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Introdu...:tion 

The widespread possibilities for the usage of linear 

programming makes it an extremely broad field, one that over

laps many disciplines. Consequently, one cannot begin to 

cover the entire subject, or even a large majority of it, in 

a paper such as this. The aim of this paper, then, is to 

give the l~eader a good, fundamental introduction to the for

mulation and solution of elementary linear programming problems. 

The paper will begin by treating the most important, and 

possibly the most difficult, phase of a linear programming 

problem; ':;he formulation of the mathematical model to be 

solved from the given decision concerned. Following this, it 

will be demonstrated how a graphical method of solution can 

be used to solve problems of two variables. This will also 

provide a basis for developing the most general and widely 

used method of solution, the simplex method. After explaining 

the fundamentals of the simplex method, the assumptions, prop

erties and computational aspects, the paper will conclude with 

an examplt9 of a linear programming problem from the formulation 

stage to arriving at the final optimal solution. 

Many people consider the development of linear program-

ming one of the most important scientific advances of the 

last thirty years. Its impact since that time has been phe

nomenal. 1 Of all the analytic techniques of operations 

1 Frederick S. Hillier and Gerald J. Lieberman, Operations 
Research (San Francisco: Holden-Day, 1974), p. 15. 



research, linear programming is Ly far the best known and 

most economically valuable, and, consequently, the most 

widely used method. 2 

Broadly speaking, linear programming can typically be 

defined as a mathematical method of determining the best 

possible(optimal) allocations of limited resources among 

competing activities to meet given objectives. More speci-

fically, it deals with situations where a number of resources, 

2 

such as materials, machines, men and land, are available to be 

combined to yield one or more products of some sort. The 

allocation problem arises because these resources are scarce 

and, hence, the various activities must compete for them. 

The multitude of situations to which the above description 

is applicable is extremely diverse, ranging from the selection 

of efficient zoning designs to achieve racial balance to 

investment portfolio selection, from the selection of trans-

porting patterns to the solution of parlor games, and so on. 

However different, each situation concerns the necessity of 

allocating resources to activities. 3 

As mentioned, linear programming utilizes a mathematical 

model to describe the particular problem of concern. The term 

"linear" implies that both the objective and the environmental 

constraints which limit the degree of achievement of the 

2 Donald M. Si~ons, Linear Programming for Qperations 
Research (San Franc1sco: Holden-Day, 1972), p. vii. 

3 Hillier and Lieberman, p. 15. 
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objective, are required to be st~ted in the-form of linear 

equations and inequalities. The word "programming" simply 

refers to the orderly process by which this type of problem 

is solved.; it is a synonym for planning. Thus, linear 

programming involves the planning of activities to obtain 

an "optimal" result, i.e., the result among all the possible 

solutions,that achieves the specified goal in the best way.4 

The popularity of linear programming is basically at

tributable to four factors. The primary reason lies with 

3 

the formulation phase of analysis, for a great many objectives 

and constraints that arise in practice are clearly linear. 5 

The fact that the solution methods for these type of problems 

are easily understood, highly efficient and readily adaptable 

to computer implementation are all virtues in its favor. Also 

contributing greatly to the importance of linear programming 

is the simplistic computation of linear problems in relation 

to the difficulties encountered in solving nonlinear optimi-
6 zation problems. Again, the variety of possible applications 

of this technique make its use widespread. A few of its 

applications include production control, transportation, 

agricultural applications, military applications and gov~rn

mental applications. 

4 Ibid., p. 16. 

5 David G. Luenberger, Introduction to Linear and Nonlinear 
Programmi~ (Reading, Mass.: Addison-Wesley, 1973),-p7 2. 

6 s. .. lmmons, p. Vll. 



Formulation of Problems 

Linear programming concerns the solution of a very 

special type of problem - one in which all the relationships 

between the variables are linear, both in the function to be 

optimized and in the accompanying constraints. The linear 

programming problem may be described as follows: Given a set 

of m linear inequalities or equations in n variables, one 

desires to find non-negative values of these variables which 

will satisfy the constraints and maximize or minimize (find 

4 

the optimal solution of) some linear function of the variables. 7 

Mathematically, this statement means: There are m 

inequalities or equations in n variables (m can be greater 

than, equ.al to or less than n) of the form: 

a i1 x1 + a i2x2 + ••• + ainxn f~,=,=} bi ) i = 1, 2, ••• , m (i) 

where for each constraint only one of the signs 2, =,~ holds. 

The Xi denotes the decision variables, where i = 1, 2, ••• , n. 

Their coefficients, a i1 (i = 1, 2, . . . , n), are known constants 

where the double subscript serves to designate the specific 

location of each coefficient. The b i symbols (i = 1, 2, ••• , m) 

are another set of known constants which represent the 

"restrictions" imposed by the program. 

that satisfy the above equations and 

We seek values for x. 
l. 

x. ~ 0, 
l. 

i = 1, 2, ••• , n (ii) 

7 G. Hadley, Linear Programming (Reading, Mass.: Addison-
Wesley, 1962), p. 4. 
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which maximize or minimize a linAar runction 

Z = c1x 1 + c2x 2 + ••• + cnxn U~i.) 

where Z is the general symbol ror the object to be maximized 

or minimized. The coerricients ror the decision variables x. 
1 

are symbolized by c i (i = 1, 2, ••• , n), which are another 

set or known constants. 8 When completely written out, a 

5 

maximization program in n variables and subject to m constraints 

will appear as follows: 

Maximize Z = c1x 1 

subject to a
11

x1 
a 21 x1 

• • • 
am1 x1 

and x. 
J 

Analogously, a minimization 

Minimize Z = 
subject to 

aRGb 
and 

c 1X1 
a 11 x1 
a21 x 1 

• • • 
am1 x1 

x. 
J 

+ c2x2 + • • • 

+ a 12x2 + • • • 
+ a22x2 + • • • 

• • • 
+ am2x2 + · . . 
:!!L 0 (j = 1 , 

program may be 

+ c2x 2 + • •• 

+ a 12x2 + • • • 

+ a 22x2 + • • • 

• • 
• 

+ am2x2 + · . . 
~ 0 (j = 1 , 

+ c x n n 

+ a1nxn = b1 
+ a 2 x n n : b2 

• • • • • • 
+ a x = b ron n m 

2, • • • I n) 

written as rollows: 

+ c x n n 

+ a 1nxn 
:. b1 

+ a2 x -= b2 n n 
• • • • • • 

+ a x = b mn n m 

2, n) 9 · . . , 
where the only dirference in the symbolism is the symbol b in 

8 Ibid., p. 4. 
9 Alpha C. Chiang, Fundamental Methods of Mathematical 

Economics (New York: McGraw-Hill, 1967), pp.~36,637. 
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this problem will signify nrequirements" rather than nre -
. l.t. 10 strictions," and the constraints now appear as ;;> l.nequa 1 1es. 

The runction to be optimized, (iii) is called the 

objective: function. Mathematically, the constraints (ii) 

which require the variables x. to be non-negative do not 
J 

differ from the constraints (i). However, in the process of 

sol ving B. linear programming problem, the non-nega ti vi ty 

constraints are treated differently than the other constraints. 

Hence, the non-negativity constraints are called non-negativity 

restrictions, and the term "constraints" is reserved to denote 

the other constraints. Thus, when a problem is said to have 

m constra.ints, it is meant m constraints of the form (i).11 

Suppose a maximization production problem is formulated 

in terms of the mathematical form that was defined above. 

There are any number (say, m) of limited resources of any 

kind to allocate among any number (say, n) of competing 

activities of any kind. Number labels are assigned to the 

resources (1,2, ••• , m) and activities (1,2, ••• , n). The 

decision variable Xj is the level of activity j for j = 1, ••• , n 

and Z represents the chosen overall measure of productivity. 

The constants c. are the increases in Z that would result from 
J 

each unit increase in x., and b. denotes the amount of resource 
J l. 

i available to be allocated (i = 1, 2, ••• , m). Finally, a .. 
l.J 

10 Ibid., p. 637. 

11 Hadley, p. 6. 
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is the amount of resource i used by each unit of activity j. 

This set of data is summarized in the following table. 

Data for Production Linear Programming Mode112 

Resource usage/unit 

7 

1 2 ••• n Amount of resource available 

1 

2 

• 
• • 
m 

Z/unit 

Level 

a11 
a21 

• • · am1 

c1 
x 1 

a1.2 
a22 
• • 
am2 

c2 
x2 

• •• 

· . . 

• • • 

· . . 
· .. 

• • 
• · • 

Before a decision problem can be solved using linear 

programming techniques, it must be formulated into the form 

explained above. In other words, a mathematical model must 

be designed that will analytically represent the problem 

concerned as accurately as possible. This formulation stage 

is perhaps the trickiest part of a linear programming problem. 

What makes it so difficult is that there exist no set proce-

dures or techniques that can be used to determine and test 

the linear programming formulation for any given problem. It 

is basically an evolutionary process. First, what appear to 

be the variables of the problem must be defined and the 

interrelationships between these variables, the objective 

function and the corresponding constraints, are determined. 

The problem is then solved and the solution is compared to 

12 Hillier and Lieberman, p. 20. 
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the anticipated results. At thi~ time changes in the model 

may seem appropriate. This process continues until the final 

model seems to approximate the real situation being studied 

as realistically as possible. 13 

8 

The best way to give insight into how a linear program

ming problem is formulated is through example. The following 

example demonstrates the process for formulating a minimization 

linear programming problem. Maximization problems are formu-

lated in an analogous way. 

One of the major producers of steel has been informed 

that their mills are causing a serious air pollution problem 

in the area. They have been instructed to reduce the emission 

of the three main types of pollutants in the airshed; particu-

late matt·er, sulfur oxides and hydrocarbons, in these amounts: 

Pollutant 

:Particula te s 

Sulfur oxides 

Hydrocarbons 

Required reduction in annual 

emission rate (million pounds) 

60 
150 

125 

The :3teel works has two sources of pollution, the blast 

furnace s :~or making pig iron and the open-hearth furnace s- for 

changing iron into steel. The most effective types of 

abatement methods are (1) increasing the height of the smoke 

stacks, (~~) using filter devices in the smoke stacks and (3) 

including cleaner materials among the fuels for the furnaces. 

13 SHul I. Gass, Linear Programming, ,(New York: McGraw
Hill, 1975), p.277. 



The technological limits on how IT.:.lch emission they can 

eliminate are shown below (in millions of pounds per year). 

9 

Taller smoke stacks Filters Better fuels 
Blast Open-hearth Blast Open-hearth Blast Open-hearth 

Pollutants -
Particulates 
Sulfur oxides 
Hydrocarbons 

12 
35 
37 

9 
42 
53 

25 
18 
28 

20 
31 
24 

17 
56 
29 

13 
49 
20 

Because they operate independently, the reduction in emission 

achieved by each method is not significantly affected by the 

other methods. It was concluded that a combination of methods, 

possibly with fractional capacities, based upon their relative 

costs, would be employed. The following table gives the 

estimated total annual cost that would be incurred by each 

abatement method. 

Abatement method 

Taller smoke stacks 
Filters 
Better fuels 

Blast 
furnaces 

8 
7 

11 

Open-hearth 
furnaces 

10 
6 
9 

-In formulating this as a linear programming problem, 

the decision variables x. (j = 1, ••• , 6) are defined to 
J 

represent the usage of each of the three abatement methods 

for one of the two types of furnaces, expressed as a fraction 

of the abatement capacity. The ordering of these six variables 

is summarized below. 



Abatement method 

Taller smoke stacks 
Filters 

Blast furnaces 

x 1 

Open-hearth rurnaces 

x2 
X4 Better ru.els 

x3 
x5 x6 

The objective or this problem is to minimize total cost while 

meeting the emission reduction requirements. Hence, the 

model is: 

Minimize 

subject to the rollowing constraints: 

1. Emission reduction: 

12x1 + 9x2 
35x1 + 42x2 
37x1 + 53x2 

2. Technological: 

Xj L 1, 

3. Non-negativity: 
x

j
.:::". 0, 

+ 25x3 
+ 20x

4 
+ 17x5 

+ 18x + 31X4 + 56x
5 3 

+ 28x
3 + 24x4 + 29x

5 

ror j = 1 , 2, . . . , 6 

ror u = 1, 2, ••• , 6 

+ 13x6 
+ 49x6 

+ 20x6 

This is the rormulation or this linear programming problem. 

The minimum cost solution can be round rrom this model as 

(x1, x2 ' :X3' x4 ' x5' x6 ) = (1, 0.623, 0.343, 1, 0.048, 1).14 

14 Hillier and Lieberman, p. 27. 

10 

60 
150 

125 
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Graphic Solution 

Linear programming problems which involve only two 

variableB can be solved graphically. The geometrical 

interpretation of linear programming problems is very 

irnportant since it gives insight into those properties of 

11 

the linear programming problem that also hold true for higher

dimensional problems and will lead to an efficient algorithm 

i ' , 15 for any ClmenSlon. 

An example accompanied by its explanation will help to 

make clear these properties. 

Maximize Z = 5x1 + 3x2 

subject to 3x1 + 5x2 ~ 15 

5x 1 
+ 2x

2 
.c. 10 

and x 1 ,x2 ~ 0 16 

The first step is to construct the feasible region in the 

space of the decision variables in which every point cor

responds to a solution or decision. The feasible region is 

defined to be the subset of points corresponding to solutions 

that satisfy all the constraints simultaneously.17 An optimal 

feasible solution is a feasible solution (a solution that lies 

15 Shiv K. Gupta and John M. Cozzolino, Fundamentals of 
0Eerations Research for Management (San Francisco: Holden-Day, 
1~74), p. 98. ---

16 Hadley, p. 9. 

17 Gupta and Cozzolino, p. 99. 
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in the feasible region) which optimizes the objective function. 

Solving a linear programming problem involves finding an 

optimal feasible solution. 18 

In graphing the feasible region, it suffices to include 

only the firs.t quandrant , for only those points that satisfy 

the non-negativity requirements, i.e., x 1 ' x2 ~ 0, can be 

considered a feasible solution. To find the set of points in 

this first quandrant satisfying the constraints, the inequali

ties must be interpreted geometrically. As shown on the 

following graph, the two constraints are written so the equal 

signs hold, i.e., 3x1 + 5x2 = 15 and 5x1 + 2x2 = 10, and these 

two lines are graphed. 

5 

3 

18 Hadley, p. 6. 

r 
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Since bot.h constraints are of the ~ type, the feasible region 

will consist of the points which meet the following locational 

requirements simultaneously: (1) on or below the line 5x 1 + 2x2 

= 10, (2) on or below the line 3x1 + 5x2 = 15 and (3) in the 

first quandrant. The set of all qualified points lie within 

the shaded area on the graph above. Any point in this region 

is a feasible solution, and only those points in the region 

are feasible solutions. 

To solve this linear programming problem, the point or 

points in the feasible region which optimize, or give the 

largest value to, the objective function must be found. For 

any fixed value of Z, a different line is obtained. All these 

lines corresponding to different values of Z are parallel to 

each other since the slope of any line Z = c1x1 + c2x2 is 

-c1/c2 and is independent of Z.19 The parallel lines graphed 

below with the feasible region represent the objective function 

for different values of Z. 
z3 

5 

1 

D 

19 Ibid., 

( 

1 

p. 10. 



,-' 

The objElct of the problem is to be on the line having 

the largest Z value that intersects the feasible region at 

at least one point. The optimal point is one that does not 

have a superior neighbor point. Hence, the optimal solution 

cannot be in the interior of the feasible region, because for 

any such point there is another Z-line close by having a 

higher value. Consequently, the optimal solution must be a 

corner point, for corner points are the only ones with the 

property of not having a superior neighbor point. This 

t b 1 · d t d·· 20 proper y can e genera 1ze 0 many 1menS10ns. 

It can be seen from the graph that z2 is the maximum 

value of Z; and the feasible solution which gives this value 

14 

of Z is the I~orner point B where the two constraint boundaries 

intersect. 'rhe graph shows the values of the variables at 

the optimal point to be approximately x
1 = 1 and x2 = 2.5. 

The exact values can be found by solving the equations 

3x 1 + 5x2 = '15 and 5x1 + 2x2 = 10 simultaneously for the 

point where they intersect. This point, the optimal solution, 

is at x 1 = 1.053 and x2 = 2.368. By substituting these values 

back into the objective function, the maximum value of Z is 

found to be '12.37. 21 

Suppose the coefficients of the objective function are 

changed. This will change the slope of all the z lines. 

However, the property that an optimal solution is always at 

20 Gupta and Cozzolino, p. 100. 

21 Hadley, pp. 10, 11. 
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a corner point will remain. Suppose the constraints are 

changed. As long as they remain linear inequality, or 

equality, constraints, their boundaries will be straight 

unbroken lines and" the property will still hold that there 

exists an optimum solution among the set of corner-point 

solutions. This property holds true for any linear pro-

gramming problem with any number of dimensions and any number 

of constr'aints. Its importance lies in the fact that it 

decreases the set of possible optimal solutions from an 

infinite number of points in the feasible region and on its 

boundaries to the finite set of corner pOints. 22 

A very simplistic, non-graphical solution method for a 

linear programming problem of this nature involves simply 

evaluating all corner-point solutions and comparing them to 

determine the best one. The corners are known to be formed 

by the intersections of the constraint boundaries. For the 

above problem, there are ten of these points of intersection. 

However, not all of these intersections are corner points. 

Hence, the feasibility of each intersection is tested and the 

Z value for all feasible solutions are compared to give the 

optimal feasible solution. 23 

This "brute force" method of solution becomes nearly 

impossible for a problem involving n decision variables, m 

inequality constraints and n non-negativity restrictions for 

22 Gupta and Cozzolino, p. 101. 

23 I"bid., p. 101. 

15 
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which n ~md m become large. The deficiencies of this unwieldy 

method of solution emphasize th~ need for a better method that 

can 

1. Distinguish between infeasible intersection points 

and corner points to eliminate the former. 

2. Evaluate the optimality of a given corner-point 

solution without having to compare it with all the 

others. 

16 

3. Find a better corner-point solution after finding that 

the current one is not optimal. 

These abilities are found in the "simplex method.,,24 

24 I bid., p. 1 03 • 
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Simplex Method 

Developed by George Dantzig in 1947, the simplex method 

is the best known and most widely used procedure for solving 

linear programming porblems. The word t'simplex" has nothing 

to do with the current use of the method; the method was 

dubbed that due to a special problem that was studied during 

the early development of the method. 

The simplex method is an algebraic iterative procedure 

by which any linear programming problem will be solved 

exactly in a finite number of steps, or the method will 

indicate that there is an unbounded solution. Relying on 

the property that if an optimal solution to a problem exists, 

it is one of the extreme(or corner) points, the simplex 

method is a process of moving step by step from an initial 

extreme point to an optimal extreme point. At each step, the 

simplex method moves along an edge of the feasible region 

from one extreme point to an adjacent one. The adjacent 

extreme point chosen is the one that forces the greatest 

increase (or decrease) in the objective function. The method 

evaluates at each extreme point whether the point is optimal 

or not, and if not, what the next extreme point should be. 25 

Previously it has been shown that linear programming 

problems of two variables can be solved geometrically. In 

order to generalize the solution of these type problems for 

25 Hadley, p. 19. 

17 
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any number of variables, an algebraic procedure, the simplex 

method, must be used. In any algebraic procedure it is less 

complicated to work with equations than inequalities. Therefore 

the first step in setting up the simplex method is to change 

the inequality constraints into equivalent equality constraints. 

(The non-negativity constraints may remain inequalities because 

they are not directly used in the algorithm.) This is accom

plished by introducing slack variables. 26 These are supple-

mentary variables, one for each constraint, that "take up the 

slack" in the inequalities, hence, converting them to equational 

constrain1:;s.27 

Consider the model: 

Maximize z = 40x1 + 30x2 

subject to 

and 

x
1 

~ 16 

x
2 
~ 8 

x1 + 2x2.c.. 24 

x1 ' x2 ~ 0 

The first slack variable is defined by 

The original constraint x1 ~ 16 holds whenever s1 ~ O. Hence, 

x1 ~ 16 is equivalent to the set of constraints 

and s ~ O. 
1 

These more convenient constraints will be used instead. 

Simil;9.rly, by introducing slack variable into the 

26 Hillier and Lieberman, p. 39. 

27 Gupta and Cozzolino, p. 104. 
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remaining constraints, and appropriately modifying the 

objective function, the original model can be replaced by an 

equivalent model. 

Maximize z = 40x1 + 30x2 + OS1 + OS2 + OS3 

subject to x 1 + + s1 = 16 

x2 + s2 = 8 

x1 + x2 + s3 = 24 

and x1 ' x2 ' s1' s2' s3 ~ 0 

There are now five variables in all. But in the objective 

function, the slack variables are given zero coefficients 

because slacks do not contribute to the objective sought; 

they are merely dummy variables to aid the algebraic manipu

lation of the problem. 28 

For 13.ny linear programming problem, the constraints can 

be written in the following general equality form: 

a1'lx1 + a 12x2 + • •• + a 1nxn + s1 = b 1 
a21 x1 + a 22x2 + · . . + a2 x + s2 = b2 n n . • • • • • • • • .. • 
am'l x1 + a m2x2 + · . . + a x + sm = b mn n m 

where s1' s2' ••• , sm are the slack variables. 

An augmented solution is a solution for a problem in 

inequality form (x1 ' x2 ' ••• , xn ) that has been augmented by 

, values of the slack variables for the problem in equality 

28 Chiang, p. 653 

19 
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form, giving (x1 , x2 ' ••• , xn ' so.' s2' ••• , sm)' A basic 

. d . tIt' 29 feasible solution 1S an augmente corner-p01n so u 10n. 

This SOltltion has n or more variables set equal to zero and 

the other m or fewer remaining variables are positive. The n 

zero-valued variables are called non-basic variables and the 

other m variables are called basic variables. 30 The values 

of the basic variables are the simultaneous solution of the 

system of m equations for the problem in equality form. 31 

One final manipulation of the problem model must be 

performed before the actual simplex method may be applied. 

It is cOIlvenient to rewrite the objective function as shown 

below. 

Maximize Z, 

(0) subject to Z - c 1x 1 - c2x2 - · . . c X n n 
(1 ) a 11x 1 + a 12x2 + · . . + a 1nxn + s1 
(2) a21 x

1 + a22x2 + • • • + a2 x + s2 n n 
• • • • 

20 

• • • • • •• • • · (m) am1 x1 + am2x2 + • • • + a x sm mn n 
and x., s. ~ 0, for j = 1, . . . , n 

J 1 i 1 , = . . . , m 

The objec:tive function, equation (0), is treated as if i~ were 

one of the original constraints, but since it is in equality 

form, no slack variable needs to be introduced. 32 

.:: 0 

= b1 
= b2 

• • 
= bm 

29 Hillier and Lieberman, p. 41. 

31 Hillier and Lieberman, p. 41. 

30 Gupta and Cozzolino, p. 10 f 

32 Ibid., p. 43 , 44. 
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The algebraic form of the simplex method can be used in 

solving all types of linear programming problems, and many 

books present it to explain the simplex method clearly. Since 

the tabular form of the simplex method is a more convenient 

form for performing the required manipulations and since this 

21 

form can easily be used to explain the method, only the tabular 

simplex method will be discussed. 

The tabular form is mathematically equivalent to the 

aforementioned algebraic form of the simplex method. However, 

in this form we use a simplex tableau to record only the 

information essential to the calculations, namely, (1) the 

coefficients of the variables, (2) the constants on the right 

side of the equations and (3) the basic variable appearing in 

each equation. 

Consider the general equality representation as given 

above. This model can be expressed in the simplex tableau 

as is shown below. 

Initial Simplex Tableau for Linear Programming 

Equation Coefficient of Right side 
number Z x 1 x2 · . . x n s1 s2 · .. sn of equation 

0 1 -c -c · . . -c 0 0 · . . 0 0 1 2 n 
1 0 a 11 a 21 ••• a 1n 1 0 • •• 0 b1 
2 0 a21 a22 • •• a2n 0 1 0 b2 · • • . • . • • · • · · . . • • • 
m 0 a m1 ~2·· • amn 0 0 1 bm • • • 

This is the essential layout for the simplex tableau, except 
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that one more column will be add0d on the left to indicate 

which basic variable appears in each equation for the current 

basic fesLsib1e solution. The simplex method develops a new 

tableau for each new basic feasible solution obtained, until 

the optimal solution is reached. 33 

The following model will serve to aid in the explanation 

and presemtation of the tabular simplex method. 

Maximize Z = 3x 1 + 5x2 
subject to x 1 ~ 4 

2x2 ~ 12 

3x 1 + 2x2 ~ 18 

and x 1 , x ,::". 0 34 
2 

The problem will be solved using three basic steps, (1) ini

tialization step, (2) iterative step and (3) stopping rule. 

The initialization step is begun by first introducing 

slack variables and rewriting the objective function as 

previously discussed. Then the original variables are 

selected to be the initial non-basic variables and are set 

equal to zero. The slack variables (s1' s2' ••• , sm) will 

then be the initial basic variables. Hence, the initial 

simplex tableau (labeled I) will be: 

33 Ibid., p. 51. 
34 Ibid., p. 17. 

22 
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I Basic Eq. Coefficient of Right 

variable no. Z x 1 x2 s1 s2 s3 side 

Z 0 1 -3 -5 0 0 0 0 

s1 1 0 1 0 1 0 0 4 

s2 2 0 0 2 0 1 0 12 

s3 3 0 3 2 0 0 1 18 

Now, each equation contains exactly one basic variable with a 

coefficient of +1 and the other variables have been set equal 

23 

to zero, so each basic variable equals the constant on the 

right-hand side of the equation. The initial basic feasible 

solution is then (x1 , x2 ' s1' s2' s3) = (0, 0, 4, 12, 18), and 

the optimal value, which can also be read off the tableau, is 

O. The Himplex method manipulates the equations so that every 

subsequent basic feasible solution can be read off as conven-

iently. The stopping rule is now employed to determine if 

this is the optimal solution. 

The stopping rule says if and only if every coefficient 

in equati.on (0) of the current tableau is non-negative, then 

the curre,nt basic feasible solution is optimal. If this is 

true, stop, for the optimal solution has been found. 35 This 

means that an increase in any of the variables in the original 

objective function will not in turn cause an increase in the 

value of the objective function. If an increase in one of 

the variables would affect the objective function positively, 

i.e., at least one of the coefficients of these variables in 

35 Ibid., p. 52. 
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equation (0) is negative, the ne::t basic reasible solution 

is derived by using the iterative step. In this example, 

there ar.e two coerricients in equation (0) that are negative, 

-3 and -5, so the iterative step must be applied. The optimal 

solution has not been achieved. 

The iterative step includes the bulk or the calculational 

aspects or the simplex method. Basically, the main idea or 

the iterative step is to move rrom the current basic 'reasible 

solution to a better adjacent basic reasible solution. This 

is accomplished by exchanging one of the non-basic variables 

ror a ba8ic variable. This basic variable that is going to 

be set equal to zero is called the leaving basic variable and 

the non-basic variable that will take on a positive numerical 

value is rererred to as the entering basic variable. To 

determinEl which or the n current non-basic variables should 

be selected as the entering basic variable, the original 

objective runction is analyzed. Since the desire is to find 

a new basic feasible solution that will improve or make larger 

the value or z, it is necessary that the net change in Z rrom 

increasing the entering basic variable is a positive one. The 

variable that needs to be selected for this is the one that 

has the largest coerficient in the original objective runction 

and, hence, will increase Z at the fastest rate. 36 Because or 

the manner in which the objective function is represented in 

the simplex tableau, the variable in equation (0) which has 

36 Hillier and Lieber~an, p. 45. 
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'he negative entry with the largest absolute value is selected 

as the entering basic variable. If two of the coefficients 

have the same greatest absolute value, then the selection 

between the two is arbitrary. The column below this variable 

is called the pivot column. 37 

In the example cited, the variable with the largest 

negative coefficient is x2 (1-51>!-~), so this will be the 

entering basic variable. 38 

The most important consideration in choosing the leaving 

basic variable is that it is necessary to stay within the 

limits set by the constraints, so th~a basic feasible solution 

is obtained. 39 Hence, the variable chosen is the one whose 

constraint imposes the smallest upper limit on how much the 

entering basic variable can be increased. 40 These limits are 

determined by (1) isolating each coefficient in the pivot 

column - except in equation (0) - that is strictly positive, 

(2) dividing each of these into the constant or "right side" 

of the sa.me row, (3) comparing the resulting ratios, which are 

called displacement quotients,41 and taking the equation that 

has the smallest quotient as the pivot row and (4) selecting 

the basic variable for this equation. Again, if a tie occurs 

for the smallest quotient, either variable may be selected. 

The element at the intersection of the pivot column and the 

37 Chiang, p. 659. 38 Hillier and Lieberman, p. 52. 
39 Chiang, p. 660. 40 Hillier and Lieberman, 46. p. 
41 chiang, p. 660 
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In the initial tableau for the example below, a box has 

been drawn around the pivot column and the pivot row and the 

displacement quotients have been calculated. 

I Basic Eq. Coefficient of Right 

variable no. Z x 1 x2 s1 s2 s3 side 

Z 0 1 -3 -5 0 0 0 0 
~ 

s1 1 0 1 0 1 0 0 ~ 

26 

s2 2 10 0 2 

s3 3 0 3 2 

0 1 0 

0 0 1 

12 

18 
I 12/2=6 minimum 

18/2=9 
-

From this it can be seen that the leaving basic variable is 

s2 and the pivot number is 2. 

Now it remains to compute the new basic feasible solution 

by constructing a new simplex tableau from the current one. 

In this process, the values of the new basic variables are 

solved for. This entails converting the system of equations 

into the same convenient form in the initialization step. 

This was where each equation contained only one basic variable 

with a coefficient of +1 and that basic variable did not 

appear in any other equation. This form can be arrived at by 

using two types of algebraic operations; (1) multiply an 

equation by a non-zero constant and (2) add a multiple of one 

equation to another one. 43 

In the first column of the new tableau, the leaving basic 

42 H:illier and Lieberman, p. 52. 

43 Ibid., p. 47. 
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variable is replaced by the ente~ing basic variable. Then, 

the coefficient of the new basic variable must be made +1, 

which can be accomplished by dividing the entire pivot row, 

including the constant column, by the pivot number, so 

New pivot row = old pivot row 
pivot number • 

27 

In this E~xample, equation (2) is divided through by 2, the 

pivot number, giving [0 1 0 1/2 0, 6J. The new basic variable 

is eliminated from the other rows, including the one for 

equation (0), by using the following formula: 

New row = old row - (pivot column coefficient X new pivot row), 

where "pivot column coefficient" re:fers to the number in the 

"old row" that is in the pivot column. 

As illustration of this technique, the new rows for the 

example are calculated here. 

Row 0 [ - 3 - 5 0 0 0, oJ 
-(-5)[ 0 1 0 ~ 0, Q 

new row = [-3 0 0 ~ 0,3~ 

Row 1 Doesn't change since the pivot column 
coef:ficient is zero. 

Row 3 D 
-2 [0 

new row = [3 

200 1, 18J 
1 0 ~ 0 l 6] 

This new in:formation applicable to the first iteration is 

placed in the second (II) simplex tableau, shown below. 



( 

(,-

II Basic Eq. Coefficient of Right 

variable no. Z x 1 A2 s1 s2 s3 side 

Z 0 1 -3 0 0 5/2 0 30 

s1 1 0 1 0 1 0 0 4 
x2 2 0 0 1 0 1/2 0 6 

s3 3 0 3 0 0 -1 1 6 

Now this tableau is in the convenient form such that the new 

basic feasible solution and the new value of Z can be read 

right off the tableau, since each basic variable equals the 

right side of its equation. Hence, in the example, the new 

basic felisi ble solution is (0, 6, 4, 0, 6) and the new value 

of Z is 30. This value is greater and better than the initial 

value of Z = O. To determine if this is the optimal solution, 

the stopping rule is applied to the tableau. Equation (0), 

the objeetive function, still contains a variable with a 

negative coefficient, which implies that the solution just 

arrived at is not the optimal one. Hence, the iterative 

step is again applied to find an adjacent better basic feasible 

solution. 

In the example, the coefficient of x1 is -3, so x
1 

is 

chosen as: the entering basic variable and the column below 

this is the new pivot column. The displacement quotients are 

calculated and s3 is found to be the leaving basic variable. 

This new information is shown below on the second simplex 

tableau. 
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II Basic Eq. Coe:f _"'icient o:f Right 

variable no. Z x 1 x2 s1 s2 s3 side 

Z 0 1 -3 0 0 5/2 0 30 

s1 1 0 1 0 1 0 0 4 4/1=4 
x2 2 0 0 1 0 1/2 0 6 

s3 3 0 3 0 0 -1 1 6 I 6/3=2 minimum 

L..--

Using 3 as the pivot number and :following the same procedure 

as outlined in detail above, the calculations to obtain the 

rows o:f 1;he new simplex tableau are shown below. 

Row 3 - pivot row 

Row 0 

Row 1 

Row 2 

new row = 1/3[3 0 o -1 1 , 6] 
= [1 0 0-1/31/3, 2J 

(-3 0 0 5/2 0, 30J 
-(-3) [ 1 -1/~ 1/3 2 2J 0 0 

new row = [ 0 0 0 3/2 1, 36] 

[ 1 0 1 0 0, 4J 
-1 [ 1 0 0-1/.:2 1/.:2 2] 

new row = ( 0 0 1 1 /3-1 13, 2 J 
Doesn't change since the pivot 

column coe:f:ficient is zero. 

This newly-arrived-at in:formation is then placed in a third 

(III) simplex tableau. 



III Basic Eq. Coef~'icient of Right 

variable no. Z x1 x2 s1 s2 s3 side 

Z 0 1 0 0 0 3/2 1 36 

s1 1 0 0 0 1 1/3 -1/3 2 

x2 2 0 0 1 0 1/2 0 6 

x 1 3 0 1 0 0 -1/3 1/3 2 

Again, the new (and better) basic feasible solution can be 

read directly from the tableau. It is (2, 6, 2, 0, 0) and 

Z = 36, \Olhi ch is 1 arger than the previ ous Z = 30. By exam

ining equation (0) in the tableau as related to the stopping 

rule, it can be seen that this is the optimal basic feasible 

solution, for all the coeeficients in equation (0) are non-

negative. This means there are no further pivotings which 

would prove to give a better solution, and so, the algorithm 

is ended. This leaves the optimal solution to the example 

(before introducing slack variables) as x
1 

= 2 and x
2 

= 6.44 

The graph of this model is45 

30 
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In terms of the graph, the simpl0x method begins at the 

origin - the initial extreme point - and follows the "edge" 

of the feasible region to an adjacent extreme point (0,6) 

and finally to the optimal extreme point (2,6). As can be 

seen, thE~ optimal solution is found without the necessity 

of comparing all five extreme points. Also, by choosing x2 

31 

as the initial entering basic variable, which was done by 

taking the variable in the objective function with the largest 

absolute value coefficient, the optimal solution was attained 

through the shortest "route" around the feasible region. Had 

x
1 

been taken initially instead, the simplex method would have 

moved from (0,0) to (4,0) to (4,3) to (2,6), which would have 

necessits.ted performing three iterations, rather than two. 46 

The example that was used in the preceding discussion of 

the simplex method was of the form of a maximization linear 

programming problem. The other type of linear programming 

problem is the minimization type, where the object is to 

minimize the objective function. This form of a problem is 

handled in essentially the same manner as the maximization 

problem, except for a few minor deviations. 

In maximization problems, the initial basic feasible 

solution is readily obtained; the point of origin can always 

be used. This same quality does not hold true for minimization 

problems, because the origin lies outside of the feasible 

46 Chiang, p. 663. 
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region for these problems. 47 Hence, what is called the 

artificiHl variable technique must be employed. This 

techniquEl revises the original problem to a more workable 

32 

form by l:ldding a dummy variable ( called an artificial vari

able) to each constraint that requires one. These variables 

are confi.ned to being non-negative, and the objective function 

is changed such as to make it highly infeasible for these 

variables to have values greater than zero in a solution, 

so they cannot possibly have any effect on the final optimal 

value of Z.48 This technique is employed merely to facilitate 

finding the initial basic feasible solution. The other 

variables, decision and slack, are set equal to zero and the 

artificial variables (denoted s1' s£, ••• , s~) are the initial 

basic variables. Then, the value of each artificial variable 

in the initial basic feasible solution (after a few manipu

lations) can be read directly from the constant column of the 

tableau. Technically, this solution point corresponds to the 

origin in maximization problems. 49 Another application of 

artificial variables appears in the solving of either a 

maximization or minimization problem when one or more of the 

constraints is a strict equation. Hence, a slack variable is 

not necesBary, so an artificial variable must be added so the 

initial basic feasible solution can be found. 50 

47 Ibid., p. 664. 48 Hillier and Lieberman, p. 62. 

49 c. D. Throsby, Elementary Linear Programming (New York: 
Random House, 1970), p. SH. 

50 Chiang, p. 667. 
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Again, the use of an example of a minimization problem 

will more clearly illustrate the slight modifications neces

sary in using the simplex method for this type problem. This 

example will also serve as an illustration of how equality 

constraints are handled in optimization problems. Consider 

the problem:51 

Minimize Z = 4x1 + 5x2 + 3x
3 

Subject to x 1 
~ 30 

x2 
~ 20 

x3 ~ 40 
x 1 + x2 + x = 

3 
100 

and x 1 ' x2 ' x3 ~ 0 

33 

As was done in the maximization problem, it is convenient 

to convert the inequality constraints into equations. For 

those constraints that are ~ inequalities, an amount must be 

subtracted from the left sides of the constraints. The 

variables that perform this function are now called surplus 

variables and are denoted the same as slack variables, i.e., 

s1' s2' ••• , sm· 52 After introducing appropriately the slack 

and surplus variables for this problem, the model now is:53 

51 Richard I. Levin and 'udolph P. Lamone, Linear 
Programming for Management Decisions (Homewood, Ill.: Richard 
D. Irwin, 1969), p. 106. 

52 Chiang, p. 664. 

53 Levin and Lamone, p. 108. 



-. Minimize Z = 4x1 + 5x2 + 1X
3 

8ubject to x 1 
+ 81 = 30 

x2 - 82 = 20 

x3 + 8
3 = 40 

x1 + x2 + x3 = 100 

and 8
3 

::::. 

° x1 ' x2 , x 3 ' 81 , s2' 

Looking at this example, the need for artificial 

variables for arriving at a first solution can be seen. 

If the method for doing this in maximization problems is used, 

x 1 ' x2 and x3 are set equal to zero, leaving a solution of 

(0,0,0,30,-20,40), which is not feasible due to the negative 

value for s2. So, artificial variables will be introduced 

and given coefficients of 100 (or any number that is large 

in relation to the coefficients of the decision variables) 

in the objective function. The model then becomes54 

Minimize 

subject to 

z = 4x1 + 5x2 + 3x
3 

x
1 

- s 2 
+ Sf 

1 

= 

= 
= 
= 

and 

+ s£ 
x 1 , x2 ' x 3 ' s1' s2' s3' s1' s2 ~ 

34 

30 
20 

40 
100 

° 
Now, if, to find the initial basic feasible solution, the 

decision variables are made the non-basic variables and set 

equal to ,2;ero, the artificial and slack variables become the 

basic variables and yield an initial solution of (0}0,0,30,0, 

54 Ibid., p. 111. 
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40,20,100) and a value ror z or 12,000. This obviously is a 

very artiricial and high solution to the problem, but it is 

important, for now a starting point at which to begin the 

simplex method is available. 55 

The simplex method can be applied in essentially the 

35 

same way for minimization problems a8 it is for maximization 

problems .. 56 The initial tableau for the example is given below. 

I Basic: Eq. Coefricient or Right 
variable no. Z x1 x2 x3 81 s2 s3 s I 

1 
8 I 
2 side 

Z 0 1 -4 -5 -3 0 0 0 -100 -100 0 

s1 1 0 1 0 0 1 0 0 0 0 30 
s' 1 2 0 0 1 0 0 -1 0 1 0 20 

s3 3 0 0 0 1 0 0 1 0 0 40 
. s' 

2 4 0 1 1 1 0 0 0 0 1 100 

A rew minor modifications must be made in the simplex proce-

dure ror minimization problems. First, in the initial tableau 

ror a maximization problem, all the basic variables automatically 

had coefricients or zero, which was required. However, in the 

minimizat:Lon problems, the artificial variables will initially 

have very large negative coefficients. This problem can be 

easily alleviated by simply using the iterative step or the 

simplex method and choosing the columns under the artificial 

variables as the pivot column and its equality constraint as 

the pivot row. This is demonstrated here. 57 

55 Ibid., p. 112. 56 Ch" 665 . lang,. p. • 

57 Hillier and Lieberman, pp. 63, 64. 
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Row 0 1-4 -5 -3 0 0 o -100 -100, 0] 

20J - (-100 )t 0 1 0 0 -1 0 1 o z 
new row = [-4 95 -3 0 -100 0 0 -100, 2000] 

Row 0 [-4 95 -3 0 -100 0 0 -100, 2000] 

- (100) [ 1 1 1 0 0 0 0 1 z 100] 

new row' -= [96 195 97 0 -100 0 0 o ,12000] 

The second tableau will then be: 

II Basic Eq. Coefficient of Right 

variable no. r- x 1 
x 2 x3 s1 s2 S3 Sf Sf side ~ 1 2 

Z 0 1 96 195 97 0 -100 0 0 0 12000 

s1 1 0 1 0 0 1 0 0 0 0 30 
Sf 

1 2 0 0 1 0 0 -1 0 1 0 20 

s3 3 0 0 0 1 0 0 1 0 0 40 
Sf 

2 4 0 1 1 1 0 0 0 0 1 100 

Now it is possible to read the initial basic feasible solution 

directly from the tableau, getting the solution previously 

found to be (0,0,0,30,0,40,20,100) and Z = 12,000. 

Anotner slight modification in the method concerns the 

criterion for choosing the pivot column. In minimization, 

the colmrul with the largest positive coefficient, rather than 

the large8t negative coefficient, is used. If the revised 

objective function Z = 12,000 - 96x1 - 195x2 - 97x3 + 100s
2 

is examined, it can be seen that the entering basic variable 

chosen will be the one that will reduce the objective the most. 

The variable with the largest negative coefficient would do 

this. Since the objective function has been rewritten in the 

tableau, the variable with the largest positive coefficient 



( 
would be chosen. For this example, x2 is chosen as the 

entering basic variable and the column below as the pivot 

column. 

The procedure for determining the leaving basic variable 

and the pivot row is identically the same as before. For the 

example, s1 is chosen as such since it has the smallest 

displacement quotient, as shown below. 
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II Basic: Eq. Coefficient of Right 
variable no. Z x 1 x 2 x3 s1 s2 s3 s' 1 s' 2 side 

Z 0 1 96 195 97 0 -100 0 0 0 12000 

s1 1 0 1 r----c> 0 1 0 0 0 0 30 
s' 2 0 10 1 0 0 -1 0 1 0 201 1 
s3 3 0 0 0 1 0 0 1 0 0 40 
s' 2 4 0 1 1 

'---
1 0 0 0 0 1 100 

Hence, the pivot number is 1. Since the pivot number is 

already +1, it can remain as it is. Again, the new basic 

variable is eliminated from all other equations by the itera

tive step. 

Row 0 196 195 97 0 -100 0 0 0, 12000] 
-195[ 0 1 0 0 -1 0 1 o 20] 

=[96 
, 

new row 0 97 0 95 0 -195 o , 8100) 

Row 1 Doesn't change since the pivot column 
coefficient is zero. 

Row 3 Doesn't change since the pivot column 
coefficient is zero. 

Row 4 l 1 1 1 0 0 0 0 1 , 100] 
-1 [ 0 1 0 0 -1 0 1 002 20J 

new row =l1 0 1 0 1 0 -1 1 , 80] 

20/1 

100/1 
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The third tableau will then contain these new computations. 

III Basic Eq. Coefficient of Right 

variable no. Z x
1 

x
2 x3 s1 s2 s3 s t 

1 s2 side 

Z 0 1 96 0 97 0 95 0 -195 
r---

s1 1 0 1 0 0 1 0 0 0 

X~, 2 0 0 1 0 0 -1 0 1 
Co. 

/0 s~, 3 0 0 1 0 0 1 0 
.:' 

S' 4 0 1 0 1 0 1 0 -1 2 '----

The new basic feasible solution can be read directly as 

(0,20,0,30,0,40,0,80) and Z = 8,100 L 12,000, which is a 

better solution. The remaining tableaus, which are shown 

below, are each calculated in exactly the same manner. 

IV Basic Eq. Coefficient of 

0 

0 

0 

0 

1 

variable no. Z x
1 

x
2 x3 s1 s2 s3 Sl S' 1 2 

Z 0 1 96 0 0 0 95 -97 -195 0 

s1 1 0 1 0 0 1 0 0 0 0 
x2 2 0 0 1 0 0 -1 0 1 0 

x3 3 0 0 0 1 0 0 1 0 0 
S' 4 0 1 0 2 I---

0 0 1 -1 -1 1 

New solution = (0,20,40,30,0,0,0,40) and Z = 4,220. 

8100 

30 

20 

4 0J 
80 

Right 

side 

4220 

30
1 

20 

40 

40 

V Basic Eq. Coefficient of Right 
variable no. Z x

1 x2 x3 s1, s2 s3 s I s t side 1 2 
Z 0 1 0 0 0 -96 95 -97 -195 0 1340 
x

1 1 0 1 0 0 1 r-o 0 0 0 30 
x

2 2 0 0 1 0 0 -1 0 1 0 20 

x3 3 0 0 0 1 0 0 1 0 0 40 
s' 4 0 

1
0 0 0 -1 1 -1 -1 1 10 I 2 

40/1 

80/1 

30/1 

40/1 

10/1 
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New solution = (30,20,40,0,0,0,0,10) and Z = 1,340 

VI Basie Eq. Coeffic:i.ent of Right 

variable no. Z x1 x2 x3 s1 s2 s3 Sl 
1 

Sl 
2 side 

Z ° 1 0 ° 0 -1 ° -2 -100 -95 

x 1 1 0 1 ° ° 1 ° 0 ° ° 
x2 2 ° ° 1 ° -1 ° -1 ° 1 

x3 3 ° 0 ° 1 ° ° 1 0 ° 
s2 4 ° ° ° 0 -1 1 -1 -1 1 

The new optimal solution is (30,30,40,0,10,0,0,0) and the 

minimal value of Z = 390. It can be seen from the last 

tableau that this is the best optimal solution since every 

coefficient in equation (0) is 6 0, which is required by the 

stopping rule for minimization problems. Hence, the final 

solution (leaving off the slack and artificial variables that 

were introduced merely for convenience) is x
1 

= 30, x2 = 30 

and x = 40 and Z = 390. 
3 
In the treatment of artificial variables, it may be 

difficult to determine how large the coefficients must be to 

keep them from being in the optimal feasible solution. If 

this is the case, the Big M method is used. 58 This technique 

involves assigning M as the coefficients of the artificial 

390 

30 

30 

40 
10 

va:riables:. where M denotes some infini tely large number. Thus, 

M will represent a less desirable alternative. The procedure 

for solving a problem using this technique is identically the 

same as has been previously discussed. It actually decreases 

58 Ibid., p.63. 
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the amount of computation since once an artificial variable 

has been removed from the basic feasible solution it will 

never reappear due to its high coefficient. Therefore, it is 

not nece;ssary to perform the calculations for any column under 

an artificial variable that has been removed. 59 

There are a few unusual conditions that may turn up in 

the simplex mehtod that warrant brief explanations here. These 

include: 

1. In the final tableau, all the coefficients in equation 

(0) are zero. This indicates that a unique optimal 

solution does not exist, i.e., an adjacent corner 

point and the current one, and all the points between 

them are equally good. 

2. One or more of the artificial variables are present 

in the final tableau and, hence, in the final solu-

tion. This indicates either that no feasible solu-

tions exist for the original problem or the coeffi

cient assigned to the artificial variable in the 

objective function was not large enough. 60 

3. All the diplacement quotients calculated to determine 

the leaving basic variable are either undefined or 

negative. This indicates that the constraints do not 

put any bound on increasing the value of the objective 

59 Levine and Lamone, p. 126. 

60 Gupta and Cozzolino, pp. 130,131. 
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function infinitely, i.e., the solution is at 

infinity. For practical problems, this suggests 

an unrealistic problem formulation or an error in 

calculation. 61 

61 HOllO d ° 5 ~ ler an Lleberman, p. 9. 
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An Application 

The possible applications of linear programming are 

infinite. Herewith is a problem concerning the management 

of a graduate school that will serve to illustrate all the 

techniques discussed in this paper. 

A business school has a large M.B.A. program as well as 

42 

a large undergraduate program in business. The administration 

wants to determine the size of the class that should be 

admitted;. taking into account a medium-range time period and 

the relevant policies of the university. 

The number of first-year students to be admitted each 

year will be represented by x 1 , These students will follow 

the entire two-year program, as they have degrees in other 

areas. ~~he number of students to be admitted every year who 

have undergraduate degrees in business will be represented 

by x2 • ~~hey are only required to take the second year of the 

M.B.A. program. University policy dictates that x
1 

may not 

exceed 500 students. 

It has been found that there is a 20 percent attrition 

rate in the first year and a negligible attrition rate during 

the second year. The number of second year students every 

year is composed of those who finished the first year and will 

continue, .8x1 , plus those admitted into the second year 

directly, x2 • Again, university policy restricts the second 

year class to 600 students. 
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The size of the faculty also poses a restriction. The 

maximum number of courses they can teach in a year is 487.5. 

Since all first-year courses have class sizes of 32 students 

and every student takes 10 courses in a year, the total 

number of courses required by first-year students is 10x1/32 • 

The second-year courses have 16 students per course, so the 

number of courses required by the second-year students is 

10(.8x1 + x2 )/16. 

Also, certain fixed costs could not be covered, and 

consequently, the school would close, if the total enrollment 

does not meet or exceed 300. Total enrollment is represented 

by x 1 + (.8x i + x2 ). 

The objective of the problem is to maximize the "direct" 

profit, "lhich is tuition revenue minus faculty cost per 

course minus other costs that vary with class size. Revenue 

tuition per course is $400 per student and average faculty 

salary per course is $3,200. First-year courses cost $100 

per student and second-year courses cost $200 per student. 

Other marginal costs of operating the school total $100 per 

student of either class. Therefore, the direct profit per 

first-year student is $(400 - 200) X 10 courses/year = $2,000 

per year. Similarly, for a second-year student the direct 

profit is $(400 - 300) X 10 courses/year - $1,000 per year. 

The objective function, scaled to $1,000 units per year, is 

Z = 2x1 + 1(.8x1 + x2 ). 

Hence, the formulation model of the problem is: 

43 
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Maximize Z = 2.8x1 

subject to x 1 
.8x1 

2.6x1 
1.8x1 

and 

+ x2 

6 500 

+ x 2 
t!(;. 600 

+ 2x2 ~ 1560 

+ x2 ~ 
x ~ 

2 

300 
o 

Slack, surplus and rortificial variables must be added to 

facilitate finding the initial basic feasible solution. The 

final model is: 

Maximize 

subject to 

and 

z = 2.8x1 
x 1 

.8x1 
2.6x1 
1.8x1 

The first tableau would be: 

I Basic Eq. 

variable no. Z x 1 x2 

Z 0 1 -2.8 -1 

s1 1 0 1 0 

s2 2 0 .8 1 

s3 3 0 2.6 2 

s' 4 0 1.8 1 
1 I 

+ x2 - 10s' 1 
+ s1 = 

+ x2 + s2 = 

+ 2x2 + s3 = 

+ x2 - s4 + s' = 1 
x

1
, x2 , s1' s2' S3' Sf 

1 
~ 

Coefficient of High t 

s1 s2 s3 S4 Sf 
1 sid e 

0 0 0 0 10 0 

1 0 0 0 0 500 

0 1 0 0 0 600 

0 0 1 0 0 1560 

0 0 0 -1 1 300 
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: 500 
600 

1560 

300 
0 

Every basic variable must have a coefficient of zero, so, the 

iterative step is used to accomplish this. 

62 Gupta and Cozzolino, pp. 96-98, 121. 

62 
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II Basic Eq. Coefficient of Right 

variable no. Z x
1 

x2 s1 s2 s3 s4 Sf 
1 

side 

Z 0 1 -20.8 -11 0 0 0 10 0 -3000 

s1 1 0 1 0 1 0 0 0 0 500 

s2 2 0 .8 1 0 1 0 0 0 600 

s3 3 0 2.6 2 0 0 1 0 0 1560 

Sf 4 0 1.8 1 0 0 0 -1 1 300 
1 

Initial basic feasible solution = (0,0,500,600,1560,0,300) and 

z = -3,000. 

Entering basic variable = x 1 

Displacement quotients: minimum (500,750,600,166 2/3) = 
166 2/3 

Leaving basic variable = s1 

III Basic: Eq. Coefficient of Right 

variable no. Z x
1 

x2 s1 s2 s3 s4 Sf 
1 side 

Z 0 1 0 5/9 0 0 0 -14/9 -104/9 466 2/3 

s1 1 0 0 -5/9 1 0 0 5/9 -5/9 333 1/3 

s2 2 0 0 13/9 0 1 0 -4/9 -4/9 466 2/3 

s3 3 0 0 5/9 0 0 1 13/9 -13/9 1126 2/3 

x
1 4 0 1 5/9 0 0 0 -5/9 5/9 166 2/3 

New basic feasible solution = (166 2/3,0,333 1/3,466 2/3,1126 2/3, 

0,0) and Z = 466 2/3. 

The computations for the artificial variable column no longer 

need to be performed, since once it leaves the solution it 

will never return due to its high coefficient. 

Entering basic variable = s4 

Displacement quotients: minimum (600,780) = 600 
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Leaving basic variable = s1 

IV Basi,c Eq. Coefficient of Right 
variable no. Z x1 x2 s1 s2 s3 S4 Sf 

1 side 

Z 0 1 0 -1 14/5 0 0 0 - 1400 

84 1 0 0 -1 9/5 0 0 1 - 600 

s2 2 0 0 1 -4/5 1 0 0 - 200 

s3 3 0 0 2 -13/5 ° 1 ° - 260 
x 1 4 0 1 0 1 0 0 ° - 500 

New basic feasible solution = (500,0,0,200,260,600,0) and 

Z = 1400. 

Entering basic variable = x2 

Displacement quotients: minimum (200,130) = 130 

Leaving basic variable = s3 

V Basic Eq. Coefficient of Right 
variable no. Z x1 x2 s1 s2 s3 S4 Sf side 1 

Z ° 1 ° ° 3/2 ° 1/2 ° - 1530 

s4 1 ° ° ° 1/2 ° 1/2 1 - 730 
s2 2 ° ° ° 1/2 1 -1/2 ° - 70 
x2 3 ° ° 1 -13/10 ° 1/2 ° - 130 
x 1 4 ° 1 ° 1 0 ° ° - 500 

New basic feasible solution = (500,130,0,70,0,730,0) and z = 1530. 

SincE~ there are no coefficients in equation CO) that are 

negative at this point, the optimum solution of x = 500 and 
1 

x2 = 130 has been reached. In other words, the graduate school 

of busineas would realize the greatest direct profit ($1,520»)( JPOO 

if it admi.tted 500 first-year students and 130 students who 

need only to take the second year of the program. 

63 Ibid., pp. 122, 123. 



- Summary 

The simplex process is one of continuous change. The 

basis for the simplex method is that the optimal value of a 

linear programming problem is always reached at a basic feas

ible solution, or corner point. An initial basic feasible 

solution is arrived at and then a non-basic variable is 

increased from zero, making it a basic variable. The values 

of the other basic variables are continuously adjusted, as 

the new basic variable is increased, so that the system of 

equality constraints remains satisfied. The objective 

function is also altered in the process. If the coefficient 
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of this new basic variable is negative in maximization problems, 

or positive in minimization problems, then the value of the 

objective function will increase, or decrease, continuo~sly 

as the value of this new basic variable is increased. This 

variable should be increased until the feasibility of that 

increase is violated. At this point the value of one of the 

other basic variables is zero and it becomes a non-basic 

variable. This process repeats continuously until it gener

ates the optimal solution for the linear programming problem. 64 

64 Luenberger, p. 63. 



Conclusion 

Linear programming is an extremely powerful technique 

used, particularly in the field of operations research, for 

,~lving types of decision problems involving the allocation 

of limited resources among competing activities, as well as 

other decision problems to which similar mathematical formu-

~ation can be applied. It is fast becoming a standard tool 

~~ extreme importance for a great variety of business and 

industrial organizations. Recently it has been recognized 

~nat linear programming techniques can be applied to social 

~~ganizations, also. The simplex method used by a computer 

~an easily and reliably solve linear programming problems 

~~ving thousands of constraints and variab1e. 65 The true 

~~auty and power of the simplex method can then be seen and 

';preciated. 

65 Hillier and Lieberman, p. 97. 
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