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Continued Frections: Uses in Indeterminate Equations of

First and Second Degree

Continued frections are a method to obtain an end: they
prove to be very useful in higher algebra in solving first
and second degree indeterminate equatlons. It is my purpose
in this paper to review the theory of continued frections, and
to demonstrate the major uses of this technique. In some
cases I will introduce methods which may be used es supple-
ments to the continued fraction technique, and attempt to
compare the procedures and results of both methods,

¥ _b
1. An expression of the form Y t t4 is what

er 5
3\‘0@“’

fraction; where a, b, ¢, d, e,... are any quantities one may

is whet is known as a continued

choose, This expression is the most general cese of a

continued frazction. The abreviated form of this expression is

LT . SR

CxTex qE « At this early pericd, however,

we shall consider a more useful form of a continued frection.

\

2. This is the form ** ‘where a , a_, and & »

oyt i
are any quantities.l AEA
3., This expression may be written as Q\Fl- \ where

S Y A,y - - -

the addition sign helow the fraction 1lilne indicates adding

the nexgﬁraction as is shown in article (2).

1. H. S, Hall and S, R. Knight, Higher Algebra, lith edition,

(London, 1932), p. 273.
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If the number of guotilents 815 8Bps 83540 is finite, the con-
tinued frsction is a terminating continued fraction; if this
is not the case the continued frection is said to be a non-
terminating continued fraction. The latter will be discussed
in a leter section of the paper,

To convert a given fraction into a continued fraction the
following procedure may be used.

L. Suppose'.'“:‘.is the given frection; divide m by n. Let a

1
n
be the quotient and p the remsinder; ‘L‘a = &+ En ,» where p<n.
\ !
This quantity may be written =m< Q% & , which is
?

identical with the first quantity. One may now divide n by p,

allowing a, to be the quotient and g the remsindsr; themwn

_ \
Y-"\;,: Qav L or v‘\é = Qe . Divide p by q and let
v P
the quotient be a3; the remainder will be r, This process may

be continued indefinitely until the last division yields ar

integer., The result will eventually be in thils form:

\ oA
%R: Qy¥qx+l_ which may be written M A b
QS* . a -

Any frsction whose numerator and denominator are positive

may be converted into a continued fraction.

Example: Convert the frsction 332 into a continued fraction.
?31_5’ _.L—
== =5+t+3 = 5%
159 159 o Gii
5+ - > |
131 = S+ LTy = ! e ‘ -
N oo H+%i 5*“*;*q~5+tn‘ \
Y T M
l-‘
S A—
34 ) H¥ 34+ 24 vy
243
L‘

2, Ibid., p. 274.
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To simplify this long procedure one may use the familiar
technique of finding the greatest common measure of m and n,

The arrows indicete the divisor dividing the dividend, and

1 i‘\ ‘B;n 5
> L*\. 3N 3
3 3 B \

the quotients are placed adjacent to the dividends; the
remainders are entered below the dividend and become the new
divisors. The dividend is the previous divisor., To illustrate
this, dividing 832 by 159 yields 5, with a remainder of 37;
dividing 159 by 37 yields L and a remainder of 11, and so on.
One can observe that by writing the quotlents in order the
original fraction has been converted into & continued fraction
with & minimum of effort,
5. The frsctions obtained by stopping at the first, second,
third,...j;ionvergents of the continued fraction..3 Bach
successive convergent is closer to the true value of the
continued fraction, s will be demonstrated later,
6. The convergents are alternately less and greater than the
\ L

continued f‘raction.LL Assume Q, %+ —

qk%-q5~“.represents the

continued frection., The first convergent is aj. It 1s less
\

than the continued frecction because é’+ R is excluded.
= 3
The second convergent is Q\*‘él 5 this is too great

because the denominator of the second part is toc small, with é—

b N

being larger than which is the second step in

‘Q *—i
* QS\'Q~-

converting a fraction to & continued fraction.

3. Ibid., p. 27L.

4. 1Ibid,, p. 275.
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\ \

The third convergent, “w*'a-* o , is too smell because
. . 3
L_,T,_ is smsller than the required L ; and
Sadvog Xy v A
3 Oy « *°

7. The convergents of an odd order are all less than, and the
convergents of an even order are all greater than the con-
tinued fraction. This is true for all ceses; if m 1s smaller

then n assume aj= O,
8. To find what the convergent might be corresponding to any

particular guotient of the continued fraction, a method of

\ \ \

o e = L
! Qo ¥ Gyr G v -

formetion will now be developed. Assume

is the continued fraction, The first three convergents are

Dy, RO a, (e, vV va, , which may be derived
Aq Ay Qg &\
by stopping at any quotient, The convergent at a, is just aq;
Yy p g 1 J 13
C\\\-\_. TG LG
Q4 —_—
G,
1 GRS L.- A\ \ _
dakl = ' A Gyx\ Ar S ARGy
v ay > 0,635\ —
= q}k“fh*\\‘eq\ QB 0'\“5 *\
A2 A3

The numerator of the third convergent is formed by multiplying
the numerator of the second by the third quotient, and adding

the numerator of the first convergent; the denominatcr is formed
denominator
by multiplying the third quotient .+ by the = A. - of the

second convergent and adding the denominator of the first convergent.
9. Suppose thst the successlve convergents are formed in a

similar manner; assume the numergtors are denoted by P1s Ppos

P3yees and the denominators by 935 dp» q3,... « Suppose the

process of formation for convergents holds true for the ﬂth
convergent, where n> 3, Let Pa=%uPa. v > AnF gt ey for

th th

some value of n, The (n+ 1) " convergent differs from the n

5. 1Ibid., p. 275.



-5-

convergent only in heving the quotientq“*l_ in place of an.6

(SN

The (nH)th convergent, if a law is to be esteblished in the
formetion of convergents, should follow the previously intro-
duced pattern. The (n+1)th convergent equals,

ka“*&‘:\:\\ ot v Vot | @Bt W Prcy Congy P
b“* o YA ¥4 n @v\u\u\ t \\ Q- ¥ i C]_»\-x.

ana\

2 Q.v\\-\kan Pv\-\ A Ph-l\ ¥ P“'\
Gnan (Q“ CL\\_\*- q__vv-l\ y CL“\"\

O\V\-s\ P,\ + ?v\_\

Aasy Gny G,
One. may observe that the (n\'l)th convergent follows the pattern

W

assumed above for some n (9). Consequently the law of the
formetion o& successive convergents is shown to be true by
the use of mathematigal induction.

Example: Find the successive convergents of the continued

freetion 24 oL

——

L v —\-\-T.\-T\ -\-Ll .

%‘\‘- ?:\ 'y %L;-_ D S S A N O N N P )
~ " v {; .o )
Yo asvey v 8. % = \1-2841S WS>
T 37  4qs ot e
-k o bead T ny )
Po. 2-153%¥28 - 3puv2 3 3y
L 2R T Tel
th

10. If will be convenient to call e the n”" partial gquotient;

A4
Q“~\ *- GnvL * )
The complete quotient at any stage may be denoted by k. The

Pa = G Py & Vo
partial quotient st any stage is {i - gtd%“i v 31.:~ B

the complete quotient at this stage being X,

if the continued frection is represented by x, thenw x differs

Pa
qn

partial quotient an.7

from only in teking the complete quotient k instead of the

bQ Ibid.’ p- 276.
7. Ibid., p. 276
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11, If the complete quotient k is taken instesd of N s X

. Kpa-y & Q- 8 in
tekes the form X+ =F O .
\’\CL.\-\ ¥ H_“-L
12, If V% is the n convergent of a continued fraction, then

A
PnAn=1—P,_19 = (-l)n. ? To prove this important property of

convergents first assume a continued fraction is representeéﬁy

qd.% L L .. ; then by substituting in the values for

v O3 C\\\_

p, and q, we heve p q .- . Q .= (AwPa- b Pa)dna Py (0w G

An ‘\)'\-\%"\‘\'\‘ ?v.-—\- q_‘\—\ —_— ?.\-\ C\y\ q_n~\ — vh-\ CL-\,\-I
‘C \\\? =\ OLV\,-‘L = ‘?v\-,\ CL»\‘-\\

\_,\\1 k?w-‘-cj_v\-}——- \jh—b q_""""\ \in a like 3

manner,

L

l'

U

b e . & & - . ° - e @ - <

= \‘.',‘vlk?x A= Rch.\' But PG ,~%9q.* (CYCRE SO N == \‘_\\l
Therefore p,, “""?“\“q.n'*t““" If the continued fraction is
less than unity, the result will hold true, Here a1= 0, and
the first convergent is zero,

13, Each convergent must be 1n lowest terms, because if P,
and g, had a common dlvisor it would divide anh_;-?ﬂﬂcln, or
unity, which 1is impossible.lo

1y, The difference between two successive convergents 1s s

freetion whose numerstor is unity; Pu — ¥u\ o P40, —? G

q_\'\ 0)_\4\‘ ‘anLn§\ -

\
JGn-n Dy article (12).
15. Each convergent is closer to the value ofthe continued

frection than any of the preceding convergents.11 Suppose x

denotes the continued fraction, and o N Bﬁﬂ> I . and
P A Goasr '
é?%i. are three successive convergents; then by (11), x
L
P
differs from ——— only in teking the complete (n+2)R

it\ RS

quotient instead of %nar .

8. 1Ibid., p. 276.
G. Ibid., p. 277
10. 1Ibid., p. 277.
11, Ibid., o. 278.
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Denote this by ki then X=RNPan* @  y_ P, _KPasb O _ @
Kooabg. ) Tty
Gnar ¥ Y KEnetgn 4w

=KPan gt B Qn— K Qs P =G ¥ = K &?v\-\- \OLV\—'C‘_V\‘\'\ Pv\\

S PTETAC
= WA= ) . Un (R L T
9 k\(q_v\&v\-cb,\\ )
Wkl
JLS) —X = ?W*'\q n=Pu Oty = k_.\
A L\ (Rl 30 vy (R ¥ 90y

Now k is greater thsn unity, sand q, is less than Uy there-
fore one may observe that 1In both cases the difference between
Raxy  and x 1s numerieally less than the difference between

G .
v« and x, Consequently every convergent iscloser to the value

~
;} the continued frection than any of the preceding convergents,
16. By considering articles (6) and (1ll) together one may
observe that the convergents of an odd order continuelly incresase
but are alweys less than the continued fraction; and convergents
of an even order decresse continually, but their values are
alweys greater than the continued fraction.

17. Limits of error may be esteblished in taking any convergent

for the value of the continued fraction.l2 Agein suppose .Eﬂ-\

Y4
Y P .
S et y and Ywmx1:  are three successive convergents of a

q_r\vl
continued frection. Let k denote the comclete (n¢2)tR quotient,
> K a -+ =% = __ W 0
As before, = z«\\—\x—;.\ . w ”i%\ T LkOL " \ &\ \
\ BaSAN SN wel YGn

J _ ) \
9n (K q.\»\%-\'\‘oln\ - q_v\ ci_n-t-\—’v i\:— «
< < _
Since k 1s grester then unity the difference between x and ;?
w

T

A A
is less thanq_kclkﬂ, snd grester than ﬁ_...(cl_m.v\—q.\\since qn) An .

Also since%w)Yathe error in teking Ya for x is less then 3
{ An 19

{
Since 113}\is less than"ik@ln+v¥ﬁ_ .
v

12. 1Ibid., p. 279.
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From the last article it is apparent that the error in teking
l
¥ for the continued fraction x is less than Gakny ? ©OT

h o
l . . 7 %= \
, since 4w 00\.“.\‘]_,\4- a-ye Consequently x—{: < 0\««-‘9_:’

q—“\ (.Q y\\»\i“‘i' iﬂ’\)

end finally the larger 841 is the closer’%aapproximates the

continued fraction,

One may conclude, then, that any convergent which
immediately precedes a large quotient 1is a near approximation
of the continued frectlon,

The properties of continued fresctions enable us to find
two small integers whose restio closely approximates to that
of two incommensuralbe guanitities, or to that of two quanitities
whose exsct ratio can be expressed only with large integers,
18. Any convergent of a continued fraction is a nearer
approximation of the continued fraction than any other fraction
with a smaller denominator.l3 To show this let x be the

continued fraction andgﬁl\ g: be two consecutlve convergents.
i

Tnr
Assume the fractimn%vdﬁh denominstor s less than an is nearer
x than.%i; then &£ must be nesrer x than Y=\ (15). Becsuse
> A\ ’
x lies between 4 and%—b—‘—‘ (15), r must be between g,?-‘—and ‘1"—‘—‘ .
O A\ 5 3 an "L\
X _ Pa. o= P\ t s
Therefore T — AN 7 ol éi__ which is less than
L (16). Taen L -Pan o cG, . _Sp < 3
. _ . n . .—— _V\_:\ g . ’ OP <\ = e St
Ll STERS Gdnn A T
But %:‘is a frection since s was essumed to be(ﬁﬂ; FGmA—SPu-

is an integer. An integer cannot be less than a fraction, and

consequently, our assumption is false,

13. 1Ibid., p. 280.
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By indirect proof, then,g__‘"must be neesrer the continued
LAY

fraction thenX .
)

19, If? andpare two consecutive convergents to a continued

l——
fraction x, thengft{ 1s greater or less than x2, a_ccording as

M Vo1
%L is greater than or less thean % . Choose k to be the
complete quotient corresponding tothe convergent immediately

following p. Then one may set XK= W Q*¥ by (11).

. K g+
Therefore f{a~\(," ’- L
L'L\

G4 \ k\(_?’ *i
= \) ?\ kK‘L\‘ -\—Ql\\ — ﬁ_i k\/\? - ?\
9w Ly 9.\"
- P! k\&"‘a‘:"\- LK‘L"L‘ &-CL"\ _ GLOL‘KK" P\\-\-L\’\ P‘?\_ ?\’\
LRSNG L NS AN

i a ™ \ . -
BORP R LT r ppgt - g 9t g4 kTP
1 &KCL_‘%—OL\”
1 (et v o\
L S VS W
The numerator may be factored into LK Li.-V L}\YCZ‘ Pi'\ .

A K ‘x\‘
The factor ko' CL'OLK )
ctor Pa- P is positive because p' » p, q'> g, since

each successive numerator is greater than the one before, as
are successive denominators, But k 1s grester than one;
thereforeﬂ?—:\— > or< x » according as pg'-p'q is positive or
negeztive, which depends on whether > or { ?\\ .

20. By investigation one may show tbdt the expressions
2 5 )
pq'-p'a, pp'-qa'x", p2-¢%x°, end Q'“x22p12 nave the same sign.ld

\
This investigation follows: (&) If %3 % , then 9 > R'q

14, Ibid., p. 281,

15, Ibid., p. 281,
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(
and the expressions are positive., From (19) them, Ej% B, x*

e
(g >
(B) from which ?\"Srﬁ‘;, orQ?‘-—thﬂxL)\ . (8) Also if X_t\_>)<w.
e\
v % \ ﬁ_l—
e £ Lmen RVEE L fromunien g5 o

Tt gt 5 AR Tl Sl S
In a2 similar manner one mey show the expresslions to be
negative when %‘4~%2. With the now existing prcofs and laws
the theory of contigﬁed fractions becomes a valuable aid in
solving indeterminste equations of first and seccnd degree.
The next portion of this psper will be devoted tc using the
theory of terminating continued frections to solve and dis-
cover techniques which are useful in working with linear
equations of the first degree,

Indeterminate ecuetions of the first degree are of the
form ax i"by: *c. Any linear equetion involving two integral
unknowns x and y may be reduced to this form, An eqguation
of this form, as will be seen, hes an unlimited number of solutions,

Because of the unlimlted number of solutions we shell
consider only positive integral solutions. One may easily
adjust the following procedures to find all solutions. It
is evident that axsx by= -c has no positive solutions.
Consequently we will confine our discussion to ax*by=c;
however, the theory could easily be gpnlied to ax:Xby= -c.
2l. One may find solutions in ovositive integers of the
equation ax-—by = c.16 Supposeftis converted intoc a continued
fraction; let%i'be the convergent just preceeding E; . By
article (12) ag-bp= *1,

Case 1.

If ag-bp= 1, the given equetion ax-by =c may be written:

16, 1Ibid., p. 285.
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ax-L \3; C@.’L""\)?\
m&—\,\,)r; co..tL—-C-—b‘z

‘ o\ k-cq)= 5K&y“é\

By the original supposition a and b have no common divisor.
Therefore x-cq must be divisible by b, and y=-cp must be
divisible by a. Therefore E%gg - L = géiigy N or
x-cq=bt, y-cp =at; hence x=bt+cqg, y= at +cp. Positive in-
tegral values may be obtained by giving t any poltive integral
value, or any negetive veslue less than the smaller of the two
quantities ¢3, ¢p . The negative values must be smaller because
cqg must be g;ea:;r than bt, and cp must be grester than at in
order for x and y to be positive; zero glso could be used as
a value of t,
Case 11,
If ag-bp=-1, 0\1\~\7)\_§~; ._C,Km cL..\) Q\
qx-bu:-uuki+LV€
ARy Cg = LRV C\>Y
o2y <= Slua ey
Using the same ressoning &ss wss used in Caseﬁ, b must divide
xvcqg, and a must divide y+cp. Therefore %ﬁﬂ!i;; vﬁjigp::
t, some integer, From this one can solve aga?n for x ;;é v
xycqg=bt, x= bt-cq; y =at-cp. Positive integrsl solutions
may be obteined by giving to t positive integrel values
which are greater than the smallest of the guantities, Eﬂr
and%f. Once aé}n 1t may be observed that the number of ®
solutions is unlimited. Also t may be given a negative

value if this vslue 1s numerieally less then the smaller of

< and <@ .
b

>
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It is obvious that one need not restrict the solutions
to positive values, but to simplify maters we will continue
to find solutions 1In terms of positive Integrsl numbers.

Case III,

If either a or b is unity, the fraction escannot be
converted into a continued frection anqthe above method will
not work, When this occurs, however, the solutions may be
written down by inspection. If, say, a=1, the equation is
x=-by=c, and x=by +c; by giving y different values one easily
finds x. In the same manner 1if b=1, the equation is ax-y=ec,
from which y zax-c., Positive values may be found by giving

x velues such that ax>c.

Exemple: Find solutions in positive integers of 29x-42y- 5.

First convertW:into a continued frsction. RY =\ &\d
1K DX = Q

ua =~ W VR W

VY e hma gy

The convergents of this continued frection are, L{ 3. ,\5 -,

o BT BT
The convergent immedistely preceeding "t is \d,

1328 -9 i 4
= 3\ -39 = -\
Therefore '2,,‘\ (‘*\ <. \5\) = iy (‘\3‘_ S_)
Lalxvresy = B wras)

X*\os U S . —
— = SRS o At 2R
LA -y k >

The algebrisc solution is then, x=42t-15, y= 29t-45.,
Letting t=2, one finds that x =19, y =13 are solutions of the
equation,

bExample: Solve the equation 755x-71ly=1. The continued

frection is S T R '
zg%{ \ ot Lt Ty 3 . The convergents
of this continued frection are L O 03 23y . A5y .,
DT RS P 2
: \
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The convergent immedistely preceeding 2 is 321V .
- © 351
Therefore N35SI0 — A\ 30 0= k)
LD\ BS — 23\ P = —\
% = VAN LR

N= NS5+ -39

Let t=1, x=LOL4, ¥ =429,
One mey observe now an important use of continued frsc-

tions., Continued fractions prove to be a useful technique
in solving lineer equations which possess large coefficlents,
22. If one solution oﬁ%he equation ax— by=c¢ 1is given, =
generel solution for all positive Integers may be developed.17
Suppose h, k 1s a solution of ax-by =c. Then ah-bk —c.
Therefore, ax-by- ah-bk, and a(x-h) —b(y-k). As before

5%?':\Li$~:‘t, an integer. The general solution is then
Xx—-hibt, y= k ‘at,
23, One may also find solutions of the ecuation ax&¥by=-c, if
there are any.lB Again let ﬁ(be converted into & continued
fraction, and 1et.¥. be the gonvergent just preceeding %;;
then aq-bp=x1 (12).
Case 1.

If ag-bp =1, ax +by = c(ag-bp)
ax+ by —caqg-cbp
a(cqg-x)=Db(y+cp)

Since & and b have no common divisor Lﬁﬁéjg = kﬁﬁéa?éx = t,
some integer. Therefore x- bt-cq, y= cp-;i. Positive

integrel solutions may be obtasined by gilving to t positive

integral v:slues greater than ¢ end less thancy .

17. 1Ibid., p. 286,
18, 1Ibid., p. 287.
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The number of positive solutions is limited, but if one
disreguards the signs of the solutions, the number of solutions
is unlimited,
Case II.
axy by=— -c(ag-bp)
ax + by- ~-caqg{-cbp
a(x +cq) =b(ep~ ¥)
X&<,ﬁ S LN = t, an integer, and x- bt-cq,
&) B
¥y —cp-at. Positive integral solutions may be obteined by
giving t positive integral values greater than <} and less
o
then <F . Ag:cin the number of positive solutions is limited,
A
but if the signs of the solutions asre dispeguarded, the
number is unlimited,
Case 111,
If either & or b is unity, the solutions may be found by
inspection as in Cese IIT of (.1).
2y, If one solution in positive integers of the equation
ax ¥ by = ¢ has been found, one may esteblish a general
solution.19 Let h, k be a solution of the equation ax iby =c;
then ah +bk= c, and &ax +by = ah +bk
ax-ah =bk-by
a(x-h)- b(k-y)
w=h = Ve L, an integer,
> oy
Therefore x=bt+h, y =k-at, the general solution.
25, At times it will be helpful to find the number of solu-

tions in positive integers of the equation ax-+by;;c.20

19, 1Ipbid., p. 287.
20, 1Ibid., p. 283
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To find this number let E’%be converted into a continued fresetion,
2

and 1315—% be the ® nvergent just preceeding C,:,; then aqg-bp =M.
Case I, - -

If ag-bp=1, the generasl solution is then x = cq-bt,
y- at-cp, by article (24). Positive solutions mey be found
by giving t positive integrel velues less than<g, and
greater than &:\\? o Suppose%\ and %_) are not inte\:;’g:_ers. In
order for cpandcyj to be Integers @z must dividejé, and b must
divide ¢ sicr\me pbis smaller than a, and g is smaller than b;
the numerator and denominetor of a convergent is always larger
than the previous convergent's numerztor and denominator,
Then %\2: m+f, and L.Cji}_.-_ n +g, where m end n egre positive
integers, and f and é are preoper fractions. The least velue
of t iIs m<+1 because t must be greaster than ¢& and be an
integer, The grestest value of t 1s then n ;g t cannot be

greater thang&and must be an integer,

>

A . (_:4“—' — [ !\) - Vimg — \”_\ \_ (.)\ —_ ST
'} Cn -
W= vy =

e e = e AL
'\__&f)\(Lﬁ\T)’@ (I -y

AN

- [ - .
RGN L

Since n-m is an integer, ¢ % -5 is an integer. Then

als

i
1

n-m=¢_ + some fresction, sccording ss f is grester or less
CA

than g. Therefore the number of solutions is the integer

¢
nearestg\—\—;, greater or less according to whether f5yg or f«g.

B, If %is an integer, g- 0 and one value is x -0,
>

o TS

;:.
{[74
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If %}is an integer, then x = 0 when y-= %;. Since g= 0, the
number of solutions is<¢ f, which must be an iInteger. There-
fore the number of soitzions is the greatest integer in éﬁ>¥\ s
or éﬁ% , depending on whether x= 0, yfz%;is counted as =&
positive solution,

C. Suppose that %iis an integer. In this case £ =0, and

one value of y is zero.

Ir xe.i, y=0., Including this solution would make the
least value of t in x- cqg-bt, y=at-cp, m; andﬁhe greatest
value would be n, Since n:%é, and M=, if t wes mor n

(A
one would hsasve 3%': Qgi-—t N 9§;~£__%§L
A 2 owca

\7 b} \%')\:W\-‘VV\

K= Q Yo = NEI
Consequently 1if the range of t is m<t<n one would have all

possible positive solutions, which would total n-miy 1, because
m must be included e2s 2 solution,

D, If < and ¢ are both integers, f= 0, and g-0; there-

=N >
fore both x and y would have a zero value. In this case the

least value of t is m, and the grestest value 1s n; hence the
number of solutions 1s again n-m+ 1, or ig*J\ .
Casell,

If aq-bp: -1, the general solution is x<bt-cq, y- cp-at,
Similar results will be obteined in this case,

Thus fer the theory of continued fractions has helped to

solve equations of the form ax+ by=1+ c. Also by using tpe

elementary theory of convergents to a continued fraction the
number of possible solutions to the above equaticn may be

established.
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Example: Find the number of positive solutilons offthe equa-

tion 1lx+ 15y= 1031, First rewrite the equation as by { ax = 1031,

Then convert © into a continued fraction. l?f:_[4tk’4 lfkkg
Oy “ P
The convergents to this continued frection are L_&5 AN .
IR T S

Then® is 4 , and aq-bp =1.
9. 3
15y+ 11x =1031(15.3-4+11)

11x +1031+4-11 =1031«15- 3 —15y.

11(x +4124) = 15(3093-y)

Axanf o doad-w
S 0\

AT IS E -y 3\3:5(1(-\3”\\‘&-0
If t =280, x =76, ¥ =13 is & solution. The total number of

positive integral solutions may be found by finding 2\, and

AN

then setting n-m:-& » f-g. (25-4)

we
Exsmple: A m S L ,ti.-— 2
A TS
= bovAl o
oS (5
12 Sl N j .

The number of positive integrel solutions to the equation
11x 415y =1031 is 7.

It is comparatively essy theoretically to solve three equations
ofﬁhree unknowns., One merely eliminates by a series of operations
two of the unknowns; this is known as solving equations
simulteneously., This method does not work, however, when one
needs to solve two equations of three unknowns. One ofjthe
importent functions of the theory of continued frections is
to provide a method of finding solutions to twe eguations of
three unknowns,

26. First consider the solution in positive integers of
equations of the form axy by +cz =d, By adding -cz to both

sides of the equation one may obtein ax s by =d-cz.
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One may then give 2z successive values of 0,1,2,..., from

which equations of the form axi+ by—c' evolve, Equations

of this form may be solved by the method already discussed (23).
Example: Find solutions of the equation 7x ~ 4y 19z =18,

let z = 1, 7xy 4y=18-—-19z.

By (23-11), convert %% into a continued fraction., . - |}

L
L\ \

A
+ 3
A
IR 3\

l;\\s“\‘L*\-\: “'\-—'\\(

Nk35¢mx'> W\)—*\

%9;} -~ \—x
l\l ——
y+2 =7Tt, l1-x =4t

y=Tt-2, I-4t=x

It is obvious that one cannot obtain integral solutions where
x and y are both positive, Solutions where x and y are of
different signs may easily be obtained by glving t various
values. Remembering that z was set at 1, 1f t =1 one has

X =2-3, y=5 and z =1 as a solution.

27. If two simultaneous eguatlions are involved, axi+ by +cz =
d, and a'x +b'ysec'z = 4', one may find positive solutions
by proceeding in the following manner.2l Eliminate one of
the unknowns, 2z éay; this will produce an equation of the
form Ax - By= C. Assume by (23) that x=h, y-g 1s a solution;
then the general solution can be written x=f +Bs, y =g -

A8 by article (24). Call these equatlons, equations #1.

By substituting in elither of the gilven equations values of x

and Yy one may obtain an equation of the form Fs 4Gz -H.

21. 1Ibid., p.289
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a( £~ Bs) +b(g- As) +cz =4

af +aBs +bg —bAs+cz2= 4

(aB-bA)s vcz =4 - af - bg,
or Fs{-Gz=H, as explained. Assume h, k is a solution of
the equation. The form by which one may obtzin solutions of
this equation is then s~ h +Gt, z-k _Ft by article (24).
Substituting for s in #1 one obtalns x - f+ Bh+ BGt,
y= & ~Ah— Agt., The values of x, y, 2 are obtalned by giving
to t suitable integral values.
Example: ©Solve the simultaneous equatlons 12x -1ly- 4z = 22,
and -4x y5y+ z 17. Multiply the second ecuation by 3.

12x — 11y +4z =22

-12x 15y 3z =51
4y + Tz =73, or Tz x4y =73.

Convert ‘l[_\ into a continuved fraction. The continued frac-

is :}_ ~\el o\ . The convergents are 1. » .
= vy 3 ‘ \ \

aqg-bp=-F=u 23—y,

' - = =>(Mv—u.

T3y 'k\v) ) 4 TN

R R L TR RN

Wy s Ay

LR T N

& - -

i )
2 AE-My, W NL=-TTE
The positive solutions must be from ™3 £ ¢ £ |4

L-\
Suppose t =20. z -80 - 73=17 1
y-146 - 140-6

One may find the general solution by (24),
ﬂ?:vﬁv\;“\ﬁg;kxng
I TN
L om Aoy
a ~
EE S SV e

Substltute these values in either of the given equations.

-4x + 5413-Tsy+ 3 + 48 =17
-4x 1+ 6 - 358 \+3 148 =17
-4x - 31g-= -51

318 +-4x = 51,
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Using (23) again, first convert Q& into a continued frac-

tion, 21 - 1 M\ . The convergents are 7\ ¥ 5\
R VoA Ty R T
By =~ Ko =y
S5 shm x T =Sk S\ Y-
EIR LA T S AR SEVA
SysN . )
XSY < ”i&ﬁ‘) S=€-5| sy X244 0¥ -3\ &
L.\ ,2)\ A
Positive values of s and x wlll be obtained when .

Let t =13, 8 =52-51, x= 408-403
8 =1 X = 5.

Substitute the general form of 8 in the general forms of y

and z; y=13-T(4t-519) z - 4(41-51)+ 3
y =13 - 28t 357 z =16t - 204\ 3
y= 370 - 28t z =16t - 201

Setting t =13, y =370 - 364 2z =208 - 201
=6

y - z =17
A solution of the simultaneous equations 12x - 1lly: 4z = 22
and -4x + 5y~ 2z =17 is x =5, y=6, z- 7.
28, 1If one solution in polttive integers of the equations
ax: bys ¢z =d, and a'x +b'y~c'z~-4' is found, the
general solution may be obt.ained.22 Often tlmes, however,
Vone positlve integral soclution is all that satisfles both
equations. OSuppose f,g,h 1s a golution; then af - bg s+ ch -
d, and a'f +b'gy c'h -a'.
By subtraction a(x-f)\% b(y-g) +e(z-h)-0
and a'(x-f) vb'(y-g) ~c'(z-h)= 0
‘Multiply the first e-uation by b' and the second by b.

ab'(x-f) *bb"(y-g) +b'e (z-h) =0

ab(x=f) +bb'(y-g) +be'{z~-h)= 0
(ab'-ab) (x-f) i-(b'e'=b'c) (z-h) =0

22, Ibld., p.290.
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(ab\ja\b\b(-— ©Y - (b= =
Lo WS Y S (b SAPAE TN

x-% = - - £t
\OL,\ ___\7)\ C - oty <

where t is some integer and k is the greatest common denomi-

nator. The third unknown 1is y, andiis found from the expres-
sion ;2??%?;0\ in the same manner as x and y. Thas the
general solution is x =~ & ¥&\ncﬁ—¥fﬁ\%¢ LNt %*\ﬁdk\,ngwsgi
2= (abothy e i h
<,

The more important uses of terminal continued have now
been pointed out and demonstrated. Another phase of contin-
ued fractions which proves useful at times will now be in-
troduced.

It has been shown that a terminating continued fraction
has rational cuotients and may be reduced to an crdinary frac-
tion with an integral numerator and denominator; a term-
inating fraction therefore connot be equal to an irrational.
A guadratle 1lrrational, however, can be expressed as an in-
finite continued fraction whose quotients recur, To assist
in understanding the theoretical conversion of a quadratic
irrational to a recurring continued fraction, an example will
first bg presented.

Ty preht

Example:/\&19 as a continued fractlon, and find a

serles of fractions approximating its value. First find the
greatest integer in JIO. [19=4 +([10-4)
now multiply ( I9 - 4) by its conjugate.

JI9 =4 v (19-4) ([19v 4)

Ta ea
Jas we (e L oav s fy
VT vl a9 dy Tl +d




Continue this process with i« PR ?Tiﬁii;- LN (e - l\
e S - —3
= DL “_LEL\ o ze (MR- (T Ay =9 v S5
B} ‘L*%?vx > 3 (T v VIR

Repeat for |19y 2, 8nd 80 on. -{i% v yv (TR v -0 = v SR =3
Y )

NS

R U’\;\i?;\)\\ FTE\‘\?_\ = 1y -)::— ~. \ v \
AR St x b VIR XD
- » ) 2
rLLf’; 3r(aas —3y: Sy T 2 = 34 5
R ey v 3
Cla X3 Ly Jaa-n \ b 2
by S' \}(‘;\\-L
S S W RN T vl = S \«A}
3 3 \5“\"c>\»(k\'7
After 8 the quotients 2, 1, 3, 1, 2, 8, recur; therefore(19 =
CoL oy
DES ANy o el

7\«-‘-}?_\“. .~
It is of importance to note that

after 8 the quotients recur, and that 8 is twice the first
quotient of 4; it will be shown later that the ocuotlents do
recur as soon as the cuotient which 1s double the flrst is
obtalned.

The flrst seven convergents are found just as before,

and would be, by article(8), %T > ﬂi\ PEAN ?‘ E%T \
‘j:%\., ‘?F%{> . « If the last quotlent was to be taken

as the value okaQ, the error would be less than kSlL\ (\ﬁ\

or less than Li{h\l whlch ecuals ,QAZ¢*<,L_'3 finally the

error ls less than .0000l. Thus the seventh convergent gives
the value correct to at least four declimal places.

With this introduection on how to form a recurring con-
tinued fraction, we may more easily understand thne theoretlcal
converslion of a quadratic lrrational into a recurring con-
tinued traction.

29. One may always convert a cuadratic lrrational into a

recurring continued fraction.
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Suppose N 1s a positive integer which 1s not an exact square

and OQ' 1s the greatest exact squarenN; then J N =<x{¥(yzi~0f\ =

NS L SV E L W N I Let b, be the greatest integer
m + ) \
contalned mm;ff; A L)then N YO\ = \0\ YN — \b\r\,\_ & -
A T O e L TART R o
by s —=a b+ where \ and YU =N-.*
\ = — . O - , = N ¢
T NINR SO (z\'\"\)\c\ -y LR ’\1-
MG -
. Similarly 'Q :ji;.: SR f;‘_(&i —
T {-5 o - Tt
— where iy =\ o o LB , -
NN SN ? U bk T Ty SN -
In general \S\E;\L_Q\_,‘" -\ ou A : NA,_',.‘_",C".”\ T e Tw -
T I\ STV riﬂ'i‘?; C\\i > N
o = \ey ~ - . eretfore N =
where SN ~\:rv\~—\ Vaa o Wo oy v N \/\,\_\e. (\\: ,\{_ (S N
SO X N .. ., eand consequently.N can

o \w»,_k»”{;y\r o q, -
be expressed as a continued fractlon. It has not been shown

that the perlods recur, but this will be shown later,

Since every recurring continued fraction or periodic
continued fractlon occurs from a quadratic irrational, 1t
would be safe to assume that, glven the periodic continued
fraction, one could tind the cuadratic irrational.

30, Every periodic continued fraction 1s ecual to one of the
23

roots of a guadratlc equation whose coefficlents are real.

Assume x represents the continued fraction, and y the recur-

i t, that i - Lox oy Lo -
ring part, at is NT ey O Cov NA s s oy ey OO
\‘ — [ \_ \X;\ ‘r . . }_‘:\_XN —\—‘\—1’\ ) Where a’ b, C, * s 0y 11, m, n'

- O \
esey U, V, are posltive integers. Suppose »2" are

C\__ \ { Ll

the convergents to x corresponding to the successlve guotients

h, k respectively; since y 1is the complete fraction, )( -
\
o ;

i ¢
[
1

¢ by article (11).

23, Ibid., p. 293.
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L \5 (/!_4 &7 A A |{\\
\ N -
A N W &
(’)\L G ~\ = (AR AN A T T_:j A
RN
et £ < be the convergentis successlve to the quotients
> 3 -S'/\
u, v respectlvely; then  “{= T 4xv because y is
f>\ \ \(>
the complete quotient. (11) Then p-1r V!ﬁgai .
U -0 ey es) = NAEahich NI
(r'e vc\kz L >
S L o' \’ ‘\\\:‘
r(\ L( o V\}r"\*' \ \‘.ii Sk g\ - (( \J\\—\\\ 1 A‘ n-’? jm‘g" \t
et oY

‘ .7/,\ e . - . F \ ‘
CLY R g S D e ) A A W A VAN
L“‘(?’\~%( 3\£&\>\‘w “(v k5¥r\\° ¢.M\9%3

But pg' =~-qp'=%1 by (12). y(s'yrs)-r'yer

( +8) -r'y-r=0
: B2y(s -r')y- i 0

This equation gives the value of y. One can see that the

roots are real and of opposlte signs; if the poeitlve value

of y be substituted into X”‘“\B*\ -, by rationalizing
SN
the denominator the value of x is of the form ’A\‘ \5 where

C

A, B, and C are integers, with B beling positive since the
value of y 1s real. One has found the value of the irra-
tional which had been converted into a recurring fraction.
An irfational of this form will not always follow the normal

irratlonal when converted lnto a continued fraction. The

second period does not necessarlly begin with , , nor does

the periodic part necessarily begin with the second partial

quotient. One can observe in the example that the second

1

periodlec cycle does not start with ) sy however,when
-J\\

only an irrational squere root 1is involved, the pattern will

be as previously descrilbed.
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Example: Express ﬁf—\&-L ¥&;¥ %"f\gk . as an irrational.

y - the periodic part, or N = Xi;¥;%*-T N L-v= L\

Ly BN
but x>~ yisl, therefore y—-x-1l. f—i= L \ -
LT3 e -\
AN T e oy
B ke lxah
{\_F\ - *;‘l _ XA A‘}\\_
DY \r 5 o
Lty oS =XYYL
Lt rx -V O
%fl~-L-* \Q = Vriw;lv , the irrational sought.
l.\ 2 ’

EXample: Find the difference of the squares of the continued

fractions av © o o and A Eﬁﬁ @m 3\

RSN PR L R
R =1 Ya '

PN B R W VR \{'; \-9__ 'S

ZL \- > - oa
\,\);, L N 200N

Aol = oo

Lo YA -
K— (N = .._&2..

XA O R

k-}‘w \‘NL _\\ N (L\/\(,\ P o> * \;
N
In a slimilar manner, AR &\ N

\L\_ - \(}; ——L_A - W
- L
Y e = A
N = ey
AN = Y CE N
The difference of the squares ¢f the continued fractions

v v b .
"EL\\‘_{:l\Lr Z—‘K\ o m N N and L = o A $~ C\ k\

Z,l"&' \r‘ \_N-",
is Nl U SO

It was stated earlier that a recurring continued frac-

tion consistis of recurring periods; thus far this has been

assumed.
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This fact willl, after some necessary preliminary material
has been established, be proved, It 18 evident that the
period will tegin whenever any complete quotlent is first
repeated. (29)
From (29) it appears that the quantities 2, rl,bl, bz,

b3...., are positive integers. This 1s true because aj

is the greatest positive integer 1in N. Thereforefﬁj)al, and

2

2
N"=-a; 1r Ty

Also bl’ b2, b3...., are poslitive for the same reason al is

is positive. Silnce Nz-alz, is r r. is positive,

positive.

31. It will now be proven that the quantities a,, 83y 84 eeey

e
r2,r3, Ppecesy are elso positive integers.24 Suppose i{ N
- N B
@?\ »y and %;\ are three consecutive convergents to N;
.
N

let %1 be the convergent corresponding to the partial
L\

quotient b o« The complete quotlent as defined earlier is

¥~ . T - o
UN Y A ; hence YN~ {R*A\ \ Q Q0 (J(\
o TR A o'y "
TN \“f:L‘?ff\“,f FUAR ST \ Ltk
R ‘r\“\\,\]‘g r\,\li
q' 5 UG - vy r" ! :
LN = Qg i Ny T IG5 PV - B ph T
Equating rationals and irrationals one has
#1 K g rtap=g N . ?*N‘UmL,§¥\15N

[N

A A
T =

Q\’kgkfliil
L

Substituting for r, in #1 one has,

S I I
e

24, Ibid., p. 296.
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From #1
O\V\ ‘Q\“ CL N — T T
Awn = ('1_\ N T
T
X
Substituting in #2 V- zﬂﬁjtf Gt Dy O ,
l P\ \ \,j (72“\!‘* A _/\;‘ P \‘,\ L < A D r?‘
Y\«keqi—»y”li\:; N L;yﬁﬁu
But pq' - p'g-%+1, and pq' - p'q, PP' - q¢'N, and

N (q')2 - (p')2 have the same sign (20). Therefore &, and r
are positive lntegers. Since two convergents precede the

complete quotient?ﬁ7ﬁkxx the invexstligatlon holds for
Cen

all values of n greater than one.

32. It may now be proven that complete and partial quotients

recurs? From article (27) one can see that rprn_1™ N—anz.

Also r, and rn_y are positive integers; therefore a, must be
less thanXﬁ: and a, cannot be greater than aj;. Consequently

&n cannot have any values except 1,2, 3, e, 813 that 1is,

the number of different values cannot exceed aq.

’

Also, ap.1~ rpbp=-a.,; rnbn:,anﬁ¥a and therefore r b,

n+l,
cannot be greater than 2al. Thus'rn cannot have any values
except 1, 2, 3..., 2a1;‘or, the number of different values
of r, cannot exceed 2a1. Conseguently the complete quotient
f?f - cannot have more than 2a12 different values.,

N

25. Ibid., p. 296,
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Therefore, some one complete gquotient, and therefore all
subsequent ones, must recur. Also b, 1s the greatest Integer

IngN } Q& ; hence the partial guotients must recur, and
{V\
the number of partial guotients in each period cannot be

2

l *
33, It will be shown that aI(an*‘rn.zb an-l*‘an‘;bn'rn-l’

is a positive interger,

greater than 2a

Therefore a _s-agr, ., since b4
and?ﬁ}-aﬁjrn-l. But N-an2:;rnrn_1 (29). Therefore
Jﬁ“ -~anZi, and al-an<?n.
34, We have assumed that the period of a recurring continued
fraction begins with the second partial quotient and term-
inates with a partial quotient double the first.27 This will
now be proven.

In (32) it is shown that a recurrence must take place;
suppose the (n+1)th complete quotient recurs at the (sil)th
complete quotient; the ag -a,, ry = Ins and bg :bn; if it
can be shown that ag_j-an_3,rg_y=r,_ 3, and bg-1=bn.) we
will have shown that if the (nil)th quotient recurs, so must
the (n®?) quotient and the (n-l)th, and so on.

2

One may establish rg_1rg=N = as:.N - a 2.r

n =Tp.iTpe 8ince

it is assumed that a =8any Ty

rg-r , and bsf;bn“(282.
(, o = - - ,-“ "* [

Again an_lﬁ.an:;bn_lr -1 a;jibs_lrs_lszs-l rn-13

therefore 8n-1"8g.1 = bn-1 ry 4 -bg.1Tn-1s

8 _1-8s-1="n-1 (Pn-1 -bs_1) -

26, Ibid., p. 297.
27. Ibid., p. 297.
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Consequently Q;~x;"\b\ﬁ\i_\b \Mﬁ\ which equals zero

_ ey
v -\

or an integer. But by article (33) a; -a, 4 r,_;, and

8185 31,/ Tg_qy5 that is aq - as_1<irn_l; therefore an~1—a3‘1<i

Tppe 204 #n-1 7 %g-1

be zero since ig‘lé elther zero or an interger. Consequently

must be less than unity and must

8g_q-8p-1» 8nd also by_; - by ;. If, then, the (n\l)"® com-

plete quotient recurs, the nt’h

1)th

complete quotlent must recur;

therefore the (n-~ complete quotient recurs, and so on.

This proof holds as in (31), if &, 1s not less than two.

Hence the complete quotlents recur beginning with the second

quotient m £Q, .
P

\
From this one can see that the recurrence begins with

the second partial quotien) It remains to be shown that

1°
the cycle ends with a partial quotlient equal to 2a1. Suppose

‘Siii?“ 1s the complete quotlent which just precedes the

(I

second complete quotient 'Jﬂﬂvf“ ;;;il¥«

. when it recurs;
\

"N ape then consecutive complete quotients; and,

-

and
an*_al anbn, rnrl;,N-alz' But N—algﬁrl; therefore r,

must equal one. Again a4 'aﬁ<§l’ or<l ; hence al - 8,=0, or
ap~aj. Also ana,ali_ggbn'zbn; therefore b, == 227, and the
hypothesis is proven.

35. It may now be shown that in any period the partial
quotients which are equidistance from beginning and end are

equal, excluding the last partial quotient.28 If the last

complete guotient 1s Q{gig“ then r, -1, &, 8, and b, -2a

l.
s

28, 1Ibid., p. 298.
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We shall prove r,_j1—7ry, an—lilag’bn-linl’

Ph-o ._,_;rg, ap_o =83, bp.o =bo.
If this can be established we wlll have proved the partial
quotients which are equidistant from beginning and end are

equal.

2:_ rl (34)0

also an-l_\\_ aj]= an_l %,an "*’"rn-lbn-l :I’lbn_l, and

al¥a2t;r1b1; therefore al*ae‘an—l'a:?lbl - rlb

n-l 3

ao- an:l::rl(bl“bn-l)' Hence a,- G, | :_\3\M&“\__\ which
[

equals zero or an integer. But Ux;&n_\</ QoS , that
-

18 € en-they A which 1s less than unity (33); thus

oy
ae—an_lz,o, ap ~8p_ 19 and bn-lzbn‘ Similarly rn_ = Toy

=\ and so 0
n-2, d ne.

36. At times the penultimate convergents, or the next to

8n-2 = 83, b

last convergents of recurring periods prove of use. 29 They
may be obtained in the followling manner. If n is the number

of partial quotlents in the recurring period, the penultimate

convergents of the recurring periods would be the nth, Qnth’

Bnth,..., convergents, BSuppose these are denoted by EZLW\;13,

— w G
[N RRNY jores respectively. Sinceyh = o

G gL
ot . . » the partial quotient
AT v g ,\/5«;'}\’ - - -k »:;m_\\n?.\\\‘ru\
corresponding to Pacy is 2al. Therefore

R
Ay ! (8). The complete quotient at the
C],n-\ T2 NS -y i

same stage 1s the period IPREVIN \ \

\ 3 - . ooo;

Py %i;fﬁ*mg

29. 1Ibld., p. 299.
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\ L

. v W \
this 1s equal to awa s 8ince |\ N = QA v WY v, v
L L _ ConsequentlyEN =
o L - . & 7 )
3’ \77.\~\‘\‘ (\U\ &r :N \ - \_\ b‘\\

u\\x ;\\CLV\ + Lv'\“\
Clearing of fractions,
W] (ay:Mapvay \=(apxNp, yp oy

qﬁﬁal \- Nqn+ qun_l = alp A0 an -\*‘pn_l ¢

qp¥neyr I ap_3="N - o

#1 &,9p1.0,_ 2 - D
and 1°n n-1 n

#2 N gp - alpn-\—— Y

n-l. b Q
Also \7« can be obtained from . and ‘~-u by tak-
L f_'\i ERY
1_ v\
ing for the quotient 1.m\¥’%‘¥¥; ¥¥- S\ which 1s
o oPax T gy
equal to "™\~ S
Lv‘
Then  © \\»() I o
ii? - \\”ffx - W\
KC\ \Q \CL\*( -,
which equals
a G (“\\' \.i‘i',\.., . Dv \ ()y\ \
ZCLT- L VI D ————— el
NGy Pn Py S TN R
e - from equations #1 and #2,
S T
Therefore Tuv _ Ay, o
TR =
P kﬂr L."\\ ’
lb—'\ !
(t{ Gn FEQ\ where QLM is the second periodic
Ve [T LLH
period.

General Examples:

—— T

A, Convert .a2"+1 into a continued fraction, and check by

employing article (30). TeT vy f;[&(\ﬂfﬁi,\ =\
= (A \* K IxZ‘:.\ ,—fL\\ SN N\ *. 3
NESERWER N

= o X ‘« —\\ —n v B
(N, - BN \~ \

L A RS e
\ \gi\L‘k\ R G

FO—».\ oo E JAIRN Ay KT:\_;\,\ 4\. N Q\\\)
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= LN (\T‘\-\ - C"\

SN T \._1 \ _ \& ey _,\\\
D B \ o
S“'~“:‘r\ RSN
One can see that the next quotient will also be 2a, znd sO on.
Consequently the continued fraction is “’*i¥i;?§]§»%ﬂw

Use (30) to see if the correct continued fraction has been

found, ILet x equal the continued fraction.

L . ‘\"’ \’
W Gl Tov T L ) L

AL S

Therefore y =~ x-a; then x-a = ~

Ioewmel )

A ey

K = TNy

o T::f¥\‘ s $he original irrational,

B. Show the fourth convergent of the irrational{gggi is

v B v\ ] By (8) one finds the first convergents
81&"\ X = N
to be & Lutwy ZeldedWnbes s
PAEN Lo [ Loy o T i
The fourth is th 2 t’% N Vet
e four 8 then T U SO SO N .
R U AR AN PRSI VER E SR
FERNY .\‘--\d . (U ) — L. }‘;Qi - by A 2}\

the convergent being sought.

The theory of continued fractions 1s quite useful in
solving indeterminate equations of the second degree, although
probably not as useful as it was in solving indetermlinate
equatlons of the first degree,

A second degree indeterminata equation 1s one of the form,

ax? v 2hxy +~by“+ 2gx +2fyi+-c -0
where a, b, ¢, f, g, and h are integers.
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In many cases ocne need not use continucd frecticns to finad
positive integral values of x and y. The following method
may often be applied,

2

37+ Solving the equatiocn ax2+2hxy+by +2gx+2fy+e = 0 as a

"ro

guadratic one has +x(2hy+2g)+(by2+2fy+c) = 0; by the

guadratic forrula x ilq(hy+g)2-ua(by2+2fy+c)/2a

il

!
o
&

1
N
0

.2 - ahy? -2atywac/a
30

X = -hy-g +Jh ¥ +2hyg+g

ax+hy+g = +Jy (h2 ab)}+2y(hg-af)+(g -ac).

x

If the values of X and ¥ are to be positive integers, the
expression under the radical, which may be denoted as ny~+
-r o b Yy oY - ~ ~ . 2 > v 2 < 1
2qy+r, must be a perfect scuare; or py-+2qy+r = z . Solving

this equation as a guadratic in the same manner as above,

X l 2 .
one.has pyta = *Jq —pr+p22; and, as above, the eXxpression

under tne radicel must be a perfect scuare. Suppose this
. ~ 2 - -~
is equal to t%; then q‘-pr+p22: £

< 2 2 .
g -pr = t -pz, where t and z are

L

varisbles, and »n, q, end r are constants. Unless this ecua-
tion can be solved in positive integers, the original equa-
tion has no nositive integral solutions., This 1s true be-
cause py+g would contain negative or imaginary roots if the

solutions are negative, as would ax+hy+g. If a, b, and h

are all positive, 1t is obvious that the number cf sgolutions

=h

is limited, because for large values of x end y tihe sign of

the expression on the 18ft in the orizinal ccuation depends
unon that of ax“+ xy¢by2 and thus cannot be zero for large

positive integral values of X and Y.

x

30, TIbid., pe303
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where N and a are positive integers.sl It is obvicus that

the equation ¥iNy = -a has no real roots, and the equation

2

2
X +Ny© = a has only a limited number of solutions which

may be obtained by trial and error. Consequentily we shall
limit ourselves to equations of the form x2—Ny2:;ta. Again
we will find certain parts of the theory of continued frac-
tions useful in obtaining solutﬂﬁs to equations of this form.

39. The equation xz-NyQ:-l can alweys be solved in terms

32

of positive integers. Suppose the?ﬁ‘is converted into a

continued fraction; 1etf;) %— \and %Ql be any three

{o- i

consecutive integers. Buppose thattqﬁjjﬂ!¥\yk ls the complete

oW <

quotient corresponding to 51 ; one then has rn(pq'-p'q) -
5 :

(31)s But r ;=1 at the end of any perioed (35).

Iy
'2 plg-pa', with

2
N q' -p

Therefore p'2-N q being the penul-

timate convergent of the recurring period. If the number of
o

guotients in the period 1s even, E? is an even convergent,

and 1s therefore greater thanwﬁ; and likewlse greater than
o
E therefore p'qg-pq'- 1. (7) Then p'2-N q'2-1, 2nd hence

x=p', y<;q'vis a solution of the equation xe-NyE: 1.
Suppose the number of guotients in the period is odd,

then the penultimate convergent of the first period 1is odd:,

but the penultimate convergent of the second period is an

even convergent. Consequently integral solutions will be
Y

found by putting x=p', y =q', where‘%ﬁa is the penultimate
/

convergent in the second, fourth, sixth,... recurring periods,

31. Ibid., p. 304,
32. Ibid., p. 304.
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One can see that the number of sclutlions 1n either case is
unlimited.

40, We shall now consider a method to obtain solutions in

positlive integers of the equation xz—I\Ty‘?-:--l.:53

Using the
same procedure as (39), one has p'®-Nq'2- p'o-pq'. If
o

the number of partial quotients 1is odd, and if is an

[

odd penultimate convergent in any recurring period, E;\<i/§4
- i
(7). There fore p'gq-pq' -, In this case, then, p'2-Nq‘2<< -1,

and integral solutions may again be obtained by lettlng
[}
x-p', y-q', where +  1is the penultimate convergent in the

i

first, thin}, fifth,....., recurring periods.

Example: Solve in positive integers xef13y2:lfh,l.

- -

\-;&\F;i N b i\_ v 5
[ \ Voyh v
The number of quotlents 1n the period is odd; consequently

the penultimate convergent of the first period is a solution

of x2—13y2*t -l. The convergents are 3\ ;LV;} »K \ XE‘

1% ,..; consequently x-.18, y 5 1is a solution of x-13y -1.

=

By article (36) the penultimate convergent in the second

recurring period 1s - ([ Y 5

e L

R « There-
=
fore x- 649, y=180 1is a solution of x-13y- 1.

X, VhY T

o -

41, If one solution 1ln positive integers of the equation
xg-NyQ: 1 has been found, others may be obtained by employlng
the following method.34 Suppose that x-h, y:-k is a solution
of the eguation; then (h2-Nk2)n: l, where n 1s any positive

integer. Then x2-Ny2:_(h2—Nk2)-;1<‘(h2-Nk2)n~ 1.

323+ Ibid., p. 305.
34, Ibid., p. 306.
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Thercfore (x+ J?) (x-7 &) (h#klﬁ)n(h-klﬁ)n

(). et (x+ydf) = (n+k N)n , and (3),
set  (x-y¥) = (-xIW)®

etting these factors ecual will not vprcvided all ol the

nossible solutions, but it will supply many. Adding (A)

e A 3 1 ~ — 1 ™ 3R S

and (B) one has Zx = (n+f{7 A (h-x ) By ascribing to n
velues of 1, 2, 3, U, D,eees One may find unlimited number

of vaglues ior x and y wirtlch satisry the ecustion.

2.

-

ol
One may obtein valuecs for x“-Ny in the eame way.
. D s ‘o . 2 4 2 0 2 D
If n Is any odd positive integer x-Ny~ = (h™-Fk7) = -1 =
e Ihis mevhod ig the =ame as the previocus one ex-
cept that n is restricted to odd velues.

o . , . 2
iLe I one puts xX=ax', y=ay'!, the eguaticns x —NyZ = iag,

OJ
&)
0
i—h

I . o
or x'“=Ny's = + 1, which nmay be solved n (JO) and (1)

3¢ It hes been shown in article (39) that p'©- -Ng! 2 2

™ R . . . s 2 2
- n(p» -plta) = Aroe Therelore 1if =2 in the ecuation x"-Ny =
+a is a dencminator of a complete cuotient wiich occurs in

converting ¥ into a continued fraction, and if p'/a' is the
convergent obtrained by stonn;ng short of the compnlete quc-

tient, one of thc eguations x° Ny = +a is satisfied by
: 36
tiie values z=p', y=a'.

Again, tne odd convergentis ocre all less than N, and the
even are all greater than N; consecuently if n'/o! is @
. S z s
even convergent, x=ou', y=¢' 13 = solution of xX"-Ny~ = -g,

This avplies only if a 1s 2 complete cquotient,

Ly The metnod exnlained in the precedins article ensbles

35. Ibid., p. 305

PN

36, Ibid., p. 305
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us to find a solution of one of the eguation xZ-Nya;_t\a,
only when a is one of the denominstors which occurs in the
process of convertingsﬁ'into a continued fraction.37

Example: If thei?qwas converted into & continued frasction one

= ™ - - i
would find this result., -~ 1= & ¥ (TH-x) = = & =

h—.ﬂ (‘ L - R
Jz“¥L';\¥K31L@“Q_ P Yt

- b Ly 2
4 1 - R
i J/ \ A;_\ .\ﬂ,)\ )
Paxy e Dier =y s T e 2
P . .l (‘ ~ w‘\»_\
O U .- and so on.

- o

The dencminators of the complete quotients are 3, 2, 3, 1l.

2? 3,2 .8 3 k\?l>ijfz§1:j e
i =

3 — -y = A S
: el

The successive convergents are R . A
If we tske the cycle of equations x-7y= -3, x-7Ty -2, x=Ty. -3,
x-T7y ~ 1, we shall find that they are satisfied by taking for
x the values 2, 3, 5, 8, LB8,iie .
15, Apparently then, the number of ceses in which solutions
in integers of equetions of the form xz-NyZ; ) a is limited,38
In ean actual numerical exemple, however, often times a positive
integral solution can be discovered by trial and error if a
does not fit Into any of the discussed cetegdries. As an
example one can easily see that the equation xZ-TyZ: 53 is
satisfied by y- 2, x=- 9.

If one solution is -found other solutions mey easily be

obtained by the method now to be explained.

6. Suppose thet x=f, y- g 1s a solution of the equation

xZ-Nyzi a; let x=-h, y ~k be any solution of the equation

xa-Ny%;\. Then xzﬁNyaar(fa-Nga) (ha-NkZ) N

38. Ibid,, p. 307.



B y adding and subtracting 2Nfghit and ZNITghlt one heas

o " .
[ 4 ré = fat Dy ,2" 2 71 - o T 2 TE 0 - 4
xC-Wy© = £ERE_WpPnfoukPrlaN gfk® + oNfrhkioN fehk
o 2 i \
= (fh + Hgk)® =N (fk + gh)%.
8 2 ‘ N a2 . 2 i, 2
IT x°-Ny2 = (fk + Ngk)® -¥ (fk + gh)®, then x~ = (fh + Ngk)<,
el T 2 P o g ) .
and x = + (fhilgk)”, Hence y = + (fktgh), and we have the

general solutlon of the egquation,
i’ - A p 3 AT £ 2 _2 - ]
Example: As shown above a solution of X"-7y“ = 53 is x=9,

. ﬂ - 2 2 - .
y=2. By article (39) a solution of x =7y~ =1 is x=06, y=3.
53] - . —_— R » 4. 3 he £ 2 2___
Thercfore x=11l, y=43 is another soluticn of x™=T7y° = 53,
i7¢ Up to now we heve acsume N is not a perfect scuare; if,

however, N is & perfect sguare, the form of the ecuation

39

and the solution are as follows. Solve the ecguation

2 2*2 <Y 3 1 . s 22
XT=n"y< = a, Supnose a=bec, where b and c¢ are two positive
integers of which b is the larger; then (x+ny)(n-ny) = bc,

Set x+ny = b, and X-ny = c. 1f the values of x and y found

from these eguations are integers a solution has been found.

1

Other soluticns may be Tound by giving b and ¢ other values

Example: ind two positive integers whose sguares differ by
. . z o
x and y are the two integers; then x"-y~ = 60,

504 The product of the following pairs of

integers is 60,

M

1, 60; 2, 303 3, 205 4, 155 5,125 6,104

e
N
-

The values souzhic are obtained from the equetlons x+y = 30,
X-y = 2; x+y = 10, x-y = 6. The other eqguations give frac-

tionagl values of x and 7.
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The solutions are x=16, y=14, and x=8. y=6.

By a sianilar process one may obtzain the solution in
bositive integers of ax2+2hxy+byc+2gx+2gy+c=k if the left
hand member can be resolved into two rational linear factors,
48, If, in the general ecuation 2x°+2nXy+by2+2gx+2fy +c=k
elther =2 or b, or both, are zero, instead of employing the
method explained in article (37), one may use the simpler
method demonstrated in the following example.4o
Ex-mple: BSolve in positive integers 2xy-4x2+12x-5y:ll.
Exoressing y in terms of x ons has = Hx\uax W -

. AR R T
Lcotx = . If is to be an integer  *— must be an
A y [ s .

inte ser; therefore 2x-5 must be equal to *1,1%2,%3, and %6,
The cases v2, +6 may be rejected since they do not yield

integers when substituted for x in the expression R e

SO
Consequently the =2ccestable values of x are obtained from
2x-5=4%1, and 2x-5:=%+3; the vzalues of x are then 3, 2,

4, and 1. aking the values in succession we obtaln x=3,
y=11; x=2, y=-3; x=4, y=9; x=1, y=-1. The positive integral
solutidns are then selected from this groun of solutions,
49, The princioles already exoslained are a help:in dis-
covering for wnat values of the variables given linear or

iuadratic functions of x and y vecome nerfect squaz‘es.iH

&)

xamnole: Pind the general exoressions for two osositive

integers whlci are sucia tuat if taeir product 1s subtracted

45, Ibid.,. p. 309.

41. TIbid., 9. 309.
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from the sum of tneir squares the difference is 2z

square.

Assume the equation is Xg-xy+y2 = z°,

This equation is satisfied by the sus.ositions mx=n(z+y),

n(x-y)=m(z-y), whers m and n are positive integers,

Hence ax-ny-nz=0 (A), nx+(m-n)y-mnz=0 (B).

Froa (A) nz=mx-ny, 2= Wit WK
3

= A k‘\/mu—»\f\\ \ \/\'z\:\ kt\’*'. PRRYN \EX\ . 0 )

Yin X — 1\ \,3 VA X \;< NV 5

= !
" X :\‘ AN LA sy

Y W TTAA —_—
J \ A n\va1 = >
n R -
W - ‘\/\ - N
% N }
e by s N T
( . N T “
\
[ DAY - ~ -
L TR e
e TN ;
A - -
[ il S _ e
1\'\‘»\ WY T R - - RN
. “ Ve, T L
~ Viny, e ‘\- S .‘"-

Thne thlrd ratio in thils »rosortion,

. “’\1~ Ve X Wy
N
sinilar manner as --—-—~ and f.— .  Since the given
1. V‘\,"\ Wy T \/\ = \T'"x‘_“ \.’f‘
equation is homogenesous the general solution aay be written
- 2 , .
28 follows. X:Emn—ne, y:mg—n“, z:mg-mn+n2. Again m and n

are any two positive intezers, m beilng the larger;
m=7, n=4 one aas x=4, y=33, z=37.

Examole:
that

tegers in an arlthanetic onsrogressisn so

two is a nerfect square.

X, X+¥y, =2nd leat 2X-y:92, 2X:q2, 2x+y:r2.
2

denoted by x-y,

Tnerefore p2+r2 =2q~, or rg-q2:q2-P2-

Tals ecuation 1s satisfied by the suooositions m(r-gq)=n(g-p),

n(r+q)=1(g+o). PFrom these equations we obt:in as in the

. ‘P B - (L . ‘
previous examnle, 2T N T e -
oy [N *‘Ln’\ (2 ‘fr\ [ l.\_v\ - Vi Je ; ’)_" Vi gy o \/'\1
2 2 2 .
and p:n2+2mn-m d=m +n , r=n +2an-n®, Since x - q~l
.7:

)4—_ \—L ('v‘w\.“\—\,\:‘\L a)

perfect

hen X(X-y):zg-y

_is found in a

thus if

Pind the general exoression for taree osositive in-
the sum of every

Let the arithmetic »rozression be

)

2
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y:r2-2x, y:(m2+2mn-n2)2-(m2+n2)2 = 4mn(m2-n2).
hree integers can now be found which satisfy the original
conditions, From the value of x it 1s clear that m and n
are elther both even or both odd; also thelr values must be
sucn that x 1is greater taan y, that 1is
(m2+n2)2>>8mn(m2—n2)
n*+2m2n+n*-8n°n+3un3 > 0
ms(m-Sn)+2m2n2+8mn3+n4>,O
which is trie if m>»8n. If m=9, then x=3362, y=2880, and
the numbers are 432, 33562, and 5242, The sums of these
taken in pairs are 3844, 5774, 9604, which are the sguares

of 52,. 82, and 98 respectively.
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In this paper a few of the lmportant uses of the theory
of continued fractions have been demonstrated. Equatlons which
are extremely difficult to solve without the use of continued
fractlions and related material have been presented,

There are, however, many other important areas where the
theory of continued fractions 1s of great importance. These
areas 1Involve a more general form of the continued fraction;
in this more general form the numerator of the partial guo-
tient need not be unity. This in itself is another segment
of the theory of continued fractions. Important uses are
found in the areas of transcendental numbers, theéry of

numbers, and infinite series.

One can abserve, then that only a small, but important,
area of continued fractions has been dlscussed in thie paper.
In the final analysis, one must conclude, that to the higher

mathematlician, continued fractions are of great importance.

i s e et e s ek s



-l
Appendix
The following examples are problems whose solutlons may be
obtained by using the techniques introduced in this paper.

l. Solve in positive integers, x2-14y2t; 1.
N R T

ey v %
My o e (TRes -0 Ve =
= —= o e
foyen L O S T T e - N 2
— VL - v
_— | \
Part e UTRe s = v v 2
= o N S
D) S 1"y
TRy ooy [(Times=u) = Ly S
\ v 3
\i\‘\‘ '5\_LL \,\/
P T = - D
301 VS N .
The convergents are | \’T>\¥j "I; y LBV
’ R

Then x=15, y-14 by (39). By (36) the second penultimate con-

Then x=449, y=120 18 another solution.

2. BSolve: xy-2x-y 8. By article (48) one has x(y-2) —
. X N

8+ye X = 1%;; v tij}ﬂ

It appears as though y could be 4, 7, 12 and still yield

integral values of x.

Ir y;4, x-6; y:7\x 33 y=12, x:2.

3+ Solve 3x43xy-4y =14, Once again y(3x-4)-14-3x

_3)‘_ H 2) -

A value of x which ylelds an integral positive solution 1is

y = 14 )>)<

x=2, from which y=4.

4, Find the irrational root of the continued fraction
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i \
- -~ | U \ y
R T T

e N A o Y ”

e Tl
P A B \ : _
SRUUU . ~ 2l
EEAE okt T ©
N

The irrationzl root 1is
A~ ¥ealdsy L

T b ey

5. Prove: If = = ¢

L N N R
and N 55 AN S &,
A i S WSV N

then bx-dy— a-c.
)( - S’L———
L=R% 1
#1 Y:_ \,\ - \’\ W T U
R ,(\'_., -
h Ly
#2 A W =
Subtract #2 from #1.

Xy +bx = a

Xy ~dy- e
Then bx - dy= a-¢, and the proof is complete,
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