore, the capacitive reactance on the external circuit is given by 1 𝑗𝜔𝐶𝑜
⁄ . 

Since the parasite capacitance is connected in parallel with the input resistance of the oscilloscope, 

we obtain the equivalent impedance on the external arm: 

𝑍𝑂 =

𝑅𝑜
𝑗𝜔𝐶𝑜
⁄

𝑅𝑜 +
1
𝑗𝜔𝐶𝑜
⁄

 

 
𝑍𝑂 = 

𝑅𝑜
 1 + 𝑗𝜔𝐶𝑜𝑅𝑜

 
(14) 
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The reactive capacitance is also given by  1 𝑗𝜔𝐶𝑔
⁄ , and we obtain the total impedance of the circuit 

model for plasma by adding the impedance due to the external circuit (𝑍𝑜) and the impedance of 

the glass capacitance (𝑋𝑔): 

                                                                          𝑍𝑡 = 𝑋𝑔 + 𝑍𝑜 

From the voltage divider theorem, the output voltage drop on the oscilloscope is equal to the ratio 

of the scope input impedance to the circuit impedance times the source voltage: 

 
       𝑉𝑂 =

𝑍𝑂
(𝑋𝑔 + 𝑍𝑜)

∗ 𝑉𝑠 
(15) 

𝑉𝑜 = (

𝑅𝑜
(1 + 𝑗𝜔𝑅𝑜𝐶𝑜)
⁄

1
𝑗𝜔𝐶𝑔⁄ + 

𝑅
1 + 𝑗𝜔𝑅𝑜𝐶𝑜

) ∗ 𝑉𝑠 

 

𝑉𝑜 =

(

 
1

(𝐶𝑜 + 𝐶𝑔)
𝐶𝑔

 −
  𝑗
𝜔𝑅𝑜𝐶𝑔
⁄  

)

 ∗ 𝑉𝑠 

(16) 

We introduce two unitless complex parameters β̃𝑜 and �̃�𝑜,  β̃𝑜 is simply the voltage gain while �̃�𝑜 

is a correction factor or an attenuation factor.  

 

𝑉𝑜   =   {

1

|�̃�𝑜|
× 𝑉𝑠 
 

|𝛽𝑜| × 𝑉𝑠

 𝑜𝑟 } 

(17) 

The equation above provides an important insight. It shows that if the measurement results 

presented in section 2.4 were to be true, the magnitude of the correction factor is supposed to be 

equal to one. However, the value of the correction factor was found to be equal to 10.5; therefore, 
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we need an equation for |𝑎𝑜| that counts all the variables in order to explain why this parameter is 

not equal to one. 

 

 

The denominator of the Equation 15 is equal to the correction factor: 

 
�̃�𝑜  =    

(𝐶𝑜 + 𝐶𝑔)

𝐶𝑔
 −
  𝑗
𝜔𝑅𝑜𝐶𝑔
⁄  

(18) 

 

And the value of |�̃�𝑜|   is obtained by multiplying �̃�𝑜 complex with its complex conjugate. 

 
|�̃�𝑜|

2    =  (
(𝐶𝑜 + 𝐶𝑔)

𝐶𝑔
)

2

   + (  1 𝜔𝑅𝑜𝐶𝑔
⁄ )

2

 

 

 

 

|�̃�𝑜|   =    √(
(𝐶𝑜 + 𝐶𝑔)

𝐶𝑔
)

2

   + (  1 𝜔𝑅𝑜𝐶𝑔
⁄ )

2

 

 

(19) 

As seen from equation 19, the correction factor depends on: the parasite capacitance, or the 

input resistance of an oscilloscope, the glass tube capacitance which also depends on the thickness 

of the glass wall, and the frequency of the source signal. If any of these parameters is not well 

controlled, it may result in some misleading or wrong interpretation of the measurements results.  

This correction factor is needed for the proper interpretation of the measurement results. 

Apparently, it is preferable to select values for these components such that the coefficient is 

approximately equal to 1. If this is not possible, it becomes necessary instead to know the values 
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of each of these components so that the attenuation coefficient or the correction factor can be 

reasonably calculated. In the next section we quantify the circuit components as illustrated in 

equation 19. 

 

2.6 Quantification of the Independent Variables of the Correction Factor: 𝑹𝒐, 

𝑪𝒐, and  𝑪𝒈 

In Section 2.4 we presented an experiment to illustrate the problem associated with the 

external probe measurement. An average value for the correction factor was found to be ~10.5. In 

this section, we seek to quantify the circuit elements that determine the correction factor. We 

provide the reason why the measurement results in Section 2.4 were attenuated by a factor of 10.5. 

To achieve these objectives, we will design the experiments to determine the value of the scope 

input resistance, the value of the parasite capacitor, and the value of the glass capacitance. Also, 

we will use these values to determine the required range of frequencies and resistance. 

2.6.1 The Input Resistance of the Oscilloscope  

The magnitude of the current flowing through a glass capacitor is the same as the current 

flowing through the input impedance of the oscilloscope. We again use the voltage division 

theorem to obtain the output voltage. To avoid complexity in determining the input resistance of 

the oscilloscope, we chose to use a DC power supply with a few adjustments: We bypassed the 

parasite capacitance on the external circuit by using the DC voltage source instead of an AC source 

so that all the current flows through a branch that consists of a pure resistor. 

The voltage division theorem gives the output voltage on the load circuit as shown below: 
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𝑉𝑂 =

𝑅𝑜
𝑅𝑜  +  𝑅𝑖

 ×  𝑉𝑠 
(20) 

Where, 𝑅𝑜 is the input resistance of the oscilloscope, 𝑅𝑖 is a variable resistor in this case was set 

to 1MΩ; and  𝑉𝑂 and 𝑉𝑠 are the output voltage and the source/input voltage respectively.  

          During data collection, the input voltage was varied from 1V to 10V and for every input 

level the output voltage was recorded on the oscilloscope. Figure 2.9 shows the relationship 

between the output and the input voltages. The input resistance of the oscilloscope was calculated 

using,  𝑅𝑜 =
𝑠𝑙𝑜𝑝𝑒

1 − 𝑠𝑙𝑜𝑝𝑒
 × 𝑅𝑖    

 

 

Figure 2.9 (a) Physical circuit for determination of the input resistance of an oscilloscope, 

 𝑅𝑖 = 1M𝛺. (b) Measurement result, the slope value is indicated. 

           As expected from Ohm’s Law, a linear relationship between the output and the input voltage 

was observed. The slope on the graph was found to be 0.4835; the value of the input resistance of 

the scope was found to be 0.94 ± 0.06 𝑀𝛺. This value is within the percentage error of 6% of the 

nominal value of the scope input resistance indicated on the instrument.  
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The analysis of the circuit model for plasma in section 2.5 has shown, the input resistance 

of the scope is in the denominator in Equation 19. This gives two important insights. First, if this 

value is small (say in the range of a few ohms to a few kilo ohms), we would expect a greater value 

for the correction factor, and if the scope resistance is in the range of a few mega ohms or higher, 

one would expect the correction factor to drop to a smaller value. Second, if the scope input 

resistance is set to a higher value, the phase angle between an input and output signal would be 

negligible. Later in this study, we will establish the limits of the input resistance through which 

the magnitude of the measured voltage remains constant. 

2.6.1 The Parasite Capacitor of the Oscilloscope   

The two methods for calculating the value of the parasite capacitor were derived from Equation 

18:  

𝑡𝑎𝑛(𝜙) =

(

 

  1
𝜔𝑅𝐶𝑔
⁄

(𝐶𝑜 + 𝐶𝑔)
𝐶𝑔 )

  

 
𝑡𝑎𝑛 (𝜙)  =  (

1

𝑅(𝐶𝑔 + 𝐶𝑜)
)
1

𝜔
 

(21) 

This Equation allows us to make a plot of the tangent of the phase angle as a function of either the 

inverse of resistance or the inverse of the angular frequency. Once the slope is known, then the 

parasite capacitor is given by:  

  

𝐶𝑂 =
1

𝑅 × (𝑠𝑙𝑜𝑝𝑒)
− 𝐶𝑔 

(22) 
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Another method is derived from Equation 19, squaring both sides of this equation we obtain:  

𝐶𝑜
2  + (2𝐶)𝐶𝑜  +  (𝐶

2  − (|�̃�𝑜|  𝐶)
2  + 1 (𝜔𝑅)2⁄ )  =  0 

 

𝐶𝑜  = −𝐶 ± √(𝑎𝑜𝐶)2 −
1

(𝜔𝑅)2
  

(23) 

Therefore, there are three possible ways for calculating the magnitude of the parasite 

capacitor: (1) by measurement of the output voltage as a function of the input voltage, which 

involves replacing the glass capacitance with the known value of capacitor (Method 1); (2) 

measurement of the phase angle as a function of frequency (Method 2), and (3) measurement of 

the phase angle as a function of the input resistance of the oscilloscope (Method 3). Figure 2.10 

shows the physical circuit through which the above methods can be implemented. 

 

Figure 2.10 The physical circuit used in quantifying of the circuit elements. 

  Method 1 involves measuring the output voltage as a function of the source voltage by 

replacing the glass capacitance (𝐶𝑔) with different known values of capacitance (𝐶). We can then 
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measure the output voltage as a function of input voltage and then plot the input voltage signal 

versus the output voltage signal. From this graph, we can obtain a slope which is equal to the 

correction factor. Once the slope is known, the parasite capacitance can be calculated using 

Equation 23.  

Method 2 involves measuring the phase angle between the source voltage and the output 

voltage as a function of the frequency. Using this method, we measured the magnitude of time 

delay (∆𝑡) between the input voltage signal and the output voltage signal. This parameter will then 

be converted into the phase angle by using 𝝓 = (2 ∗ 𝜋 ∗ (∆𝑡 𝑇⁄ )). In this case, the symbol T 

represents the period of oscillation, and the symbol 𝝓 represents the phase angle between the input 

and the output voltage signals. We plotted the tangent of the phase angle versus the angular 

frequency as indicated. The slope of this graph was used to calculate the value of the parasite 

capacitor using Equation 22. 

Method 3 involves measuring the phase angle by setting different values of the input 

resistance on the load circuit. In this method, the procedures are the same as those in the second 

method except, the value of the scope input resistance is now given by 𝑅 =
𝑅𝑜∗  𝑅𝑖

𝑅𝑜+ 𝑅𝑖
, in which a 

variable resistor (𝑅𝑖) is connected in parallel with the scope input resistor (𝑅𝑜). By varying the 

values of 𝑅𝑖 we change the values of the scope input resistance (𝑅). The choice for the variable 

resistance is such that the equivalent input resistance value should be less than 0.5MΩ. To solve 

for the value of the parasite capacitor, the plot of tangent of the phase as a function of the scope 

input resistance is used. From the first method, the known values of the capacitor that replaced the 

glass capacitance were 10 pF, 33 pF, 68 pF, and 100 pF. For each capacitor the output voltage as 

a function of the source voltage was measured.  
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Figure 2.11 The Input voltage versus the output voltage with glass capacitance replaced by 10 pF. 

The frequencies of the source signal were set to 30kHz, 20kHz, 10kHz, and 5kHz for a, b, c, and d 

respectively 
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Figure 2.12 The Input voltage versus the output voltage with glass capacitance replaced by 33 pF. 

The frequencies of the source signal were set to 30kHz, 20kHz, 10kHz, and 5kHz for a, b, c, and d 

respectively 
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Figure The Input voltage versus the output voltage with glass capacitance replaced by 68 pF. The 

frequencies of the source signal were set to 30kHz, 20kHz, 10kHz, and 5kHz for a, b, c, and d 

respectively 
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Figure 2.13 The Input voltage versus the output voltage with glass capacitance replaced by 100 

pF. The frequencies of the source signal were set to 30kHz, 20kHz, 10kHz, and 5kHz for a, b, c, 

and d respectively. 
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Table 2.1 The Results for the Parasite Capacitance Using the First Method 

Capacitance (𝐶) 

(pF) 

Frequency 

(kHz) 

Parasite 

capacitance 

(pF) 

Parasite 

capacitance 

(Average) 

(pF) 

 30 94.1  

10 20 94.7 94 ±  1.6 

 10 94.8  

 5 90.8  

 30 109  

 20 113 109 ± 2.0 

33 10 107  

 5 108  

 30 102  

 20 105 106 ± 2.1 

68 10 108  

 5 107  

 30 120  

 20 110  

100 10 104 112 ± 5.6 

 5 113  

 

The average value of the parasite capacitance was found to be equal to 105 ± 11.6 pF. 

For the second method, capacitance values of 10 pF, 33 pF, 68 pF, and 100 pF were used 

to replace the glass capacitor, and for each value the phase angle between the source voltage and 

the measured voltage was measured. The phase angle measurements were possible at low 

frequencies, so in this case we used a frequency range between 0.8 kHz to 10 kHz. 
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Figure 2.14: The tangent of phase angle versus the inverse of frequency for different values of 

capacitances; the graphs of 10 pF, 33 pF, 68 pF and 100 pF are shown on a, b, c, and d, 

respectively. 
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Table 2.2 The values of the Parasite Capacitance using the Second Method 

Capacitance 

(pF) 

Frequency 

(kHz) 

Parasite capacitance 

(pF) 

Average parasite 

Capacitance (pF) 

10 30 129  

33 30 123 124± 3.15 

68 30 120  

100 30 123  

The values of the parasite capacitance obtained from the second method are scatted from 

the first method. The second method is associated with several limitations as explained below: 

First, lack of precision when measuring the time delay between the input and the output signal; 

there were a lot of approximations and assumptions in locating the position of the voltage signals 

on the scope, which might result in large errors in the calculation of the value of the parasite 

capacitor. Second, the value of the frequency on the functional generator was not stable; it kept 

fluctuating throughout the measurement, which could introduce another error in the measurement 

of the phase angle hence the fluctuating value of the parasite capacitor. Therefore, in this study we 

will use the measurement results obtained from the first method. We recommend the users who 

may want to use the second or even the third method to make use of either the phase meter or any 

other devices that is well equipped in measuring the phase angle.  
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2.6.2          The Glass Capacitance  

The glass capacitance is another component which affects the magnitude of the correction 

factor. It determines the magnitude of the glass reactance which is an important parameter in 

understanding the voltage distribution in the circuit. The main purpose of this section is to calculate 

the value of the glass capacitor, 𝐶𝑔. 

The value of the glass capacitor can be experimentally determined by using both the second 

and the third method. In this study, we avoid using these methods because of the unreliability of 

the measurement results as discussed in Section 2.6.2. Instead, the value of the glass capacitor will 

be determined by an extrapolation method using the known values of the parasite capacitance and 

the correction factor. 

From Equation 19, we see that that if both the frequencies of the source signal and the 

scope input resistance are maintained at high values, the magnitude of the correction factor drops 

to a constant value given by:  

 
|�̃�𝑜|  =   

(𝐶𝑜 + 𝐶𝑔)

𝐶𝑔
 

   

 
|�̃�𝑜|  =    (𝐶𝑜)

1

𝐶𝑔
 +  1 

  (24) 

From this equation, the magnitude of the correction factor depends on the value of the parasite 

capacitor, which is equal to 105 pF and the value of the glass capacitance which is to be 

determined. If we plot the correction factor versus the inverse of the capacitance (which means 

having the various values of capacitances to represent the glass capacitor), the value of the glass 

capacitance can be extrapolated from the x-axis for which the correction factor is equal to 10.5. 
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Figure 2.15 Attenuation coefficient versus the inverse of glass capacitance. 

Also, the glass capacitance can be obtained by a direct method using the equation below:  

𝐶𝑔  =   
𝐶𝑜

(|�̃�𝑜| − 1)
 

In this case we set the value of the parasite capacitor to be equal to 105 pF and using the correction 

factor of 10.5 from Section 2.4, we obtain the value of the glass capacitance as 11 ± 1.5 pF. It is 

worth noting that there is a certain degree of uncertainty in the calculation of the value of the glass 

capacitance. First, this value depends on the value of the parasite capacitor; any inconsistency in 

calculating the value of the parasite capacitor will directly affect the final value of the glass 

capacitor. Also, users should not assume the value of the parasite capacitor as indicated on the 

instrument, instead should be able to verify it experimentally. Second, the value of the glass 



55 

 

capacitance depends on the area of the metal band. It is recommended that the area of the metal 

band should be well defined and properly considered during model analysis. 

2.7 Limit of the Frequency and the Scope input Resistance 

2.7.1 Frequency  

            Figure 2.17 shows the dependance of the correction factor on the value of the frequency. 

This factor decreases with the increase of frequency and remains reasonably constant at high 

frequencies (𝑎𝑏𝑜𝑣𝑒 5 𝐾𝐻𝑧). The high frequency oscillations offer two advantages: first, we obtain 

a constant output voltage, since the correction factor remains almost constant. Second, in 

conjunction with the real plasma, the anode fall voltage for half a cycle remains negligible at high 

frequencies, which implies the applicability of the model in measuring cathode fall in the real 

plasma environment. 

 

Figure 2.16 Correction factor as a function of frequency. 
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2.7.2 Scope Input Resistance  

The scope input resistance has a similar contribution to the magnitude of the correction 

factor as that of the frequency. High resistance causes a small attenuation level while low 

resistance values cause a significant increase in the correction factor. Figure 2.18 shows the 

effect of resistance on the magnitude of the correction factor. It can be observed from this figure, 

that the correction factor increases for low values of resistance and becomes reasonably constant 

when high resistances are used (𝑎𝑏𝑜𝑣𝑒 0.5𝑀𝛺). This means that the input resistance on the 

oscilloscope should remain at 0.5M𝛺 or above for a constant and stable measurement of the 

cathode fall. 

 

Figure 2.17 Correction factor as a function of input resistance. 
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2.8 Discussion and Conclusion  

         We begin the discussion by revisiting Equation 19. If the frequency is high and the scope 

input resistance is large, the second term in the expression drops to a small number, which can be 

ignored. Then, the magnitude of the correction factor approaches to a constant value given by: 

 |�̃�𝑜|  =    (
(𝐶𝑜+𝐶𝑔)

𝐶𝑔
). 

 

(25) 

Therefore, for a high frequency signal and high scope input resistance, the magnitude of the 

correction factor depends only on the glass capacitance and the parasite capacitance. This 

relationship can also be derived using the voltage division theorem given by Equation 14. For the 

signal source oscillating at high frequency, the reactive capacitance of a capacitor becomes small; 

and the scope input resistance becomes much greater than the reactive capacitance of the parasite 

capacitor. 

1
𝜔𝐶𝑜
⁄   ≪   𝑅   Or   𝜔𝐶𝑜    ≫   

1
𝑅⁄  

Therefore, a negligible amount of current will flow through the resistor, and we only consider the 

current loop that excludes the input resistor. This new loop will consist of the glass capacitance 

and the parasite capacitance connected in series. The new voltage divider expression is given by:   

       𝑉𝑂 =
𝑋𝑂

(𝑋𝑔 + 𝑋𝑜)
∗ 𝑉𝑠 

were 𝑋𝑜 is the reactive capacitance of the oscilloscope, which is given by 1 𝑗𝜔𝐶𝑜
⁄ , and 𝑋𝑔 is the 

reactive capacitance of the glass envelope given by 1 𝑗𝜔𝐶𝑔
⁄ . We substitute these relations into the 

voltage divider expression to obtain the output voltage:  
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       𝑉𝑂 =
1
𝐶𝑜
⁄ ∗ (

𝐶𝑔  ∗ 𝐶𝑜

(𝐶𝑜 + 𝐶𝑔)
) ∗ 𝑉𝑠 

 

       𝑉𝑂 =

(

 
1

(𝐶𝑜 + 𝐶𝑔)
𝐶𝑔 )

 ∗ 𝑉𝑠 

 

 

 

(26) 

If we compare equation 25 with equation 16, one may realize that the magnitude of the correction 

factor is given by: 

  |�̃�𝑜| ≈ (
(𝐶𝑜+𝐶𝑔)

𝐶𝑔
).  

 The final equation we obtained here is the same expression as the one we got from the analysis in 

section 2.5 for the high frequency signal source and the high value of the input resistance. 

Therefore, if the voltage source is operated at a high frequency (> 5 𝑘𝐻𝑧), and the input resistance 

of an oscilloscope is large (> 0.5 𝑀𝛺), then the correction factor only depends on the glass 

capacitance and the parasite capacitance.  

In this chapter, we have described how the capacitively coupled probe technique has been 

used to measure the cathode fall voltage, and how the measurement results may be unreliable and 

misleading in some cases in the absence of the circuit model for plasma. The measurement results 

introduced in Section 2.4 are some of the examples. We were able to show how the cathode fall 

measurement results can be properly interpreted by introducing the circuit model for plasma in 

Section 2.5. The model illustrated the importance of including the correction factor in the 

interpretation of the measurements. Also, it was found that this factor depends on the parasite 

capacitor, the capacitance of a glass envelope, the frequency of the voltage signal, and the input 
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resistance of an oscilloscope. It is important that all these parameters should be well counted as far 

as the correct interpretation of the measurement is concerned.  

In conjunction with the usage of the circuit model for plasma in the calculation of the circuit 

elements, the analysis may also be useful in the design of the physical circuit that can produce 

consistent measurement results in various plasma settings. It may also be used to guide the 

selections of the circuit elements to make the correction factor as minimum as possible.  

Generally, the analysis of the circuit model for plasma has helped understand the roles and 

the approximate values of the circuit components introduced in Section 2.5. We found the values 

of the parasite capacitance and the glass capacitance to be equal to 105 pF and 11 pF, respectively. 

The value of the scope input resistance should be >  0.5 𝑀𝛺, and the frequency of the source 

signal should be >  5 𝑘𝐻𝑧. In the next chapter we will use these values to show the validity of the 

circuit model for plasma. It also worth noting that the correction factor required to adjust the 

measured voltage is equal to 10.5 for 1X probe setting in this experiment. 



 

 

CHAPTER 3 Verification of the Circuit Model for Plasma 

3.1 Introduction 

In the previous chapters, we have some extensive discussions on the usage of the external 

probe diagnostic technique for cathode fall voltage measurement. The circuit model for plasma 

that we introduced in Chapter 2 has set the foundation for understanding the cathode fall 

measurement results. It was found that all the circuit elements such as parasite capacitor, glass 

capacitance, scope input resistance, and the frequency of the signal source may affect the 

measurement results. They need to be properly counted in the interpretation of the measurement 

results.  

In this chapter we show the validation of the circuit model for plasma. Both experiments 

and modeling will be employed in the validation processes:  first, we will design an experiment 

for measuring the output voltage using the external probe; the measured voltage will be corrected 

by using the correction factor; once the measured voltage is corrected, we will compare the 

corrected voltage with the true voltage to see how well the model can count for the input source 

voltage inside the glass envelope. Second, the external probe measurement circuit with the circuit 

model for plasma incorporated will be simulated using the Multisim software. We seek to gain a 

better understanding on the impact of each circuit component on the correction factor, and how to 

better interpret the cathode fall measurements. Also, the model simulation will be used for testing 

various conditions which could be difficult to do experimentally. 
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3.2 Experimental Verification  

          In the design of the experiment, three main parameters were important to be defined here: 

(1) true voltage; this is the amount of voltage which was directly measured on the test point. In 

this study the true voltage is equal to the voltage measured at each node of the resistors strip. (2) 

The measured voltage; this is the amount of voltage sensed by the metal band which wraps around 

the glass envelope. It was measured and displayed by the oscilloscope. (3) The corrected voltage; 

it is the voltage obtained by applying the results of the circuit model for plasma introduced in 

Chapter 2. This was obtained by multiplying the measured voltage with the correction factor. 

During the experiment design, we made a strip of 10 resistors which were connected in 

series, and each resistor had a value of 0.1 M𝛺. This strip was connected to the power supply of 

20V peak-to-peak value. The true voltage was then measured and recorded at every point of the 

resistor strip nodal point. To obtain the measured voltage, we inserted the strip inside a glass 

envelope (we used the Magic Tape to secure the nodal point on the wall of the glass envelope). 

Also, two square pieces of the aluminum tape were put on the outer and inner sides of the glass. 

Each piece of the foil was placed such that the inner tape and the outer tape enveloped and covered 

the same area. The 20V peak-to-peak supply was connected to the strip end, and the IX probe was 

connected to the outer foil on the glass wall and the signal recorded on the second channel of the 

oscilloscope as shown in Figure 3.1. The first channel was used to record the source voltage while 

the second channel displayed the output voltage.  
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Figure 3.1 The physical circuit for the experimental validation of the circuit model for plasma 

[Own work]. 

From Chapter 2, it is quite clear that the measured voltage is attenuated by |�̃�𝑜|, which 

means the correct magnitude of the true voltage inside the plasma envelope is obtained by 

multiplying the measured voltage by |�̃�𝑜|. Therefore, in this study we obtain the magnitude of the 

corrected voltage by multiplying the measured voltage by 10.5 which is the correct value of the 

correction factor for the 1X probe setting.  

Two sets of experiments were designed: the first experiment involved the measurement of 

the output voltage at various frequencies. We obtained four sets of data by setting the source 

frequency to 30 kHz, 20kHz, 15 kHz, and 10 kHz. The measurement results are shown in Figure 

3.2. 
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3.3 Experimental Results 

 

 

 

 

 

 
Figure 3.2 The comparison between the true voltage, the corrected voltage, and the measured 

voltage at different frequencies. The frequencies used were 30 kHz, 20 kHz, 15 kHz, and 10 kHz in 

Figure a, b, c, and d, respectively.  

The second experiment involved measuring the output voltage by setting the different 

values of scope input resistances. We obtained four other sets of data as shown in Figure 3.3.  For 

each dataset the output voltage was measured by connecting a resistor of known resistance in 
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parallel with the scope input resistor. The values of the coupling resistor used were 1 M𝛺, 2 M𝛺, 

3 M𝛺, and 4 M𝛺. The measurement results are shown in Figure 3.3. 

 

 

 

 

 

Figure 3.3 The comparison between the true voltage, the corrected voltage, and the measured 

voltage for different values resistances. The values of the coupling resistor used were 1M, 2M, 3M, 

and 4M in Figure a, b, c, and d, respectively. 
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3.3.1 Discussion  

The comparison between the measured voltage, the true voltage, and the corrected voltage 

are shown in Figure 3.2 and Figure 3.2. As was observed in the measurement example displayed 

in section 2.4, the measured voltage at the nodal point of the strip was not equal to the source 

voltage inside the envelope. Again, this shows the importance of the circuit model for plasma and 

the corresponding analysis that we presented. It is important that users should know how much 

voltage is lost upon the measurement and how to account for that loss so that it does not affect the 

measurement interpretation. Fortunately, the circuit model for plasma has already addressed these 

questions. Using the circuit model, we found that the correction factor required for the accurate 

interpretation of the measured result depends on the parasite capacitance and the glass capacitance 

if the signal source is operated at high frequency.  

 The values of the parasite capacitor, the glass capacitance, and the correction factor were 

found to be 105 ± 11.6 pF, 11± 1.5pF, and 10.5 ± 0.28, respectively. With these values, the 

corrected voltage is obtained by multiplying the measured voltage by the correction factor of 10.5. 

As seen in both Figure 3.2 and Figure 3.3, the magnitude of the corrected voltage seems to agree 

very well with the true voltage. These results underscore the importance of the circuit model for 

plasma introduced in the Chapter 2. We now understand the effect of each of the circuit 

components on the measured voltage and how the measured voltage should be interpreted.  

          Although the true voltage and the corrected voltage seem to agree with each other, it is 

important to point out a few things that might affect the interpretation of the cathode fall 

measurement. During the circuit analysis we found that the magnitude of the correction factor 

depends on the values of the parasite capacitor and the glass capacitor. If these values are not well 

accessed the correction factor will result in a misleading result. This could happen in several ways; 
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the dependence of the glass capacitance on the value of the parasite capacitor; this value is not 

standard for all scopes, it varies from scope to scope, and sometimes the value of the parasite 

capacitor indicated on the equipment is different from the actual capacitance. It is strongly 

recommended that users should measure this value before the actual experiment. 

3.4 Model Simulations 

As already discussed in previous chapters, a better interpretation of the cathode fall 

measurement results requires a simple and workable circuit model for plasma. The model should 

provide the best explanation for how the circuit elements affect the measurement results. For 

voltage measurements, this model should guide the users on how to make the voltage 

measurements and do an accurate interpretation of the results. Also, the model should help the 

users to be creative in designing measurement circuits and selecting the circuit elements with the 

aim of obtaining more accurate the measurement results.  

The experimental validation of the model has proved that the circuit model for plasma 

introduced in chapter two is accurate and enough to be used for cathode fall measurement 

interpretation. However, there are a few conditions which could not be done through experiment 

due to time constraints. The goal of this section is to further the understanding on the effects of the 

circuit components. First, we will use the values of the circuit components obtained from chapter 

2 to show how well we can reproduce the measurement results. Second, we will perform 

simulations using different values of the components which could not be done through 

experiments.  

 Using the Multisim software, we simulate the following: (1) the comparison between the 

measured voltage versus the true voltage. This simulation will help to visualize how the true 

voltage is attenuated upon measurement. (2) The effect of frequency on the measured voltage and 
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the phase angle. This simulation will help to further the understanding of the frequency range 

required for the good measurements. (3) The effects of the glass capacitance. In the second chapter, 

we found that the correction factor is dependent on the parasite capacitance and the glass 

capacitance. This simulation will help to understand the how the glass capacitor affects the 

measurement results. 

3.5 Simulation Results 

 

 

Figure 3.4 (a) Lissajous figure for input and output voltage signal; (b) waveform signal showing 

input and output signal as a function of time (displayed on an oscilloscope screen). For these 

simulations, the value of glass capacitance was 11pF, Input resistance = 1M𝛺, and the parasite 

capacitor =105pF. 

          The Lissajous in Figure 3.4(a) shows that the magnitude of output voltage is not equal to the 

input voltage. If they were equal, a complete or nearly complete cycle would be observed. The 

concept becomes clear under Figure 3.4(b). The source voltage is almost 10 times the measured 
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voltage. Again, these results agree with the analysis of plasma circuit model presented in chapter 

2, and they also agree with the experimental results in Section 3.2. 

 

 

Figure 3.5(a) The magnitude of the output voltage as the function of frequency. (b) The phase 

angle as the function of frequency. The values of 𝐶𝑜, 𝐶𝑔 and 𝑅𝑜 were 105 pF, 11pF, and 1M𝛺 

respectively.  

As already discussed in the earlier sections, the measured voltage depends on the frequency 

of the source voltage. Figure 3.5a illustrates this dependance; sources with frequencies above 5 

kHz produce a constant output voltage, while sources with frequencies 5kHz result in a small 

output voltage. Also, Figure 3.5a shows that the maximum value of the output voltage of 1.9 V is 

achieved at high frequency. In this case, the source voltage was maintained at 20 V peak-to-peak. 

Therefore, the correction factor required for the measured voltage to match the true voltage is 10.5 

as discussed earlier. Also, Figure 3.5b illustrates how the frequency of the signal source affects the 

magnitude of the phase between the measured voltage and the true voltage.  
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Figure 3.6 The voltage gain for different values of the glass capacitances. The value of the glass 

capacitance for Figure a, b, c, and d were 10 pF, 13 pF, 16 pF, and 20 pF respectively. 
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 The glass capacitance affects largely the magnitude of the correction factor. This 

parameter is dependent on other parameters that were not discussed in this study such as the area 

of the metal band and somehow the thickness of the glass wall. All these parameters will either 

reduce the magnitude of the glass capacitance or cause the value to increase. In any case, the value 

of the correction factor will be affected. If the area of the metal band is large, the value of glass 

capacitance will also be large, which means the correction factor is expected to be small. On the 

other hand, if the area of the metal band is small, we expect the glass capacitance to be small hence 

a large correction factor will be resulted.  

During simulations, we used the capacitance value of 11 pF as the average value in which 

the gain was found to be around -20dB. This value agrees with the experiment where the correction 

factor of 10.5 was required for the measured voltage to match the true voltage. Other capacitances 

were chosen to represent the condition in which the value of the capacitor is made to be small or 

large. The 5pF of the capacitance was simulated. The voltage gain was found to be -26.5Db, which 

is equal to the correction factor of 21. Also, we set the glass capacitance to large values up to 20pF 

which represents a capacitor configuration for which a metal band is made with a large area. We 

observe the voltage gain of around -16dB, which is equivalent to the correction factor of 6.3. The 

trends of these values underscore the importance of quantifying the circuit element to better the 

interpretation of the measurement results during cathode fall measurements. From the simulation 

we see that, if the value of the glass capacitance is made to be large, the corresponding value of 

the correction factor will be small. However, large values of the glass capacitance require large 

areas of the metal band which may not practical, or the thickness of the metal band and the glass 

should be as small as possible, which may not be practical as well.  
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3.6 Summary and Conclusion  

         In this study we have successfully developed a circuit model for plasma. The model is simple 

yet easy to adopt while making cathode fall measurements. During the analysis, it was found that 

the correct interpretation of the cathode fall measurements requires an understanding of the 

magnitude of the correction factor. This factor should be multiplied by the measured voltage to 

obtain a more accurate voltage inside the glass envelope. 

The magnitude of the correction factor is dependent of the value of a parasite capacitor, 

which is an unwanted capacitor of the instrument due to the proximity of electronic components. 

Also, this correction factor depends on the value of the glass capacitance, which also depends on 

the thickness of the glass envelope and the size of the metal band being used. Both these parameters 

are important when calculating the magnitude of the correction factor. Figure 3.7 shows how the 

perceived value of the glass capacitance can mislead the interpretation of the measurement results, 

and it is quite easy to assume a wrong value if an experiment is not well handled. 

 One way to obtain the value of the glass capacitor is to utilize another known capacitor, 

example the parasite capacitor, in this experiment. Three methods were proposed during the 

analysis including one that involves measurement of the output voltage and the measurement of 

the phase angle between the signal source and the measured signal. During the experiment, it was 

found that the results obtained by using the phase angle method were not consistent; the reasons 

for the inconsistent were also obvious as already discussed in Section 2.6. For the protocol 

employed here, it is not necessary to use all three methods. One method will suffice if used at 

different conditions.  

However, if there is a well-established way for measuring the value of the phase angle, all 

methods should be used. In the absence of a well-established procedure for measuring the phase 
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angle; it is my opinion that to obtain the value of the parasite capacitance, one should follow the 

physical circuit as in Figure 2.10 and replace the glass capacitance with the known value of a 

capacitor. To avoid error in quantifying the circuit components, the frequency should remain above 

5kHz and the value of the equivalent resistance of the instrument should remain above 0.5M𝛺. 

Furthermore, the model may also be used for exploring various conditions in which the correction 

factor can be reduced to a value of 1. If the correction can be made to be close to one, users should 

still make sure to quantify this factor to properly adjust the measured voltage.  
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