
Activity #3 Description: 

The third activity serves as a self-assessment for students. The students must complete 

the multiplication by hand using their knowledge that multiplying two decimals is similar to 

multiplying two whole numbers and that there is a relationship between the placement of decimal 

points in the factors and the placement of the decimal point in the product. 

Solution: 

1.) 6.58 x 0.3=1.974 

3.) 7.1x0.45=3.195 

2.) 4.52 
x--.Ll 
5.424 

4.) 35.1 
x 0.34 
11.934 



Activity Sheet 

Name: 

1.) Compute the following product by hand : 24 x 63 

2.) Compute the following product with a calculator: 2.4 x 6.3 

Think About It! 
• How are 24 x 63 and 2.4 x 6.3 alike? -----------------------------------------

• How are 24 x 63 and 2.4 x 6.3 different? --------------------------------------

• How is the placement of the decimal points in the factors related to the placement of the 
decimal point in the product? ______________________________________________ _ 

1.) Compute the following products by hand: 234 x 64 

2.) Compute the following product using a calculator: 2.34 x 6.4 

Think About It! 
• How are 234 x 64 and 2.34 x 6.4 alike? -------------------------------------

• How are 234 x 64 and 2.34 x 6.4 different? - ----------------------------------

• How is the placement of the decimal points in the factors related to the placement of the 
decimal point in the product? _ ____________________________________________ _ 

1.) Compute the following products by hand : 456 x 14 

2.) Compute the following product using a calculator: 4.56 x .14 



Think About It! 
• How are 456 x 14 and 4.56 x .14 alike? -------------------------------------

• How are 456 x 14 and 4.56 x.14 different? -----------------------
• How is the placement of the decimal points in the factors related to the placement of the 
decimal point in the product? ________________________________ _ 

• In general , based on the problems above, how is the placement of the decimal points in the 
factors related to the placement of the decimal point in the product? ______________ _ 

1.) Compute 12 x 17 . 

Using the result of the computation 12 x 17, determine the exact answer to each of the following. 

1.) 1.2 x 1.7= 

2.) 12x1.7= 

3.) 1.2x17= 

4.) 1.2 x 0.l7 = ___ __ 

Think About Itl 
• Explain how you determined each answer. -----------------------------

2.) Compute 32 x 43. 

Using the result of the computation 32 x 43 , determine the exact answer to each of the 
following. 

1.) 0.32 x 4.3 = ___ _ 

2.) 32 x 0.43 = ___ _ 

3.) 3.2x43= ___ __ 

4.) 0.32 x 0.43 = ___ __ 



Think About It! 
• Explain how you detennined each answer. _________________ _ 

3.) Compute 151 x 13. 

Using the result of the computation 151 x 13, detennine the exact answer to each of the 
following. 

1.) 1.51x1.3= ___ _ 

2.) 151xO.13= ___ _ 

3.) 15.1x13= ___ _ 

4.) l.S1xO.13= ___ _ 

Think About It! 
• Explain how you detennined each answer. _________________ _ 

Compute the following products. 

1.) 6.58 x 0.3 

Think About It! 

2.) 4 .52 
x 0.34 

3.) 7.1 x 0.45 4.) 35.1 
x~ 

• How is multiplying decimals similar to multiplying whole numbers? ________ _ 

• How is multiplying decimals different from mUltiplying whole numbers? ______ _ 



Error Description: Absolute Value 

Error: 

Students distribute a negative coefficient inside absolute value bars. 

Incorrect Example: - 413x + 21 = 1- 12x - 81 

Reason for Error: 

Students overgeneralize and believe that absolute value bars behave similarly to 

parentheses. 

Activity #1 Description: 

In the first activity, students will use a number line to help them represent the distance of 

two runners using absolute value. This activity is to ensure that students conceptually 

understand what absolute value notation represents. 

Solution 

• Which runner has run the farthest? Runner #1 

• How do you know? Runner #1 is four units from the start. Runner #2 is only three 
units from the start. 

• Represent the distance of each runner using absolute value notation. 

Activity #2 Description: 

Runner #1 
Runner #2 

In the second activity, the students will simplify three pairs of absolute value quantities. 

The students will then be asked to compare the pairs in order to help the students draw 

conclusions about a negative quantity inside the absolute value bars versus a negative quantity 

outside the absolute value bars. 



Solution: 

1. a.) - 131 = -3 
b.) 1-31=3 

Activity #3 Description: 

2. a.) 2 )- 51=10 

b.) 1(2)(-5)1=10 

3. a.) - 21- 51 = -1 0 

b.) 1(-2)(-5)1=10 

In the third activity, the students will graph various pairs of absolute value functions . 

The students will then be asked to compare the graphs. The students will then draw conclusions 

based on their comparisons in Activity #2 and Activity #3. The purpose of Activity #2 and 

Activity #3 is for the students to recognize that distributing a negative value inside the absolute 

value bars changes the resulting value. 

Solution: 

1.) 

a.) y = -Ixl b.) y = 1- xl 

-4 -2 

2.) 

a.) y = -21x -11 b.) y = 1- 2(x -1)1 = 1- 2x + 11 

-6 -<1 -2 . 2 6 8 20 
-2 . 

15 

-7.5 
10 

/ 
-10 

-12.5 

-15 
-10 -5 10 



3.) 

a.) y = 31xl 

-4 -2 

14 

12 

10 

6 

b.) y = 13xl 

14 / 

: / 

~v.~·· 
-4 -2 2 



Activity Sheet 

Name: 

Two runners start running in opposite directions from the same starting point. The number line 
below shows the location in miles of each runner after 30 minutes. 

START 
Runner #1 Runner #2 

-5 G -3 -2 -1 o 

Think About Itl 
• Which runner has run the farthest? ---------------------------------------
• Howdoyouknow? ______________________________________________ ___ 
• Represent the distance of each runner using absolute value notation. ________________ _ 

Simplify. 

1. a.) -131 

b.) 1-31 

Think About Itl 

2. a.) 21-51 3. a.) - 21- 51 

b.) 1(2)(-5)1 b.) 1(-2)(-5)1 

• How do a.) and b.) compare in each set of expressions above? ____________________ _ 

• Is - 4121 equal to 1- 81? Why or why not? _______________ __ 



Graph the following functions with a graphing calculator. Provide a rough sketch of each graph 
below. 
1.) 

a.) y = -Ixl b.) y=l-xl 

2.) 

a.) y=-2Ix-11 b.) y = 1- 2(x -1)1 = 1- 2x + 11 

3.) 

a.) y = 31xl b.) y = 13xl 

Think About It! 
• How do the graphs compare? ______________ ~ ______ _ 
• What conclusions can you make based on your comparisons of the graphs and your 
comparisons of each pair of a.) and b.) in Activity #2 about distributing coefficients inside 
absolute value bars? ---------------------------------------------------



Error Description: Powers 

Error: 

Students multiply the base and the exponent of powers. 

Incorrect Example: 25 = 10 

Reason for Error: 

In the incorrect example presented above, it appears that the student does not recognize 

that 5 is an exponent and that 25 is a power; therefore, the student erroneously multiplies 2 and 

5. This would indicate that the student does not understand the mathematical notation for 

exponents and does not have a conceptual understanding of powers. 

Activity #1 Description: 

In the first activity, students will complete a concept card. The first few examples listed 

on the concept card serve to illustrate the notion of "power." The next few examples represent 

expressions that are not powers. Then, the last part of the concept card asks students to identify 

the powers within a set of several different expressions. This is to ensure that students are able 

to appropriately recognize powers and their unique notation from other mathematical notation. 

Solution: 

These are powers: 
34 x 2 

These are not powers: 
7·5 3x2 (2)(9) 

Circle the powers: 

4x7 6·5 



Activity #2 Description: 

In the second activity, the students will rewrite the given factored expressions as 

expressions using powers. This activity will help ensure that students can recognize how powers 

are conceptually connected with factors. 

Solution: 

1.) 3x3x3x3x3 

2.) x x x 

3.) 5x5x5x5 

Activity #3 Description: 

In the third activity, the students will participate in three different games of "Exponent 

Bingo." It is important that students can recognize how powers are read aloud so that they can 

recognize the difference between powers and other mathematical notation and operations such as 

multiplication. In general, this activity serves to help the students self-assess their understanding 

of powers. During the first game, the students will fill in the first bingo card on their activity 

sheet with sixteen of the powers that are also listed on the activity sheet. Then, the students will 

listen to an exponential expression, such as 5 to the second power, be read aloud. The students 

will identify the corresponding power and circle the power if it appears on their card. During the 

second bingo game, the students will fill in the second bingo card on their activity sheet with 

sixteen of the factored expressions that are also listed on the activity sheet. Then, the students 

will listen to the teacher read aloud exponential expressions, but this time the students must 

identify the correct factored form of the expression that is read aloud. The students will circle 

the factored form of the expression if it appears on their card. Lastly, during the third bingo 



game, the students will fill in the third bingo card on the activity sheet with sixteen of the 

numbers that are also listed on the activity sheet. Then, the students will listen to the teacher 

read aloud various exponential expressions. The students will evaluate the expression that is 

read aloud and circle the answer if it appears on their card. For each bingo game, the first 

student to circle four correct answers in a row, either vertically, horizontally, or diagonally, must 

yell "bingo" and wins the game. 

Bingo Game #1: 
Exponent Problems to be read aloud by the 
teacher: 

1.) 6 to the zero power (6°) 
2.) S to the first power (Sl) 
3.) 2 squared (22) 

4.) 2 cubed (23
) 

S.) 4 squared ( 42 ) 
6.) 2 to the fifth power (2 5

) 

7.) 6 squared (62
) 

8.) 7 squared (72
) 

9.) 3 cubed (3 3
) 

10.) 3 to the first power (31 ) 

11.) Scubed(S3) 
12.) 4 to the fourth power (44) 

13.) 10 to the first power (101) 

14.) 8 squared (8 2
) 

IS.) 6 cubed (63) 

16.) 10 squared (102
) 

17.) 3 to the fourth power (34) 

18.) S squared (S2) 

19.) 3 squared (32
) 

20.) 6 to the first power (61) 
::z 1.) 2 to the first power (21 ) 

SPllfce: (Breeden & Dillard, 1996, p. )3) 

Bingo Game #2: 
Exponent Problems to be read aloud by the 
teacher: 
1.) 6 to the zero power (1) 
2.) S to the first power (S) 
3.) 2 squared (2 x 2) 

4.) 2cubed(2x2x2) 

5.) 4 squared (4 x 4) 

6.) 2 to the fifth power (2 x 2 x 2 x 2 x 2) 

7.) 6 squared (6 x 6) 

8.) 7 squared (7 x 7) 

9.) 3 cubed (3 x 3 x 3) 

10.) 3 to the first power (3) 
11.) S cubed (S x S x S) 

12.) 4 to the fourth power (4 x 4 x 4 x 4) 

13.) 10 to the first power (l0) 
14.) 8 squared (8 x 8) 
IS.) 6 cubed (6x6x6) 

16.) 10 squared (lOx 10) 

17.) 3 to the fourth power (3x3x3x3) 

18.) 5 squared (S x S) 

19.) 3 squared (3x 3) 

20.) 6 to the first power (6) 
2l .) 2 to the first power (2) 



Bingo Game #3: 
Exponent Problems to be read aloud by the teacher: 
1.) 6 to the zero power (1) 
2.) 5 to the first power (5) 
3.) 2 squared (4) 
4.) 2 cubed (8) 
5.) 4 squared (16) 
6.) 2 to the fifth power (32) 
7.) 6 squared (36) 
8.) 7 squared (49) 
9.) 3 cubed (27) 
10.) 3 to the first power (3) 
11.) 5 cubed (125) 
12.) 4 to the fourth power (256) 
13.) 10 to the first power (10) 
14.) 8 squared (64) 
15.) 6 cubed (216) 
16.) 10 squared (100) 
17.) 3 to the fourth power (81) 
18.) 5 squared (25) 
19.) 3 squared (9) 
20.) 6 to the first power (6) 
21.) 2 to the first power (2) 



Activity Sheet 

Name: 

Complete the following concept card. 

These are powers: 

34 

These are not powers: 

7·5 3 x 2 

Circle the powers: 

Rewrite the following using powers. 

1.) 3 x 3 x 3 x 3 x 3 

2.) x x x 

3.) 5 x 5 x 5x5 

(2)(9) 

4 x 7 6 · 5 



Exponent Bingo 

Bingo Game #1: 
Write one of the following powers in each box below in any order. 

(6°), (51), (22), (23
), (42

), (2 5
), (6 2

), (7 2
), (33

), (31), (53), (44
), (101), (82), (63

), (102
), 

(34
), (52), (32

), (61), (21) 

Next, listen as exponential expressions are read aloud. Identify the power that corresponds to 
what you hear and circle the power if it appears on your bingo card. The first student to circle 
four correct answers in a row, either vertically, horizontally, or diagonally, must yell "Bingo" 
and is the winner. 

Bingo Game #2: 
Write one of the following factored expressions in each box below in any order. 

(1),(5), (2x2), (2x2x2), (4x4), (2x2x2x2x2), (6x6), (7x7), (3x3x3), (3), (2), 

(5x5x5), (4x4x4x4),(10), (8xS), (6x6x6), (lOxIO), (3x3x3x3), (5x5), (3x3) , (6) 

Next, listen as exponential expressions are read aloud. Identify the factored expression that 
corresponds to the expression that is read aloud and circle the expression ifit appears on your 
bingo card. The first student to circle four correct answers in a row, either vertically, 
horizontally, or diagonally, must yell "Bingo" and is the winner. 



Bingo Game #3: 
Write one of the following numbers in each box below in any order. 

1,2,3,4,5,6,8,9, 10,16, 25,27,32,36,49,64,81,100,125,216,256 

Next, listen as exponential expressions are read aloud. Evaluate each exponential expression and 
circle the answer if it appears on your grid. The first student to circle four correct answers in a 
row, either vertically, horizontally, or diagonally, must yell "Bingo" and is the wiMer. 



Error: 

Error Description: Inequal ities 

When solving an inequality for x students use an equal sign to represent their answer. 

Incorrect Example: 

x-3~4 

x=7 

Reason for Error: 

Students do not understand what inequality notation represents and they do not 

conceptually understand inequalities. As a result, they use an equal sign to illustrate the answer 

because they believe that there is only one value that satisfies x. 

Activity #1 Description: 

In the first activity, the students will form a human number line. Have each student hold 

a sign with an integer value between -10 and 10. Then, have the students line up in order with 

the person representing zero in the middle of the line. Place a chair behind each student. Then, 

show the students the inequalities listed on the activity sheet. For each inequality, the students 

should be asked which students can represent x. The students who cannot represent x should sit 

down. Then, ask the students why more than one person can represent x. Also, be sure that the 

students understand that x is not limited to just the values between -10 and 10. 

Activity #2 Description: 

In the second activity, the students will again fonn a human number line. Have each 

student hold a sign with an integer value between -10 and 10. Then, have the students line up in 

order with the person representing zero in the middle of the line. Place a chair behind each 

student. Then, show the students the inequalities listed on the activity sheet. Ask the students to 



solve the inequalities using the number line. For example, the given inequalities can be solved in 

one step. Therefore, for each inequality, have the students identify the integer value on the left 

. side of the inequality. Next, ask the students whether this value should be added or subtracted 

from both sides of the inequality. Then, starting with the person representing the integer on the 

right side of the inequality, add or subtract the identified value. Then, ask the students if this is 

the only value for x. The students who cannot represent x should sit down. Then, ask the 

students why more than one person can represent x. 

Solution: 

l.) x-4::;3 
x:s;7 

Activity #3 Description: 

2.) x+2~4 
x~2 

3.) x-5:S;-7 
x :s; -2 

In the third activity, the students will be shown several inequalities that have been solved 

for x and the students will be asked to identify which grouping does not belong. This activity is 

to assess the students understanding of the differences between equations and inequalities. 

Solution: 

Circle the one that does not belong. 

a.) -3x+5:s;g 
- 3x:S; 3 

x ~-1 

c.) 6x -2 < 34 
6x <36 
x<6 



Activity Sheet 

Name: 

Human Number Line 

1.) x ~ 3 

2.) x ~ 10 

3.) x ~-2 

Think About It! 
• Why can more than one person represent the value of x? ____________ _ 

Human Number Line (Continued) 

Solve the following inequalities for x by using the human nwnber line. 

1.) x-4~3 

2.) x + 2 ~ 4 

3.) x-5~-7 

Think About It! 
• What does it mean to solve an equation? __________________ _ 

• What does it mean to solve an inequality? _________________ _ 



Circle the one that does not belong. 

a.) - 3x + 5 S 8 
-3x s 3 

x ~-1 

b.) 4x-8~12 
4x = 20 
x=5 

c.) 6x - 2 < 34 
6x < 36 
x<6 

Think About It! 
Why does this one not belong? ______________________ _ 



Error Description: Inequalities 

Error: 

Students do not change the inequality sign when they multiply or divide by a negative 

coefficient when solving inequalities. 

Reason for Error: 

Students memorize the procedure for solving inequalities, but forget to switch the 

inequality sign when they multiply or divide both sides of the inequality by a negative 

coefficient. The students do not conceptually understand why the sign must be switched. 

Activity #1 Description: 

In the first activity, students will complete a table. In order to complete the table the 

students must determine if their answer satisfies the inequality or does not satisfy the inequality. 

By determining which x values satisfy the inequality, the students should be able to determine 

which inequality sign is appropriate. 

Solution: 

-4x~ 8 
x -4x Satisfies the inequality/ Does 

not satisfy the inequality 

-4 16 Satisfies the inequality 
-3 12 Satisfies the inequality 
-2 8 Satisfies the inequality 
-1 4 Does not satisfy the inequality 
0 0 Does not satisfy the inequality 
1 -4 Does not satisfy the inequality 
2 -8 Does not satisfy the inequality 
3 -12 Does not satisfy the inequality 
4 -16 Does not satisfy the inequality 

• Which values for x satisfied the inequality? -4, -3, -2 
• Based on the table, what is the solution to the inequality? xs-2 



-6x-2 > -26 -
x -6x Satisfies the inequality/ Does 

not satisfy the inequality 

-2 10 Satisfies the inequality 
-1 4 Satisfies the inequality 
0 -2 Satisfies the inequality 
1 -8 Satisfies the inequality 
2 -14 Satisfies the inequality 
3 -20 Satisfies the inequality 
4 -26 Satisfies the inequality 
5 -32 Does not satisfy the inequality 
6 -38 Does not sati~ the inequality 
7 -44 Does not satisfy the inequality 

• Whlch values for x satisfied the inequality? -2, -1, 0, 1, 2, 3, 4 
• Based on the table, what is the solution to the inequality? x s 4 

1 
--xs8 

2 
x 

-20 
-19 

-18 
-17 

-16 
-15 

-14 
-13 

-12 

1 
--x 

2 

10 

9~ 
2 

9 

8! 
2 

8 

7~ 
2 

7 

6~ 
2 

6 

• Which values for x satisfied the inequality? 
• Based on the table, what is the solution to the inequality? 

Satisfies the inequality/ Does 
not satisfy the inequality 

Does not satisfy the inequality 
Does not satisfy the inequality 

Does not satisfy the inequality 
Does not satisfy the inequality 

Satisfies the inequality 
Satisfies the inequality 

Satisfies the inequality 
Satisfies the inequality 

Satisfies the inequality 

-16, -15, -14, -13, -12 
x ~ -16 



Activity #2 Description: 

In the second activity, the students will solve the same inequalities given in Activity #1 

algebraically for x. Then, the students will compare their answers to their results in Activity # 1. 

If the students did not change their sign when solving the inequality algebraically, the students 

should notice that their answers are not the same as the results they got in their tables in Activity 

#1. 

Solution: 

1.) - 4x ~ 8 

-4 8 
- x.:5 -
-4 -4 

x .:5 -2 

2.) -6x-2 ~ -26 

- 6x - 2 + 2 ~ -26 + 2 

-6x ~ -24 

-6 -24 
- x.:5 --
-6 -6 

x.:54 

1 
3.) --x.:58 

2 

1 - - x{ - 2) .:5 8{ - 2) 
2 

x ~ -16 



Activity #3 Description: 

The third activity has two parts. First, the students must detennine the correct inequality 

sign that makes the given inequality statement true. Next, the students must explain how they 

determined which sign was correct. Then, for the second part of the activity, the students will be 

challenged to solve the same inequality without dividing by a negative coefficient. Parts one and 

two of Activity #3 should produce the same answer. The purpose of this activity is to reinforce 

the fact that it is only necessary to switch the inequality sign when both sides of the inequality 

are multiplied or divided by a negative coefficient. To assess the students' understandings, they 

are asked to make a conclusion about solving inequalities with negative coefficients based on 

these activities. 

Solution: 

1.) -4x~-36 
x~9 

2.) Can you solve - 4x ::; -36 without dividing by a negative coefficient? 

- 4x + 4x ::; -36 + 4x 

0::; -36 + 4x 

o ~ 4(-9+x) 

o 4 
-~-(-9+x) 
4 4 

0::;; (-9+x) 

O+9::;;(-9+x+9) 

x~9 



Activity Sheet 

Name: 

Using the corresponding inequalities, complete the tables below. 

-4x ~ 8 
x -4x Satisfies the inequality/ Does 

not satisfy the inequality 

-4 16 
-3 
-2 
-1 
0 
1 
2 
3 
4 

Think About Itt 
• Which values for x satisfied the inequality?~ ______________ _ 
• Based on the table, what is the solution to the inequality? _________ _ _ 

-6x-2 ~ -26 
x -6x-2 Satisfies the inequality/ Does 

not satisfy the inequality 

-2 10 
-1 
0 
1 
2 

3 
4 
5 
6 
7 

Think About Itt 
• Which values for x satisfied the inequality? _______________ _ 
• Based on the table, what is the solution to the inequality? __________ _ 



1 
--x~8 

2 
x 

-20 
-19 
-18 
-17 
-16 
-15 
-14 
-13 
-12 

Think About It! 

1 Satisfies the inequality/ Does 
--x not satisfy the inequality 2 

10 

• Which values for x satisfied the inequality? ______ _________ _ 
• Based on the table, what is the solution to the inequality? __________ _ 

Solve the following inequalities. 

1.) - 4x ~ 8 2.) -6x-2 ~ -26 
1 

3.) --x~8 
2 

Think About Itl 
• How do your answers compare to the conclusions you made based on the tables you 
completed in Activity #1 ? _________ _______________ _ 



Complete parts 1.) and 2.) of this activity. 

Determine the inequality sign that makes the following inequality statement true. 
1.) -4x~-36 

x 9 

Think About Itl 
• How did you determine which inequality sign was correct? _ _ __________ _ 

2.) Solve - 4x ~ -36 without dividing by a negative coefficient. 

Think About It! 
• How does your answer compare with the answer you found in 1.) of Activity #3? ____ _ 

• What conclusions can you make about solving inequalities with negative coefficients based on 
what you have learned while completing these activities? _____________ _ 



Error Description: Laws of Exponents 

Error: 

Students erroneously apply the wrong rule corresponding to the "Laws of Exponents." 

For example, students may multiply the exponents instead of adding the exponents in order to 

simplify an expression such as x a x b 
. 

Incorrect Example: x 2 x 3 = x 6 

Reason for Error: 

Students simply memorize the "Laws of Exponents" and then erroneously apply the 

wrong procedure to a given situation. Students do not conceptually understand how the 

multiplication of x a x b is equivalent the expression x a
+

b in which the exponents are added. 

Activity #1 Description: 

In the first activity, students will complete two tables. The tables require students to 

factor expressions, write a new expression in exponential notation, and then draw a conclusion 

about the relationship between the exponents in the original expression and the exponents in the 

new expression. This activity is to help students conceptually understand why X
O x b = x a

+
b and 

why (x a y = xo xb
. This activity allows students to discover patterns and make connections for 

themselves. 



Solution: 

Expressions Factors Factors Exponential What is the 
Notation relationship 

between the 
exponents in 
the original 
expression and 
the exponents 
in the new 
ex~ession? 

(X2 ) (XXXY (x X X Xx X X Xx XX) 
6 2x3=6 X 

(y3t (yxyxyt (y X Y X Y Xy X Y X Y Xy X Y X Y Xy X Y X y) i2 3 X 4 = 12 

(x5
) 

(x X X X X X X X X Y (x X X X X X X X X Xx X X X X X X xx) 10 5 X 2 = 10 X 

Expressions Factors Exponential Notation What is the relationship between the 
exponents in the original expression and 
the new expression? 

X2 X 3 (X X X Xx X X XX) 
5 2+3=5 X 

y3 y 4 (yxyxyXyxyxyxy) y7 3+4=7 
5 2 

(X X X X X X X X X Xx xx) 7 5+2=7 X X X 

Activity #2 Description: 

In the second activity, the students will be asked to develop their own "Laws of 

Exponents" based on any conclusions they made in the tables. Therefore, rather then giving the 

students the "Laws of Exponents," the students will have to develop the laws using their own 

understandings. The students can write their "Laws of Exponents" using any form of 

representation that illustrates their understanding. For example, students may illustrate their laws 

using expressions or sentences. By creating their own "Laws of Exponents," students can store 

this knowledge in a form that will be easiest for them to recall and apply to future mathematical 

problems. 

Solution: (Students' representations may vary.) 

1.) (xa) = xoxb 

2.) XO Xb = x o+b 



Activity #3 Description: 

In the third activity, students will self-assess their understanding of the laws that they 

created in the second activity. Students will convert x 8 into three equivalent expressions 

involving exponents. This activity tests the students' abilities to apply the "Laws of Exponents" 

that they developed. 

Solution: (Students' answers will vary.) 

1.) x 5 x 3 

2.) (X2)4 
3.) X4X4 



Activity Sheet 

Name: 

Complete the following tables. 

Expressions Factors Factors Exponential What is the relationship 
Notation between the exponents in 

the original expression and 
the exponents in the new 
expression? 

(x 2 y (xxxr (x x xXx x xXx x x) x6 

(y3t 
(x5

) 

Think About It! 
• In general, based on the table, what is the relationship between the exponents in the original 
expressions and the exponents in the new expressions? _______________ _ 

Expressions Factors Exponential What is the relationship 
Notation between the exponents in 

the original expression 
and the exponents in the 
new ex~ression? 

X
2
X

3 (x X X Xx x x x x) x5 

y3 y 
4 

X
5
X

2 

Think About It! 
• In general, based on the table, what is the relationship between the exponents in the original 
expressions and the exponents in the new expressions? _______________ _ 



Using what you learned by completing the tables above, develop your own "Laws of 
Exponents." 

1.) 

2.) 

Write at least three different expressions that are equivalent to x 8 using the "Laws of Exponents" 
that you created. 

1.) 

2.) 

3.) 

Think About It! 
• How do you know that these three different expressions are equivalent to x 8 ? ______ _ 



Error Description: Laws of Exponents 

Error: 

Students erroneously apply the wrong rule corresponding to the "Laws of Exponents." 

For example, students may divide the exponents instead of subtracting the exponents in order to 

simplify an expression such as b • 
X 

8 

Incorrect Example: 
X 4 
-=X 
x 2 

Reason for Error: 

Students simply memorize the "Laws of Exponents" and then erroneously apply the 

a 

wrong procedure to a given situation. Students do not understand how the division of ~ is 
x 

equivalent to the expression x a
-

b in which the exponents are subtracted. 

Activity #1 Description: 

In the first activity, students will complete a table that requires them to factor 

expressions, simplify expressions, write expressions in exponential notation, and then draw 

conclusions about the relationship between the exponents in the original expressions and the 

exponents in the new expressions. 

Solution: 

Expression Factors Simplify Exponential What is the relationship between the 
Notation exponents in the original expression and the 

exponents in the new expression? 
5 XXXXXXXXX XXXXX x 3 5-2=3 x 

-
x2 xxx 

4 yxyxyxy Y Y 4 - 3 = 1 y 
-

3 yxyxy Y 
5 XXXXXXXXX 1 1 5 - 7 =-2 x -- --
7 XXXXXXXXXXXXX XXX X

2 
X 



Activity #2 Description: 

In the second activity, the students will be given an expression involving division and the 

students will be asked to rewrite the expression in an equivalent form that involves 

multiplication. Then, students will be asked if it is possible to simplify the expression using the 

"Laws of Exponents" that they created on the previous activity sheet. 

Solution: 
3 

1) X 3 - 2 
· -? =x X 

x -

• How can you apply any of the "Laws of Exponents" you developed in the previous lesson to 
this situation? Add the exponents to get x . 

8 

2) X 8 -4 
· - 4 =x X 

X 

• How can you apply any of the "Laws of Exponents" you developed in the previous lesson to 
this situation? Add the exponents to get X4. 

6 

3) X 6 - 7 
· - 7 =x X 

x 
• How can you apply any of the "Laws of Exponents" you developed in the previous lesson to 

-I 1 
this situation? Add the exponents to get x or - . 

x 

I 2 

5.) (x 2 )3= x3 
I 1 

6.) (X2)4= X"2 

Activity #3 Description: 

Based on any conclusions the students made in Activity #1 and in Activity #2, the 

students will be asked to revise the "Laws of Exponents" that they created on the previous 

activity sheet. The students can use any form to illustrate their "Laws of Exponents," such as 

using words or expressions. This activity serves to help students form connections between the 

"Law of Exponents" that they created. 



Solution: (Students' representations may vary.) 

n 
X n-b 2.) -=X 
x b 



I 

Activity Sheet 

Name: 

~ 

Complete the following table. 

Expression Factors Simplify Exponential What is the relationship between 
Notation the exponents in the original 

expression and the exponents in 
the new expression? 

5 XXXXXXXXX XXXXX X3 X 
-
X2 XXX 

4 
Y -

3 
Y 

5 
X 
-
X7 

Think About It! 
• In general, based on the table, what is the relationship between the exponents in the original 
expression and the exponents in the new expression? _______________ _ 

3 

1.) Rewrite .:;- using multiplication instead of division. x -----------------

Think About It! 
• How can you apply any of the "Laws of Exponents" you developed in the previous lesson to 
this situation? -------------------------------

8 

2.) Rewrite ~ using multiplication instead of division. 
x -----------------

Think About Itl 
• How can you apply any of the "Laws of Exponents" you developed in the previous lesson to 
this situation? ---------- ---------------------



6 

3.) Rewrite';' using multiplication instead of division. ______________ _ 
x 

Think About It! 
• How can you apply any of the "Laws of Exponents" you developed in the previous lesson to 
this situation? -------------------------------

4.) How can you apply any of the "Laws of Exponents" you developed in the previous lesson to 
1 

ilie~pres~oo~6~?---------------------------~ 

5.) How can you apply any of the "Laws of Exponents" you developed in the previous lesson to 
1 

the expression (X2)3 ? ___________________________ ~ 

6.) How can you apply any of the "Laws of Exponents" you developed in the previous lesson to 
1 

the expression (x 2 r ? ______________________ _____ ~ 

Based on your conclusions from Activity #1 and Activity #2, write / revise the "Laws of 
Exponents" that you created on the previous Activity Sheet. 

1.) 

2.) 



Error: 

Error Description: Quadratic Equations 

Students fmd only the positive result when solving certain quadratic equations. 

Incorrect Example: 

x 2 = 16 

.Jx2=J16 
x=4 

Reason for Error: 

Students do not recognize that there is more than one value of x that can satisfy the 

equation. 

Activity #1 Description: 

In the first activity, the students will be asked to determine what numbers squared are 

equal to 16, what numbers squared are equal to 25, and what numbers squared are equal to 49. 

Solution: 

1.) What numbers squared are equal to 16? -4,4 
2.) What numbers squared are equal to 25? -5, 5 
3.) What numbers squared are equal to 49? -7, 7 

Activity #2 Description: 

In the second activity, the students will use a graphing calculator to graph y = x 2
. The 

students will then be asked questions about the x-values that relate to particular y-values. The 

purpose of this activity is to further emphasize the fact that there are two possible values for x 

that correspond to each y-value, a number and its opposite. 



Solution: 

5) 

/ 
4J 

3) 

2) 

10 

.~I/< 
-6 -4 -2 2 4 6 

• If y=4, what does x equal? -2,2 
• If y=9, what does x equal? -3,3 
• Ify=36, what does x equal? -6,6 
• How many x-values correspond to each y-value? two 
• How are the x-values related? They are opposites. 

Activity #3 Description: 

The third activity serves as a self-assessment activity. The students will be asked to solve 

four quadratic equations of the form y = x2
. The purpose of this activity is to ensure that 

students find both possible values for x. 

Solution: 

1.) x2 = 49 

x=±J49 
x = ±7 

2.) x 2 = 9 

x=±J9 
x = ±3 

3.) x2 = 64 

x=±-J(;4 
x = ±8 



Solve the following equations for x. 

1.) x2 = 49 3.) x 2 = 64 

Think About itl 
• How did you solve each equation for x? __________________ _ 
• How many solutions for x does each equation have? How do you know? ______ _ 

• How are the solutions related? ----------------------



Error Description: Solving Polynomial Equations 

Error: 

When solving some polynomial equations for x, students divide by x and lose a solution. 

Incorrect Example: Solve x2 = x 

-=-
x x 

x = 1 

Reason for Error: 

Students believe they can divide by x not realizing that they are losing a solution. 

Students do not realize that x could equal 0 and division by 0 is undefined. 

Activity #1 Description: 

In the first activity, the students will be challenged to determine which numbers are equal 

to their squares and which numbers are equal to their cubes. The purpose of this activity is to 

show students that there is more than one number for which this is true. This means that there is 

more than one value of x that satisfies x 2 = x and x 3 = x. The students will then be asked to 

determine why it would be incorrect to divide both sides of the equation by x in order to solve for 

x. The purpose ofthis question is for students to determine that since x can equal zero, dividing 

by x is the same as dividing by zero which is undefined. 

Solution: 

1.) What numbers are equal to their squares? 0, 1 

2.) What numbers are equal to their cubes? 0, 1,-1 



Activity #2 Description: 

The second activity has the students solve the equations x 2 = x and x 3 = x algebraically 

for x . Then, the students will be asked to explain how they solved the polynomial equations. 

Lastly, the students will be asked to graph y = x 2 
- x and y = 0 on the same coordinate plane and 

then y = x 3 
- x and y= 0 on the same coordinate plane using a graphing calculator. The 

students will be asked to compare how the intersection of these functions compares to the 

solutions they found when solving the polynomial equations. The graphs will give the students a 

visual representation of the solutions of the polynomial equations. 

Solution: 

1.) x 2 = X 

x 2 
- X = 0 

(xXx -1)= 0 

x=O x=1 

2.) x 3 
= X 

3 -x=O X 

(xXx 2 -1)=O 

x=O X = 1 

-4 

x =-1 

\ 

\ 

~ .. -
-2 -) 

1 .5 

1 

0.5 

i _ 

-2 I I 1-0.5 

I -1 

I -1.5 t 

2 4 



Activity Sheet 

Name: 

1.) What numbers are equal to their squares? __________________ _ 

x 2 = x 

2.) What numbers are equal to their cubes? _______ ___ ________ _ _ 

x 3 = x 

Think About It! 
• Based on your answer, why should you not divide both sides of x 2 = x and x 3 = x by x to 
solve for x? ------------------- - - - - --- --- ----

Solve the following quadratic equation for x. 

l.) x 2 = X 

x 2 
- X = 0 

Think About It! 
• What did you do to solve for x? - - - - - - - ----------- ------
• Why? ______________________________________________________________ _ 
• How many solutions does the equation have? ___________ ______ __ 

• Graph y = x 2 
- x and y=O on the same coordinate plane using a graphing calculator. Draw a 

rough sketch of the graphs below. Find all intersections of these two functions. How do the 

intersections correspond to the solutions of the polynomial equation x 2 
- x = O? 



2.) x 3 = X 

x 3 -x = 0 

Think About It! 
• What did you do to solve for x? ______________________ _ 
• VVhy? ______________________________________________________________ _ 
• How many solutions does the equation have? _______________ __ _ 

• Graph y = x 3 
- x and y=0 on the same coordinate plane using a graphing calculator. Draw a 

rough sketch of the graph below. Find all intersections of these two functions. How do these 

intersections correspond to the solutions of the polynomial equation x 3 
- x = 0 ? _____ __ 

Solve the following equations for x. Check your solutions. 

1.) 2X2 = X 2.) 4x3 = X 

Think About It! 
• How do you know that you have found all of the solutions for each equation above? ____ _ 



I 

Error Description: Distributive Property 

Error: 

Students distribute the exponent to all quantities in the sum. 

Incorrect Example: (x + y) = (x 2 + l) 

Reason for Error: 

Students are aware of the distributive property where a quantity is multiplied by a sum 

and the quantity can be distributed to all quantities in the sum and multiplied by each of them 

separately. Students overgeneralize and believe that this property also applies to powers. 

Activity #1 Description: 

In the first activity, the students will compute and compare various expressions. Then, 

based on these computations the students will be asked to make conclusions about (x + y)2 

compared to (x2 + y2), (x + y Y compared to (x3 + y3), and (-Fx" + JY) compared to (~x + y) . 

Solution: 

l.) (2+4)=36 

2.) (3 + 5y= 64 

3.) (6+7Y= 169 

1.) (2+3y= 125 

2.) (3+4)3= 343 

3.) (5+2y=343 

1.) (F9 + -J16) = 7 

(22 +42)= 20 

(32 +52)=34 

(62 +72)= 85 

(2 3 +33)=35 

(33 +43)=91 

(53 + 23
) = 133 

2.) (J2s + ..)144) = 17 

3.) (..)64 + ..)225)= 23 

(J9+i6)= 5 

(..)25 + 144) =13 

(..)64 + 225) =17 



Activity #2 Description: 

In the second activity, the students will use algebra tiles to determine if the statement 

Solution: 

Activity #3 Description: 

The third activity is a self-assessment activity. Using the knowledge that the students 

developed in Activity #1 and in Activity #2, the students must expand the given expressions. 

The students will then check their answers using algebra tiles. 

Solution: 

1.) (x+3y 
=(x+3Xx+3) 
= x 2 + 6x + 9 

2.) (y -2Y 
=(y-2Xy-2) 
= y2 -4y+4 



Activity Sheet 

Name: 

1.) Compute (2 + 4Y and (22 +42)? How do your answers compare? ________ _ 

2.) Compute(3+5Y and (32 +52)? Howdoyouranswerscompare? ________ _ 

3.) Compute (6 + 7Y and (62 + 72 )? How do your answers compare? _______ _ _ 

Think About Itl 
• Based on these computations, what can you conclude about (x + y y and (x 2 + y2)? 

1.) Compute (2 + 3y and(23 + 33)? How do your answers compare? _____ ___ _ 

2.) Compute (3 + 4Y and (33 + 43)? How do your answers compare? ________ _ 

3.) Compute (5 + 2)3 and (53 + 23)? How do your answers compare? ________ _ 

Think About Itl 
• Based on these computations, what can you conclude about (x + y)3 and (x3 + y3)? 

1.) Compute (J9 + .Ji6) and (.J9 + 16)? How do your answers compare? ______ _ 

2.) Compute (.J25 + .J144) and (.J25 + 144)? How do your answers compare? ___ _ _ 

3.) Compute (.J64 + .J225) and (.J64 + 225)? How do your answers compare? ____ _ 

Think About Itl 
• Based on these computations, what can you conclude about (fx + JY)and (J x + y) ? 



2.) Matt claims that {x + y y = (x2 + y2). Use algebra tiles to determine whether Matt is correct 
or incorrect. Draw a picture of your algebra tiles below. 

Think About Itl 
• Is Matt correct? Why or why not? ______ ____ ________ __ _ 

• How does this illustrate the distributive property? ___________ ____ _ 

Expand the following expressions. Check your answers using algebra tiles. 

2.) (y -2Y 

Think About Itl 
• How did you use the distributive property to expand each of the expressions above? ___ _ 



Error Description: Sine & Cosine 

Error: 

Students believe that sin () and cos () can equal values less than -1 and greater than 1. 

Incorrect Example: cos () = 2 

Reason for the Error: 

Students conceptually do not understand how sin () and cos () are derived. As a result, 

students do not realize that sin () and cos () can only equal values between or equal to -1 and 1. 

Activity #1 Description: 

In the first activity, students will answer questions about sin(} and cos(} based on a 

diagram of the unit circle that has been constructed to represent a bicyclist's wheel. The purpose 

of this activity is to show students how sin () and cos () are derived for various values of () . 

Source: (Waner & Costenoble, 1997) 

Solution: 

• Why is sin () equal to the height of the triangle in the diagram of the wheel above? 
Sin(} is equal to the opposite side of the triangle over the hypotenuse of the triangle. 
Since the length of the hypotenuse is 1, sin () simply equals the length of the height of 
the triangle. 

• Why is cos () equal to the length of the base of the triangle in the diagram of the wheel above? 
Cos(} is equal to the adjacent side of the triangle over the hypotenuse of the triangle. 
Since the length of the hypotenuse is 1, cos () simply equals the length of the base 
of the triangle. 

• As () changes, predict what happens to sin () ? 
Sin(} increases and decreases between -1 and 1. 

• As () changes, predict what happens to cos () ? 
Cos(} increases and decreases between -1 and 1. 

• Based on the diagram, what are the maximum and minimum values of sin () and cos () ? 
The maximum value is 1. The minimum value is -1. 



Activity #2 Description: 

In the second activity, students will visit two websites and view animations of the sine 

and cosine curves. The purpose of this activity is to show students how the values of sin () and 

cos () change as the angle changes. (It may be necessary to take the students to a computer lab.) 

Activity #3 Description: 

In the third activity, students will determine which item does not belong in the given list 

based on their findings in Activity #1 and in Activity #2. The purpose of this activity is to 

assess whether the students understand that sin () and cos () will never be greater than 1 or less 

than -1. 

Solution: 

Circle the one that does not belong. 

1.) sin () = 1 

1 
2.) cos()=-

2 

4.) cos () = -1 



Activity Sheet 

Name: 

The picture below represents one of the bicyclist's wheels. As shown in the diagram, the radius 
of the wheel is 1. 

Think About It! 
• Why is sin e equal to the height of the triangle in the diagram of the wheel above7 ____ _ 

• Why is cos e equal to the length of the base of the triangle in the diagram of the wheel above7 

• As e changes, predict what happens to sin e 7 _ _ ______________ _ 

• As e changes, predict what happens to cos f) 7 _____________ ___ _ 

• Based on the diagram, what are the maximum and minimum values of sin f) and cos e 7 __ 



Visit the website listed below and click on the animations of the sine and cosine curves at each 
website. Watch what happens to sin 0 and cos 0 as the bicyclist's wheel rotates. 

• http://catcode.comltrigltrig08.html. 

• http://curvebank.calstatela.edultmitlunit.htm 

Think About Itl 
• Based on these animations, were your maximwn and minimum values for sin 0 and cos 0 in 
Activity #1 correct? Explain. _______________________ _ 

Circle the one that does not belong. 

1.) sinO = 1 

1 
2.) cosO =-

2 

3.) sinO=-2 

4.) cosO =-1 

Think About Itl 
• Why does this one not belong? ______________________ _ 



Error Description: Trigonometric Functions 

Error: 

Students distribute "sin" and "cos" as if they are coefficients. 

Incorrect Examples: sin(x + y) = sin x + sin y 

cos(x + y) = cosx + cosy 

Reason for Error: 

Students do not recognize that sin(x+y) and cos(x + y) do not represent multiplication. 

Students overgeneralize that "sin" and "cos" function similar to coefficients; therefore, they 

believe "sin" and "cos" represent quantities that can be distributed. This type of error would 

indicate that students do not have a conceptual understanding of trigonometric ratios. As a 

result, students do not recognize that by themselves, "sin" and "cos" are meaningless. 

Activity #1 Description: 

In the first activity, students will be asked to find the sin(x) and cos(x) using a given 

scenario and diagram. The goal is for the students to recognize that sin(x) and cos(x) represent 

ratios. 

Solution: 

) . () 150 1. smx=-
390 

360 
2.) cos(x)=-

390 



Activity #2 Description: 

In the second activity, the students will complete a concept card. First, the concept card 

has the students correct two incorrect sentences. Then, in the last part of the concept card, the 

students will be asked to express the given equations in words. The purpose of this activity is to 

show students that "sin" and "cos" have no meaning by themselves. 

Solution: 

• Half is 7. 

• The sine is 1. 

• sin A = J2 
2 

• sin 90° = 0 

• cos4Y = J2 
2 

• sin(x + y) = 1 

Activity #3 Description: 

Half of 14 is 7. 

The sine of x is 1. 

Th · fA · J2 e sme 0 IS -. 
2 

The sine of 90° is o. 

The cosine of 45" is .J2 . 
2 

The sine of (x + y) is 1. 

In this activity, the students will use their calculators to evaluate and compare the 

expressions sin(x + y) and sin(x) + sin(y). The students will retrieve the associated x and y 

values from the diagram of the Eifel Tower that is included on the activity sheet. 

Solution: 

1.) sin(x + y) = sin(24 + 36) = sin(60) = .J3 ~ 0.866025 
2 

2.) sin(x) + sin(y) = sin(24) + sin(36) ~ 0.406737 + 0.587785 ~ 0.994522 

• Is cos(x + y) = cos(x) + cos(y)? cos(x + y) -:t- cos(x) + cos(y) 



Activity Sheet 

Name: 

Dan is at the top of the Statue of Liberty and he can see Anna walking her dog on the 
sidewalk down below. Anna is 360 feet from the Statue of Liberty and Dan is at the top of the 
Statue of Liberty which is about 150 feet tall. The distance between Dan and Anna is 390 feet. 
Using the diagram below, find the sin(x) and cos(x). 

B 

150 

x 

A 

360 

1.) Compute the sin(x). 

2.) Compute the cos(x). 

Think About Itl 
• What did you do to find the sin(x)? __________ _ 
• Why? ____________________________ ___ 
• What did you do to find the cos(x)? ___________ _ 
• Why? _____ _________________________ ___ 



Complete the following concept card. 

What is wrong with the following sentence? 
Rewrite the sentence to make it correct. 

Halfis 7. 

What is wrong with the following sentence? 
Rewrite the sentence to make it correct. 

The sine is 1. 

Write sentences to match the following equations. 

sin A = J2 
2 

sin 90° = 0 

cos450 = J2 
2 

sin(x + y) = 1 ______________________ _ 



Use a calculator to evaluate the following expressions using the values in the diagram. 

1.) sin(x + y) = __ _ 

2.) sin(x) + sin(y) = __ _ 

, 
((~ 

Think About Itl 

Observation 
Deck #2 

Observation 
Deck #1 

• How do the answers compare? ___ _______ ___ _ ______ ___ _ 
• Is cos(x + y) = cos(x) + cos(y)? Why or why not? _____ ______ ___ _ 



Reflection 

Reflection 

Before completing this thesis, I am not sure I had ever asked myself "What is 

mathematics?" Throughout my educational experience, I have learned various procedures and 

algorithms in mathematics, but not until recently have I begun to explore mathematics more in

depth. By more in-depth, I mean understanding the concepts behind and the applications of the 

procedures and algorithms that I have previously learned. Then, while researching material for 

my thesis, I came across a book entitled The Glass Wall: Why Mathematics Can Seem Difficult 

by author Frank Smith. The book discusses the glass wall that exists between the physical world 

and the world of mathematics (Smith, 2002). The first chapter happens to be entitled, "What Is 

Mathematics?" Towards the end of this chapter, I came across the following question, "Is 

mathematics discovered or invented?" (Smith, 2002, p. 14). My immediate answer to this 

question was "discovered." But, did I mean discovered in the same sense that an archaeologist 

discovers an artifact or an astronomer discovers a star? This got me to thinking back to a college 

course that I had taken that was based on the history of mathematics. I began to recall how 

several mathematicians in different regions of the world had come to the same conclusions in 

mathematics and how the Egyptians were using the Pythagorean Theorem long before 

Pythagoras. From this I realized that the foundations of mathematics have always been there. 

Mathematicians have simply taken these foundations and invented the processes and devices 

needed to effectively and efficiently use these foundations. In addition, as time progresses, 

mathematicians continue to rediscover and reinvent these processes and devices. 

Once I realized that Pythagoras had not simply dug up the Pythagorean Theorem, but had 

instead rediscovered and reinvented knowledge that had already pre-existed, I began to wonder 

how the questions "What is mathematics?" and "Is mathematics discovered or invented?" affect 



Reflection 2 

a person's ability to learn mathematics. Throughout my educational experience, I thought most 

mathematical concepts were something that only a person of genius ranking could truly 

understand. I was successful in middle school and high school mathematics because I could 

easily memorize and apply procedures, but I never understood why or how those procedures 

worked. In addition, if I forgot a procedure, I was lacking the conceptual knowledge that I 

needed to develop the procedure myself. 

It was not until college that I developed a stronger understanding of mathematics. For 

example, prior to college, I did not understand pi and that derivatives and integrals could actually 

be applied to something in the real-world. Nonetheless, during the completion of my thesis, I 

came to realize that I still lack a conceptual understanding of some of the most basic concepts in 

mathematics. For example, one of the mathematical errors that I came across in my thesis was 

that students believe that the sine and cosine of a given value can be greater than one or less than 

negative one. I knew that the sine or cosine of a given value could not be greater than one or less 

than negative one, but I had no clue why. I found myself analyzing the unit circle and 

animations of the sine and cosine curves online. I was amazed. With these different 

representations, it was finally all coming together. I even found a website that transformed the 

unit circle into a bicycle wheel and animated the sine curve as the bicycle wheel rotated. I 

remember wondering why no teacher had ever taken the time to explain the concept behind 

trigonometric ratios and trigonometric functions in relation to the unit circle to me in a classroom 

setting. At this point, I realized that when addressing common mathematical errors in my thesis, 

I was going to have to start at the beginning and address the errors conceptually with many 

different representations. Also, based on my own educational experience, I realized that simply 

giving students procedures and algorithms was not truly teaching them mathematics. Just as 



Reflection 3 

mathematicians reinvent and rediscover mathematical knowledge, students need to invent their 

own mathematical understandings. Students need to be forced to think critically and work 

towards inventing the procedures for themselves. 

Learning mathematics occurs by reinventing and expanding on pre-existing mathematical 

knowledge. It is difficult to answer "What is mathematics?" because it is difficult to define 

mathematics, but if students learn mathematics by reinventing knowledge and applying it to real

world situations, they will realize that there is much more to mathematics than just procedures 

and algorithms. As for the question, "Is mathematics discovered or invented?," I believe it is a 

little bit of both. Through exploration and discovery, students can reinvent mathematics and 

constantly expand their knowledge of mathematics. 

Overall, while completing this thesis, I developed a stronger conceptual understanding of 

various mathematical concepts such as fractions, decimals, inequalities, and polynomials. I 

researched different representations to include on my activity sheets that addressed various 

mathematical errors. While exploring these different representations, I expanded my own 

knowledge base. In addition, while developing my activity sheets, I learned how to put together 

different representations to illustrate mathematical concepts in several different formats. In my 

research, I found that errors most often occur because not enough examples are considered 

(Ashlock, 2006). I am hoping that my knowledge of different mathematical representations will 

help me include numerous examples in future lessons to help prevent students from making 

mathematical errors in my classroom. Also, while working on my thesis, I came to realize how 

important it is to address errors within the classroom. Many of the errors that I addressed in my 

thesis were related to basic mathematical concepts that are the foundations on which students are 

expected to build their knowledge base as they progress through school. If these errors are not 



Reflection 4 

addressed, students will be trying to build their knowledge base of mathematics atop 

misunderstood concepts, which it not likely to prove successful. 




